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TPEATUCJIOBUE 


Ha ouMMnOMadax JIA WIKOJIbBHAKOB 10 MaTeMaTHKe 4acTO WpewararorT- 
CH H€PaBeCHCTBA, JOKA3aTeCJIbCTBO KOTOPbIX JIYUIUe BbIABJIAeCT CHOCOOHOCTU 
WM BO3MOXKHOCTH yuallMxcA, CTeCMeCHb UX HHTEIWICKTYaJIbHOrO pa3BUTHA. OTa 
KHMra IpH3BahHa HaYUMThb yualMXcA MeETOTaM JOKa3aTeJIbCTBa He€PaBeHCTB. 

Meroybl OKa3aTeJIbCTBa HepaBeCHCTB MHOrOUMCJICHHbI KH pa3Hooopa3- 
HbI. B Ka2KOM Haparpade KHMrM NPHBOAMTCA OJMH MeTO, JOKa3aTeJib- 
CTBa H€paBeHCTB WIM TOKa3aTeJIbCTBO H€paBeHCTB KaKOrO-HHOyb pa3sjea 
MaTeMaTHKH. B KHUry BKJIIOUCHbI MCTOJIbI, HCHOJb3YIOWIMe COOTHOLWICHHA 
MexkK Ty CpetHMMU apudbMeTHyueCKUMH, TeEOMeTPHYCCKMMH, raPMOHMYCCKH- 
MU WM KBajpaTMUHbIMU, MeTOJbl MaTeMaTH4eCKOH WMHAYKUMM WM 3aMCHbI 
II@PCMEeHHbIX, METObI, HCMOJIb3yYFOINMe HepaBeHcTBa Komumm—byHAKOBCKOrO, 
Vencena, Uedpuuena, cBoicTBa PyHKUMi UT. 1. OTH METObI NO3BOJIAIOT HE 
TOJIbKO JOKAa3bIBaTb pasHooopa3sHble HepaBeHCTBAa, HO MU pelllaTb HEKOTOPbIe 
3a]a4, CBA3aHHbIe C HepaBeHCTBaMH. Ja NMOACHeHHA KaxKTOrO MeToa 
NOKAa3aTeJIbCTBA IPHBOAATCA IPMMepbl MW yopaxHeHHA, KOTOPbIe CHaOb2Ke- 
HbI PCIWICHHAMM WIM yKa3aHuaAMu. B KoHUe Ka2xk Oro Naparpada jarorTca 
ylpa2KHeHHA JIA CAMOCTOATEJIbHOrO PeLIeCHHA. 

B §14 (PasauuHbie HepaBeHCTBa) MOMeIIeCHbI HepaBeHCTBa, JIA O- 
Ka3aTeCJIbCTBa KOTOPbIX MCHOJb3YIOTCA MCTOJIbI, KOTOPble He OCBEIICHbI B 
pe AbIyyIMxX Naparpadax, WIM 2*«e Np UX JOKa3aTeJIbCTBe HCHOJb3yeTCA 
OJJHOBPCEMEHHO HECKOJIBKO METOJOB. 

Kuury 3aBepmiaer naparpad “Cro u30paHHbIxX HepaBeHCTB’, IPH OKa- 
3aTCJIbCTBe KOTOPbIX BbIOOP MeTOA IpeAOCTaBIAeCTCA UMTATEJILO. 

B ka2xk]OM Taparpade MbI CTapaJIMCb pacnOJIOKUTb HEpaBeHCTBA M10 
CXOJCTBY JOKa3aTeJIbCTB MH BO3PaCTAHHIO CJIOXAKHOCTH, UTO NO3BOJIMT UNTA- 
TCJIEO CAMOCTOATCJIbHO JOKA3bIBaTb ITH HePaBeHCTBA UM TOJIbKO TPH BO3- 
HMKHOBCHMU TpyAHOCTel OOpallaTbcA K NPMBeCACHHbIM JOKa3aTeJIbCTBAaM. 
CopeTyeM Mp MCHOJIb30BaHUM PelUeHHi, IPHBeTCHHbIX B KHure, OoJIbINIE 
BHUMAaHHA YJICIATb BbIOOpy MeTOa JOKa3aTeJIbCTBA. 

B KHure MCHOIb30BaHbI HEPaBeHCTBA, MpeJlaraBluvecaA Ha MaTeMaTu- 
YeCKUX OJIMMIMadax pala cTpaH, OJHaKO MpvBeJeHHbIe 3eCb pelleHua 
CyIJCCTBEHHO OTJIMYAaOTCA OT ABTOPCKUX. bpiw10 COUTeHO WeseCoobpa3HbIM 
pelueHua 3aa4 NOMeCCTHTb B KOHIe Toro ke Naparpacda. 

Ha coctaputTesei KHUrM Oka3aJIv 6osIbIIo0e BIMNAHHe CTaTbuU JI.JI. Kyp- 
JIAHTUNKAa C COABTOPaMU, MOCBAINeCHHbIe HepaBeHCTBaM. ABTOpaM 9THX 
CcTaTeli COCTaBUTeIM MPHHOCAT CBOIO OJIarOodJaPHOCTb aBTOpaM ITUX CTaTel. 

ABTODPbI BbIpa2katoT OarogzapHocts I’.B. [puropsany 3a MOMOII{b B NOD- 
rOTOBKe PyKONMCH KHMIM K W3aHWIO Ha PYCCKOM A3bIKe. 


§1. IPOCTEMIMIME HEPABEHCTBA 


B kypce amre6pbi cpeaqHeit WIKOJIbI NOAPOOHO OMMCaHbI Te OCHOBHbIe 
CBOMCTBa H€paBeHCTB, KOTOPbIe HEOOXOAUMDI JJIA TOKa3aTeJIbCTBAa MpocTei- 
IUMX HepaBeHCTB. YUNThIBAA TO, UTO UMTATe/Ib 3HAKOM C ITHMM CBOMCTBA- 
MM, 43 OOJIbILOrO 4UNCIAa MpocreiliMx HepaBeHCTB HW2Ke IPWBOJATCA Te, 
KOTOPbIe B JjaJIbHeiuemM O6yAyT MCHOUb3O0BaHbI Mp JOKa3saTesbcTBe Hos1ee 
CJIO2KHbIX H€PaBeCHCTB. 


YIMPAMHEHUA 


JlokaxKkute cieszyrIollve HeEpaBeHCTBa. 
1.1. a* +? > 2ab. 
a+b 


1.2. 5 > /ab, roe a,b 0. 
2 
1.3. ,/ab> iy? rae a,b> 0. 
— + — 
a b 
2 2 
ai +6 a+b 
elie > 
1.4 5 25 
a+b 2 
1.5. = “a 49 rye a, b > QO. 
2 1 1 
— + — 
a b 
2 2 
ai +6 a+b\2 
eve > e 
1.6 2 > ( 2 ) 


1.7. a+b>1+ab, rne a>l, b6< 1. 


1.8. a*+b?>c+(atb—c)’, rye a>c, b<e. 


b b 
1.9. a) P+ > 2, rye ab > 0; 6) + < -2, rye ab < 0. 
1.10. my < ET can, rye £1 < 42 <... < Xp. 
1a, Tg Meee Fan < Fn ge Mig Bic ig Bn 
Y1 Yityot...+ Yn Yn Y1 Y2 Yn 


MY1,Y2,--+,Yn > O. 


$1. IIpocmetiwue nepaseencmea 


~ 21 < Waytg...f@n < mn, Toe O< aw < aK... K £y, 
- |ay|+ lag} +...+]an| > lar tag+...+ap|. 
ajt+ag-+...ta n 
° OS rye Q1,02,...,An > 
n 
—-+—4+...4+ — 
al ag an 


(a+b) [22° >aVb+br/a, rae a,b >0. 


1 Ly b 
1.16. 5(a+b)+7> > /, re a,b>0. 
1.17. a(a+y-—a)>ay, roe x<a, ya. 
1 1 2 
1.18. pol’ pal? rye x > I. 
1 1 1 1 1 
119, oe +1) 3kt2 3k43> QL Wy.’ MEN. 
b 1—a)(1—b 1 
1.20. 2 < U9) re Oca, b<l. 
(a+b)? ~ ((1—a)+(1—))) 2 
1 2k +1 1 
1.21. ———. < ————, me keEN. 
J/3k+1 2k+2  ./3k+4 " 
1.22. 2”.-! Sn, roe nEN. 
121 241 2 4 6 100 1 
123. ote 5 tg 5 7th 3 5 7 Gor 103 <b 
l-a 1—6 a 6 1 
° e — — < —: 
1.24 a) Toa Sate rye 0<a,b<5; 
1 vu “1 1 
_—a:\< —_ <a 
6) Lo 1—a; d(1 ai) < aj ¢ a Ae 0 < aj,..., an S 2" 


PELUEHUA 


1.1*). 


a* + b? — 2ab = (a — b)* > 0. 


1.2. Jloka3aTenbcTBO aHasIOrM4HO FOKa3aTesbcTBy 1.1: 


a+b—2/ab=(Va- Vb)’ 


“)B ynp. 1.1—1.6 papeHcTBa uMeroT MeCTO TOrZa UM TOMbKO Tora, Korga a = Ob. 


Pewenua 7 


b 

1.3. YmuHoxwan o6e uwacrw HepapeHcTBa 1.2 Ha 2 
JJAHHOe HepaBeHCTBO. 

1.4. M3 uspecrnoro Hepasencrspa 2ab < a? + 6? (ynp. 1.1) nosyuum 

IKBUBAJICHTHOe HepaBeHcTBo a” + 6? + 2ab < 2a? + 267, orkyga cue- 

2 2 2 9 2 2 

(a + 6) <a +6 aI (“*°) < a” +56 


NOJLy 4UM 


nyeT HepaBeHcTBO ——7—— < —,—_, > 1 KoTopoe 
a+b a” + b? a+b 
MO2KHO TlepelucaTb B BUTe + < 5 > OTCIONa CleTyeT 5 < 
a” + b? 
SS ») . 


1.5. J/laHHoe HepaBeHCTBO OuyuaeTcA 43 HepaBeHcTsB yup. 1.2 u 1.3. 
1.6. Cm. pemenue yup. 1.4. 


1.7. Ucnonp3ya Tox gectBo a + 6 —1—ab = (a—1) (1 — 6) u ycnosua 
a > 1, b <1, HerpyguHo 3ametutp, uro (a — 1) (1 — 6) > 0. 


1.8. OueHum pa3HOCcTb JeBO uM WpaBol vacTrei HepaBeHCTBAa: 
a? +b? — ce? —(a+b—c)*? = (a* —c*) — ((a+b—-c)* — 6?) = 
= (a—c)(a+c)—(a-—c)(a+2b-—c) =2(a—c)(c—b) > 0, 
TaK KaK COrlacHO yCJIOBHIO a > c, b < ¢. 


1.9. a) VYmuHoxaa o6e vacTu HepaBeHcTBa Ha 4uucO ab > 0, nonyaum 
oueBUHOe HepaBeHcTBO a” + b? > 2ab. 

6) Tlogenus o6e uactu Hepapenctsa a” + b? > —2ab na uucno ab < 0, 
NOJIYYMM HEOOXOAMMOe HEpaBeHCTBO. 


1.10. [lockonbky corsiacHo ycnoBMIO 21 < %1,%2,...,%n <IXn, TO 
NL, LU +Fot...+ Lyn LNLy, OTKYAAa CeAyeT, 4TO 
%1t+%72+...4+2 
Ly << oo Kirn. 
nm 


1.11. W3 3aqaHHprx ycuoBui noyu4aem, 4TO 


LI Ln 


Yi QLiL Yi t=1,...,n. 
Y1 n 
£4 
Ckjlaabipad 9TH HepaBeHCTBa, NOIyyaem — (yy +..-+ Yn) < it... 
Yi 
Ln 
1. +2n X< Un (yi +...+ Yn), OTKyaa ciepyerT, 4TO 
n 
v1 Yit+...4+2n Ln 
1.12. Umeem 21 < 4; < ty (t= 1,...,n, n > 2). Mepemuoxasn stu 
HepaBeHCTBa, NOJIYYMM LY < X41 °+ TQ°...+ Ly KL Lj, OTKyAa nowywaem 
LK Nay @Q+. 1. Bn XK Ln. 


8 $1. Ilpocmetiwue nepasencmea 


1.138. Eom ay +...+ a, > 0, To Jay +...+a,| = ay +... + Gy. 
Ucnonp3ya HepaBeHcrTso a < |a|, momyuaem 


Jaj+...4+4@,|=ar+...+@n < lai] +...+ lan]. 


Eom ay +...+dn <0, 70 jay +...+@n| = -—a, —...— ay. Ucnonp3ya 
HepaBeHCcTBO —a < |a|, Momy4aem 


Jay +... +a,| = -—ay —...-— Gyn < lay] +... + ]ay|. 
1.14. [lockonpKy 

1 1 
(a1 +... +an)(— +...+ =) = 

a1 a 

=(24+2)4...4(S4+— Jan, 
an An-1 
a 

n(n—1)/2 cnoaraemprx 


TO, Ucnob3ya yup. 1.9,a), nomyaum 


1 1 n(n—-1 
(a +...tan)(—+...4>)on42-29@ 9 =n? 
ay An 2 
OTKyJJa CeHyeT TAaHHOe HEPaBEHCTBO. 


1.15. JJaHHoe HepaBeHCTBO 9KBUBAJICHTHO HeEpaBeHCTBY 


a) [bs yap. Vt VE 


KOTOpoe NOuIyyaeTca MepeMHOrxKeHHeM HepaBeHcTB a +t b > 2,4/ab (ynp. 1.2) 


atby vat vb | 


y) a 
1.16. Mmeem 


KOTOpoe clesyeT “3 yup. 1.6). 


1 1 6 
CHEMOBATCIBHO, 5 (a+b) + 1 > “= ; 


1.17. Hocxonpxy a(x + y — a)—xvy = ax—ary+a(y—a) = (y-—a) x 
Xx(a-ax2)uy>a>z,to (y—a)(a—2z) > 0, orxygza nony4aem 
a(z+y—a)>cxy. 
1.18. Bocnonb30BaBlInCb HepaBeHCTBOM yup. 1.5, nOoTyuHM 
1 4 1 
x—1 x+1 2 


2 > (e—1)t(@+b’ 


Pewenua 9 


1 4 1 2 
wu ———— —_—_ —, 
a z—l x+1 x 


1.19. CormacHo HepaBeHcTBy u3 yup. 1.18 umeem 


1 1 1 1 2 
3k +1 3kh+3 (8k+2)—-1. (Bh4+2)+1~ 3h+2? 
CIE HOBATeJIbHO, 
1 1 1 3 
Bk+1 3k+2 3k+3~ 3k+2° 
‘Tenepb jjO0Ka2KeM, 4TO — > — + — JleicTBUTeJIbHO, 
3k +42 2k+1 2k +2 


re —k <0 
2k+1 2k+2 3k+2  (2k41) (2k +2) (3k +2) 


1.20. JlJaHHoe HepaBeHCTBO 9KBUBAJICHTHO HeEpaBeHCTBY 


2 2 1 1 
Fe < (= — a 
(ae) <G-)G 4) 
IlockonpKy 


(t-1)(4-1)-(2,-1) = 5-1-7 4 4k 
a b a+b abo asib (a + b)? atb 


1 4 4 a+b (a—b6)? (a — b)? 


ab (a + b)? a+b ab ~— ab(a+b) ab(a+b) 


— S79) Ne 0 <a, b< 


y) 


bol] 


, (a=) (1=(a +8) 


> 0, cnen0BaTesIbHO 
ab(a+ b)? a a 


1 1 2 2 
SL a > _ 
( ‘)(j 1) ~ (a 1) 
1.21. JJaHHoe HepaBeHCTBO 9KBUBAJICHTHO HeEpaBeHCTBY 


(2k +1) 3k +4 < (2k +2) 3k +1, 


UJIU HepaBeHCTBY 


(Qk +1)° (3k +4) < (2k +2)* (8k 41). 
IlocneqHee HepaBeHCTBO ClpaBeJIMBO, TAK KaK 


(2k +2)" (3k +1) — (2k +1)° (3k +4) =k > 0. 


1.22. Tlockonpxy 1 < 2 < 2% < ... < 27! uw Konwuecrso HaTy- 
payibHbrx ances 1,2,27,...,2"%~' paspuo n, ro 2”~! > n. 


10 $1. Ilpocmetiwue nepasencmea 


1.23. IlycTb y 3ala umMeetTca OHA MOpKOBb. B nepBbii Je€Hb OH C'be- 


es 1 es es 
HaeT ~ MOPKOBU, BO BTOpoli JeHb — ~ OcTaBIelicA YacTH, Ha ol-H4 TeHb — 


103 octapmelica uacru. Tak Kak KaxKJbIii JeHb OON3aTeJIbHO OCTaeTCA 


MOPKOBb, TO CyMMa 4acTeli MOPKOBH, CbeJCHHbIX 3aMLeM, JOJ2KHa ObITb 
MeHbILe CJ MHUIIbI. 


B nepBbiit JeHb 3aAIl C'besl , MOPKOBH, BO BTOPOH JeHb — (5 =)-10 
. 2 A 100—s 1 
yacTb, Ha O1-M TeHb — (5 aT ie 703)" YacTb, UTO O3HAUaeT, UTO 
1 2 1 2 4 1 2 A 98 100 1 
3°3°5 7°35 7°°°°'3°5°7°°'99' 101 103 ~~ 


1.24. a) Bocnonpb30BaBlIMch HepaBeHCTBOM 43 yup. 1.20, nomy4um 


((1—a)+(1—6))* © (a+6)? l-a 1-6 a. 0b 
Mea) TTP a_i < 242, 
(l—a)(1—b) ~~ ab me Tb l-a Sb a 
Bropoe pemeuHnue. dametrum, urol—a >aul—bsbd, cae 
OBAaTeJIbHO, 


l-a 1-6 (1-a)?+(1-5b)? _ 


1-b'1-a (l-a(i—b) 
2 2 
_ ((l—a)—-(1—8)) +2(1—a)(1— 6) _ (a — b) 19< 
(1—a)(1—}) (1 —a)(1—}) 
(a — b)? a b 
< —~ 712 
~ ab +? b + a’ 
MOITOM lra,in' aio 
7-6 '1-aS bl a’ 
6) HlockonpKy 
nm 1 nm 
a (= ai) = 
i=1 * j=1 
=(77+7@)+ + ("+ —*) tn 
~ \tl-a. l-a oo 1— an 1 — G@n-1 
, 
n(n—1)/2 cnaraempix 
TO, HCHOIb3ya HepaBeHCTBO U3 yup. 1.24, a), nomyuuMm 
nm 1 nm 
DL Toa, Dt - ai) < 
i=l ‘ j=1 n n 
a1 a2 Qn-1 an 1 
<(S84@%)4...4(*3 4 =S*—S“ aj. 
<(S+S)+ +( An +n) tn doa, 24% 
SE el — t= 


n(n—1)/2 cnaraempix 


Sadanu ONA CAMOCMOAMEADHOZO PEULEHUA 11 


3AQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


JlokaxKkute cileszyrolulwe HepaBeHCTBa. 
1. |x —y| < jl—zy|, rae al, |y| < 1. 
9 1 2— sina 
‘ sinag—-2 27 3-—sina’ 
a b Cc 2 2 2 


3. —+—+— 2-+-7--, rage a,b,c> 0. 
be ca ab a b 6 


1 


1 1 
4.7 +7 -7< rye P+ P+ oe = 2 u a,b,c> 0. 


— 
b c — abc’ 
5. 3(1+a?+a*) > (1+a+4a?’)?. 
6. (ac+ bd)* + (ad — bc)? > 144, rgne a+b=4,c+d=6. 
7. ot +ae+...+032, tna? > a/2(a1+¢2+...+22n). 
1 1 1 Jat /b+ Ve 
8. + —_ < Yarverve 
a+b 6b+e ace 2./abe 
9. a® (b* — c*) 
10. a°b+ be 4+ c8a > ab? 4+ b*c* +.a7%c?, rune a> bSc>O. 


, rue a,b,c > 0. 


+ b° (c* — a*) +c? (a* — 07) < 0, me O<a<db<e. 


2 
11. Y Ly ,ebe - whey rye O<a2<cyKXz. 
x Zz y LZ 


12. \/14+ fat y/lt sat Ja?t... 


.+4/l+4f/at+...+ Ja" < na, roe n,alt2 neN. 


2 
13. a) tg?*(a—B)< (m=) roe tga=ntgB, n>O0. 


An 
6) 1+ cos(a— 8) >cosa+cosf@, roe 0< B< = 
14. [52] > [x] + Pel Bel, Mel, os re [a] — uenas uacrp 


qucda a. 
15. (n!)* Sn", neN. 
16. 7®§ + 2°+4+ 404 — 122244277 +274+12>0 
17. lg*?a>SlgBlgy, rge a,8,y>1, a? > By. 
18. log, 5 + log, 6 + logs 7 + log, 8 > 4,4. 


12 $1. Ilpocmetiwue nepasencmea 


19. © +72 4...4 ~~" —___ < £ me neN 
"3° 3-5 °°" 3-5-...-Qn¢1>2?°% 
2-41 3°41 n?+1 .3 
. =: ....: - > 
20 1 38 4 72S 2? rae n22, nEeN 


21. 1-1!4+2-2!4+...4+-n-n! <(n+4+1)!, roe n EN. 


22. (1+ 52) (1+ se) --- (1+) <2, me n>2, ne€N. 
nN 


1 1 1 1 
23. (1-4) (1-4)..-(4- 3) > 2? rye 1 < py < po <... 
Pi n 


3 
P2 p 
-<pn, ppEN (@=1,2,...,0). 
yo t_-tgi}_1, 1,1 22 
" 92 3 4 5 ~'" 999 1000 5 


25. (sin x + 2cos 2x) (2sin 2x — cosx) < 4,5. 


a+6 a b 
. a) — > 0; 
26 a) pane S Taal Teo? roe a,b > 0; 
a+6 1 a b 
Se _ _ > e 
) scan 2 alte a): rae a, 0 2 0; 
a, + by An + by 
B)NS Ob $2 a a a 
1 1 1 1 
ab an b 
+S + SS < On, 
—+—+2 —+— +2 
a, by, an  0;,, 
rye 11,...,t), — HekoTopad mepecraHoBKa unces 1,...,n, a;,6; > 0, 
a=1,...,. 
a1 + 2a2+...+ ia . 
27. eee < 250 ai, re a; >0 (@=1,...,n). 
i=1 ’ i=1 
1 1 1 41 1 1 1 
, = 454-55 -4i4 5 
28 7 tb te Sa? rye a a,b,c EN 
Ax y 
29. 2 ; 
9 yhe rte ety , roe £,y,z > 0 
b d 
30. P< —S 4 — 2}, 5 eg rye a > 0, 


at+b+d a+bt+e b+e+d a+ec+d 
b>0, c>0, d>O. 


ua*+b> c*+d,a4+6? > c4+d?. 


NO | = 


31. a+6>c+d, rue a,b,c,d >= 
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YkKka3auue. EFeomnmnat+b<c+d,toa<cuann b < d. Korgaa <c, 
2 


b—d>(c—a)(c+a) 


Cc— a. 
$2. Haiiautre MMHUMaJIbHOe 3HAYeHHE BbIPAarxKeHHA 


a* b* a” b° a b 


rye a,b> 0. 
33. Ecau 0 < a,b,c < 1, To ogHo u3 4ucen (1—a)b, (1—D))c, 
1 
(1 — c) a He Gombe me 


34. Ilycrb a,b,c >Onva+b+4+c=1. JJoxaxxurte, 4To: 

1 1 1 
a) \fat 7 (be) + \f6 + 7 (e— a) + e+ 7 (b—a)* <2 
6) (b—c)? + b+ Vex V3. 


1 
Y ka3auue. a) n+c(y-2)? < ath, ecm = 2,y,z > 0 


4 
urt+ytz=l1. 


§2. ACIIOJIBSOBAHHE METOJA HITYPMA 


Merog, ipeqJsIoxKeHHbIM HEMeLKUM MaTemMaTukoM P. LiItrypmMom, kpome 
pa3JIM4HbIX MpWJIOARKeCHUUM WaeT BO3MO2KHOCTb MPOBeCTH OICHKY He€PpaBeHCTB 
IPH HaJIM4HM OMpeeJICHHbIX yCJIOBM. C MOMOLIbIO YTOrO MeTOa MO2KHO 
WOKa3aTb PA], HEpaBeHCTB. 


IIpumep 2.1. Jloka3aTb, 4TO ecm MpoM3BeeHve MOMOHKUTEIbHbIX 
YUCEI £1,%2,.-.,XLp PpaBHO 1, TOT, + %Qo+...+4y, JN. 

Jloka3aTeubcTBoO. Kem 71 =%Q2=...=2,=1, TO x, + 
+Ho+...+¢y, = N. 

Ilyctb cpeyu paccMaTpMBaeMbIX 4MCeJI CCTb XOTA ObI Ba HE PaBHbIX 
Apyr apyry. Torga cpegqu uncel £1, %2,...,£n HAW AyTCA JBa TaKUXx 4UuCJa, 
OHO 43 KOTOpBIx 6yfeT Sombie 1, a Apyroe MeHbue (ymp. 1.12). Ilycrp aro 
yNCa £1 HW £2, upuuem x1 < 1, xq > 1. Samerum, 4TO 41+ 4% > 147122 
(yup. 1.7). 

TakuM o0pa30M, eCJIM 3aaHHble 4MCIa 3aMCHMUM 4NCIaMU 1, £1 %2, 
L3,...,£n, TO UX IpOMsBeyeHHve OATS OyTeT paBHoO 1, a cyMMa 


ltaytotagt...+ 2%, <4%+%o+...+ 2p. 


JleicTBya C NOJYUCHHbIMHM UNCIAMH 1, 21 X%2, %3,..., Lyn AHAJIOTM4HHIM OO- 
pa30M, MOJIyY4HM HOBY!O TMOCI€JOBATeJIbHOCTb, B KOTOPOM OyAyT paBHbl | 
yoke WBa uieHa. J/leicrBya Tak 2Ke camoe Ooubiluee n — 1 pa3, NOy4UMM 
MOCJIEIOBATeJIbHOCTb, B KOTOpOH n — | 4eHOB paBHbl 1, a n-ii 4IeH paBeH 
L1...Ly, Te. OMATH paBeH |. 


Takum o6pa30m, Nory4Mn, ITO Nn < 41 + Lo+...+ Fy. 
U3 qoKa3aTeJIbCTBA BUHO, UTO paCCMaTPHBaeMOe HEPaBEeHCTBO IpeBpa- 
IaeTCA B pABCHCTBO TOrJa HM TOMbKO TOrAa, Kora £1 = Tg =... = Lyn = 1. 
Il pumep 2.2. /loxa3aTp, 4TO ecIM CYMMa 4NCE £1,..., Lp PaBHa l, 
1 
2 2 
TOY, +...+2475 2 n 
1 
Jloka3saTeabpcrTsBo. Kom 21] =...=2yn = —, TO 
nN 


Ilyctb cpeyu paccMaTpMBaeMbIX 4MCeJI CCTb XOTA ObI Ba HE PaBHbIX 
apyr apyry. Cpegu sTux uces HalAyTCA Ba TaKUX 4UCIa, OHO M3 KOTO- 


1 1 
pbix 6yyeT OosIbUe 7 2 Apyroe MeHbIe — (yp. 1.10). Ilycrp sro aucaa 


1 1 
“1 WU £2, Wpuyem v1 < — MU XQ > —. Takum oOpa30m, 3aMeHAA ©} Ha —, 
nm nm nm 
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1 
a £2 Ha £1 + L2 — —, MOWyIaeM HOBY!O MOCEOBATeJIbHOCTb UHCEII 
nT 


1 1 
9 Ly + LQ2—-—, 3, .--, In, 
nN nN 


CYMMa KOTOPbIX CHOBa paBHa |, a Tak KaK 


1\? 1\? 
2 2 
x} + 23 > (—) + (a1 +22 -—) 


nm 


(ymp. 1.8), To 
1\? 1\? 
2 2 2 2 2 
vi +az+...+02 > (—) + (a1 +22-—] +g +r... 2). 
Ilopropaa 9TH JevicTrBuaA KOHeYHOe YUNCIIO pas, NOWYIMM TOCIeOBaTeJIb- 


. 1 
HOCTb, BC€ 4JICHbI KOTOPOM OyAyT paBHbI —, a CYMMa MX KBalpaToB by7erT 
n 


MeHbINMe CYMMbI KBadpaTOB 3aJaHHbIxX UMCEJ L1,...,2n, TC. 
9 9 1\? 1\? 1 
Lyte... +X, > (—) +... t(-) =-. 
nN 


M3 1puBexeHHOro JOKa3aTeJIbCTBAa BUJHO, UTO PaCCMaTPHBaeMOe HEepa- 
BeHCTBO IIpeBpallaeTcaA B PaBeHCTBO B TOM HU TOJIbKO TOM CJIy4ae, Kora 
1 


Ly =... = lh =. 
nm 


YMPAMHEHUA 


J/loka2kuTe HepaBeHctTBa 2.1—2.6. 


rit...+2n 
2.1. att ins \/E1...ELn, THE £1,...,£27 > 0. 


2.2 > 
n n 
1 — 1 — 1—2n 
2.3. (1 = #1) (I~ #2). = @n) > (n-1), roe 21,..-,¢%n > 0 
LI wn 
Majt+...+¢2,=1 
1 1 n 
2.4. . > > 1 
1421 + Ty, a 14 n/a rh. roe 1, »in 2 ; 
n > 2 


1 1 
2.5. abc + bed + cda + dab < 7 + ae abed, rye a,b,c,d > O 


uvat+be+ctd=l. 


2.6. O< cytyz+2u —2xryz < rye @,y,z20unrt+yt+z= 1. 


as 
27° 
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2.7. Cpeau TpeyroJIbHHKOB C yrulaMu, He MpeBbIMalolujuMu 75°, KOTO- 
pbie BIMCaHbI B JAaHHYIO OKPy2KHOCTb, HaliTu TOT, WepHMeTp KOTOPOro: 

a) ABJIAeTCA HaMOOJbIIUM; 

6) aBuIaeTCA HAMMCHbIIMM. 


2.8. Jloka2xkuTe, UTO CCIM DJIA JIEOObIX UNCe @ uM BP UMeeT MECTO HEpa- 
BeHCTBO 


af (a) + Bf (b) > f (aa + Bb) 
(coornetctBpeHHo af (a)+ f(b) < f(aa+ $bd)), 


re a,B >0,a+6 =1u 4, b— mobne uncaa u3 o6nacru D(f) = TJ, 


&L1,22,---L£n,Y1, Y2,---Yn € 1 U YHOBMETBOPAIOT yCJIOBUAM 
Yi2zY22---Z2 Yn) Yi 2%, 
yity2 [714+ 22, sty Yt... +Yn-1 [U1 +... +2n-1, 


Yat... +Yn = A+... +2n, 
TO 
f(y) +f (yo) +--+ f (Yn) < f (a1) + f (2) +... + f (en) 
(coorsererseno f (yi) + f (y2) +--+ f (Yn) > 
2 f (ti) + f (2) +..-+ f (en)). 


2.9. Ilycrb aucna 21,%2,...,21997 YAOBJICTBOPAIOT CJIeyIOUeMy 
yCJIOBHI0: 


1 ; 
a) RB <aji< /3 (¢ = 1,2,...,1997); 
6) Ly +2g+...+ 1997 = —318 ,/3. 
Haiiaure Hanbojbliee 3HadeHHe BbIPAarKeHUsA rt? + 5" +... + Ltb07- 


2.10. JlokaxxuTe HepaBeHCTBO 


(n _ pV? 
COS Q1 COS 2... COS An(tgay +...+t—an) < Toga: 
nT 
TV . 
rye no>2 u 0O<ai <9; a=1,2,...,n. 


2.11. JlokaxxutTe, ITO 
nm 
k 
Soa} (1 —_ Li) < ak, 
t=1 


me k>2, kKEN u ay = max (#"(1 — 2) + (I~ a)*ar), a 2“; > 0, 
0;1 
a=1,2,...,n, 1 +...+2%, =1,n > 2. 
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PELUEHUA 
L1 In 
2.1. PaccmorpumM uu1cia —————., ..., ——————-,, 1pou3BeyeHue 
nr nr 
Ly... tn Vt1..-%in 

KOTOpbIxX paBHO |. ‘Torga cormacHo mpumepy 2.1 uMeemM HepaBeHCTBO 

“Ly Ln 

~ Tee PS 2, 
“1 Ln £1 Ln 

WIM 

Yy+...+2 

Sa DS N/a... Ln- (2.1) 

nN 


HerpyHO 3aMeTUTb, YTO B JAaHHOM HepaBeHCTBe 3HaK PaBeHCTBa HMeeT 
MeCTO, KOra £1 =... = Ip. 
Hepapeuctso (2.1) u3BecrHo Kak nepasencmeo Kowu. 


LI In 


2.2. PaccmMoTpumM 4uucia —————.,..., ————————-, CYMMa. kO- 
Y1+...+2n Y1+...+2n 
TOPbIxX paBHa 1. CormacHo upumepy 2.2 umeem 
Ly x 1 
— ee —_—"__} >— 
(aa aa) + +5) ~ n’ 
WJM ; 
2 2 2 
a (2.2) 


OTKyJa U NOydaeTCcA 3aaHHOe HEPaBeHCTBO. 
HerpyHo 3aMeTuTb, UTO HepaBeHCcTBO (2.2) mpeBpallaeTca U paBeHCTBO 
Torga WU TOMbKO Tora, KOrIa LZ, =... = Ly. 


2.0. Tak kak ©, +...+ 2, = 1, To cornacno ynp. 1.10 HatayrTca 


1 1 
Ba 4MCa, OHO W3 KOTOPbIX He OobIUIe —, a AZpyroe He MeHbIIe —. 
n n 
1 
Ja OlpeqesIeHHOCTMH IpuMeM, 4UTO LZ, < —, LQ > —. 
n n 
1 1 
SaMeHuB ©] Ha —, a QQ Ha £1 + XQ — —, NOMyYYMM 4UCIAa —, 
n n n 


1 
(«1 + %2- -), L3,+++,0n, AJIA KOTOPbIX NOJYIMM 
n 


2 9 
L1..-Un = (a1 +42 — =). .atm 
n n 
1 1 
1— —)(l—2a,-¢%2+—- 
l—21)0- ( JI ) 
vax wax Poe) 2) SN tN! 1.17) 
“1X2 ~ ( ~) 
— (%1+ %2- — 
n n 
Q=a1)Q~ a2) _ 4, 1-1 t #9) 


2 H.M. Cegpaxan, A.M. ABoau 
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Ilopropsa 9TO TevicTBue KOHEUHOE FMCIO pa3, MOYIMM N 4MCes, KarK- 


1 
Oe M3 KOTOPbIX PaBHO —, H JWI JTUX FHCEJ JeBAad YWACTb HepaBeHCTBA, 
i) 


1 — eee 1 — n 
KoTOpas paBHa (n — 1)”, He Gombe (aa) an) 
1.--Xn 
2.4. OOo3HauuM 4Y/21...2, = m. CorsmacHo yup. 1.12 moxem mpn- 


L122 


HATb, UTO Ty SM, Lo SM, CHEAOBATEJIDHO, AIA NCE M, a) eat 
. ; Zp, UMEET MECTO HEPaBEHCTBO 
fo > Fp 4 
14+ a1 L+an ~ 1+m |, &1a2 14+ an’ 
Tak Kak : > : + ———— (ynp. 1.17) u 
1+ 21 1+ 2x2 1+m 14+ @12Q 
m 
1 1 1 — 2122 
lta, 14+22 1+a1+ 424+ 4122 
Yepe3 KOHedHOe GUCIIO XOJ0B NOMyIUM 
ee ee SO n 
1+ 1l+2 1+m 1+m 1+ Pay Ln 


1 
2.5. Ecm a= b=c=d=-, To umeet mecrto paseuctTso. Ilyctb a < 


4? 
1 1 
< A’ b> A" Tora: 
176 
a) c+d— oF cd < 0; 3amerum, 4TO 


A=ab(e+d—= ed) +cd(a+b) < 
etd (atb)\" 1 


< ed (a+b) < (FSS = 


27? 
UCHOJIb3ya yup. 2.1; 
6)c+d-— 57 cd > 0; 3ameTum, 4TO 
1 1 176 1 1 
< = = _ = —-)). 
A< i(a+b-7)(et+d- ed) +ed(5 + (a+b-3)) 
Takum o0pa30M, HepaBeHCTBO HeEOOXOJMMO JOKa3aTb JIA YMCe ay = 


1 1 
=f br. =atb—-7,4 =¢, dy) =d. 

JlevicTByA aHAJIOTMYHbIM OOPa3o0M, MbI WIM JOKAa2XKCM H€PaBeHCTBO JIA 
yucell a1, 61,¢1,d1, WIM OCTaHeTCA HOKa3aTb HepaBeHCTBO JIA Cydad, 


1 
Korga JBa 4MCIa U3 a1, 61, ¢,, d1 PaBHbIl Z B KOHI[e€ KOHIIOB MbI TIpwyzemM 


Pewenua 19 


K HeOOXOAMUMOCTH AOKa3aTb HE€paBeHCTBO JIA CilY4UadH, KOrAa BCe IMCJIa 


1 
PaBHbI 7, HO B 9TOM Cilydae H€paBeHCTBO, O4EBUAHO, BbITOMHACTCA. 


2.6. Ilycth 7 > y > 2; Torga NOHATHO, 4YTO y < CJIEOBaATeJIbHO, 


9? 
O< y(@+z)+az(1—-2y) < 
1 1 1 1 
< — — = = a — ; 
<u(g+(e+2 3)) +3(e+2 3) (1 2y) 
Takum o6pa30m, eCJIM B BbIpPaxkKeHuN LY + YZ + LZ — 2ZLYZ 3aMCHUThH 


1 
mca £,Y,z Ha wicla 3, Y,2 + Z— TO ero 3Ha4eHve YBeJIMUUTCA. 


2? 
1 1 1 1 
IlopropusB 3TYy ONepalMio, 3AMeCHUM UNGIA gr +z—- 3 Haducta 5, 3, 3° 
‘Takum o0pa3om, 
cyt yz+xrz—27 e<c¢e4¢e-224 
avg J7S 97 9 27 OT 


2.7. CormacHo TeopemMe CHHYCOB 
p=a+b+c=2R(sina+sin@G+siny). 


a) JlokaxkeM, 4TO M3 BCeX TpeyrOJIbHHUKOB, BIMCaHHbIX B JaHHYtO 
OKPy2KHOCTb, HaHOOJIbIUy!IO WIOWatb HMeeT PaBHOCTOPOHHMM TpeyroJib- 
HUK. 


. T 
Ec TpeyroJIbHHK He PaBHOCTOPOHHMH, TO MOXKEM IIPHHATb a > 3 > 
> B. 
/loxa>kemM, 4TO 


sina +sin@+4+sin(a+ £) < sin? +sin(a+68—7) +sin(a+ 8), 


JleicTBUTeJIbHO, 


sina +sin 8 — sin? —sin(a+8—- 7) = 


3 3 
a- = a+" a a+268— 7 
= 2sin 5 cos 7 7 sin 5 cos —, > = 
Tv 27 
a- — — — 28 
= 2sin 3 (—2sin 8 —— sin SS) = 
2 4 2 
viv 
a- — B- 
= 4sin 2 sin Sb sin tt" 0. 


CyieqOBaTesIbHO, HepHMeTp TpeyrosIbHuka C yriaMu a, 3, MeHbIle Tepu- 


T T T 
MeTpa TpeyrouIbHuka C yrlaMu , OF + 6 - 307: Fem y 4 3? TO Mouly- 


2* 
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Tv 


4M, 4TO I€PUMETP TpeyroubHUka C yraM | 


7 
sat b—- 37 MeHbile, vem 


TV 
3" 

6) Jloxaxkem, 4TO HauMeHbIUMi MepumMeTp 6yzeT y TpeyroubHuKa 
c yrmamu 75°, 75°, 30°. JIua asTroro ZocTaTOuHO AOKa3aTb, UTO MepHMeTp 
TpeyroJIbHuka C yruiaMu a, G2, Y He MeHbIle NMepHMeTpa TpeyroJIbHuka 
c yrnamu 75°, a+ B — 75°, ¥. 

JleiicrputesbHo, sin 75° + sin(a+ G6 — 75°) < sina + sin, Tak Kak 


TT 
nepuMertp TpeyroJIbHukKa C yrvlaMUu 379? 


sina + sin 6 — sin75° — sin(a+ 6 — 75°) = 

= (sina — sin 75°) + (sin @ — sin(a+ B — 75°)) = 
a — 75° a+ 75° . a-— 75° a+ 268 — 75° 
—.— cos ——— — ——— cos ——_——— __ = 


5 5 2 sin 5 


—75° . BT. ; ; 
OT in POO gn FFP 9 Ca, BK TB. 


2 2 2 
2.8. Ecun 2; = y;,7 = 1, 2,...,, To 


f (ti) +... + f (en) = f(y) +--+. + £(Yn)- 

Ilycrb yyIa HeKOTOporo 7 cupaBezIuBO 2; 4 y;. U3 mpuBesqeHHbrx 
yCIIOBMH CIedyeT, ITO ECM ™m — HAaMMeHbIUIMM HOMePp, Ip KOTOPOM Ly, # 
£ Ym, TO Ym < Lm. Hycrp 7 — Tor HanOonbiuui HOMep, Ip KOTOPpOM 
yj; < «xj;; k — navmMenpmuui Homep, OoubmMi 7, IPH KOTOPOM FE < Yx. 
SametTuM, uTO Takoe k cyulecrByeT, Tak KaK B IPpOTMBHOM CJIlydae HMeemM 


Lyra... ej~rL;, > Yr t+ yatr..-+Y;; 


Ljt1 2S Yj+15 


= 2sin 


=— Asin 


In 2 Yn: 
Ckulagbipad WOJyYueHHbIe HepaBeHCTBAa, IPHXOJUM K IIpOTMBOpedHio: ©, + 
+XQ+...+2n > yrtyet...t+Yn. Takum o6pa30m, 2; > yj 2 Yk > rk. 


, 6 
Ilycrp 6 = min(2; — yj, yx —tE) uw A = 1 — ———. Paccmorpum 
Li — Zk 
yucsa 1, £2,..., 7-1, AZ; + (1 —-A) ap = Ue, Litiy+ ++) Le-1, ATE + 
+(1—A) a; = 2%, Ce41,--., Ln W UPOBEpUM, 4TO WIA HUX BbIMOJIHAIOTCA 
yYCJIOBUA yiIpa2xkHenna. 
JleiicrputesbHO, 41 +...+24; >yrt...+y G@ =1, 2,...,7—-1), 


YTO O4eEBU AHO. HepaBeHcTBo 
Yityot...+yj ei tavet...+4;-1+Ax;,+(1—-A) xp 


BepHo, MocKoupKy AX; + (lL—A)a, = 2; — 46 FS 4x; — (4%; —Yy;) = Yj. 
‘Tak Kak vi+1 2 Yj+ls-++5>%k-1 2 Yk-1, TO 


Cyt... taj; Syit... + Yi, t=jt+1,...,k-1. 


Jaa OCTaJIbBHbIxX BeEJINUNMH HMeemM 
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tytegt...¢ 4; =a,+...+ 4314+ (At; +(1-A) ap) 4+ 25414... 


CJIENOBATeJIbHO, JJIA 4MCeJl yCIOBHA yopaxKHeHHA ONATb BbIMOJIHAIOTCA. 
C apyroit CcTopoHbt, 


f(mi)+...+f (@ji) +f (vj) +... +f (ae) +...+ f (tn) 2 
> f (ti)+...+ f (ji) + f (ej) + f (ej4i) +... + f (@e-1) + 
+ f(xy) +...+f (2n), 


Tak Kak f (x*) = f(Ar; +(1—-A)ae) < Af (e;)+Q-A)f (ee) a 
f (zi) =f (At, + (1 —A) a,j) < Af (ee) +1 — A) Ff (x;); cnegqoBarenmbHo, 


f (a3) + f (ay) < f (ej) +f (ee). 


C apyroi cropoupi, 6 = 2; — yj WIM YR — LR, CeMOBATeIbHO, LF = Y; 
WIM Ly, = Yk. 

‘Takum o6pa30M, MbI 3aMCHWJIM YMCA 21, 22,...,25,...,%y Ha aca 

ok ok 

U1, LQ, +++, Lj-1y UF, Ljp1,+++>LR-1, LE, Lkp1,--+,LR, TAK ITO YCNOBUA 
yllpa2kHeHuad CHOBa BbINONHAIOTCA. C Apyroii cropoubl, cymMma f (21)+... 
tf (ei) +...+ f(xy) +... + f (en) He Bospocia, a KoMUeCTRO 7, 
YHOBJICTBOPAIOINMX YCIOBUIO £; = Y;, YBCJIMUMJIOCh Ha CMHUIy, C1esqOBa- 
TeJIbHO, NOCIe 4UUCIa XOJOB, He 1peBblmiaromero n — 1, nory4uM, 4TO 


f(r) +...+f (tn) > f(y) +--+ F (Un). 


2.9. CHatasa TOKa2KeM CJICJLYIOULy!O JIEMMy. 


Jlemma. Ecnua< bux > 0, mo 
)? ) Ss gl2 + pl 


(b+2)°+(a-2 


JleiicTBUTeJIbHO, 


(b+ a)" + (a- a)" —qi?-—p¥= 


= Chor (b'' — a!) + Cex? (bo + a®) +... 4 22'7 > 0. 


O6o3HaduM Yj; = / 3x4; uMeemM 


-l<y,<3, i=1,2,..., 1997, (2.3) 
Yityoat...+ Yi997 = —954 (2.4) 
u 
12 12 
tol. t 
ol? +0004 rio, _ Y1 =i Yi907 
Ecunu Kakle-HHOy Jb Ba 4MCIa U3 4GWMCEJ Yi, Y2,---, Yi997 UPNHae- 


2*kaT uHTeppasry (—1,3), TO cormacHo JIeMMe 9TH Ba MCA MO?XKHO 3aMe- 
HUTb UACIaMU, OJHO U3 KOTOpBIX paBHo —1 usu 3, HM yJOBIeTBOPAIOTCA 
ycnopua (2.3) u (2.4), mpwaem cymma yi* +... + Yigg7 BO3pacTer. 
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12 12 . 
M3 cka3aHHOro CleayeT, YTO CyMMa Y;*+...+Y 997 Oy eT HanOouDue;, 


CCIM FUCA Yt*,..-,Yigo7 3AMCHUTH WIM Ha YucHa —1,...,—1,3,...,3, 
uu Ha uucna —1,—1,...,—-1,3,...,3,a; a € (—1;3). 
Yuurpipad ycosue (2.4) nouy4uM, YTO BO3MO2KeH TOJIbKO BTOpOli Culy- 
2 2 
yal, upwuem k = “= +1735, rye k — komuuectBo —1. Tak kak ° . EZ 
ua € (—1;3), Toa=2. 
Takum o6pa30m, HavOosbuiee 3HaueHue BHIpPaxkenua L{* +... + Ligo7 
paBHO 
1736 + 260 -3°* + 2°° 
a ce = 189548. 
2.10. Ilyctp 
Q1+...+ Qn 
nr 2.5 
- p (2.5) 
Fenway = ag =...=QAn = Y, TO 


COS Q1 COS Q2Q...CcCOSan(tgar +...+tgan) =cos" y-n-tgy= 


1 —1 — 


=n-siny cos” ' y = n4/ sin’ y (cos? y)"-! = 


yl. way??? 
= n4/(n— 1)" = ay 
n 7 n2)/ 

Ecuu a; # Q; Upu HeKoTOppix i u j (i # J), TO cpeau 9TMXx 4NCeN 

HaliyTca JBa TaKUX 4NCIa, OFHO M3 KOTOpPbIX Gombe Y, a APyroe MeHb- 
me y (cm. yup. 1.10). 

Ilycrb 9TO 4uCIa a, HU a2, UpwyemM ay < Y < ag. Takum oOpas3zom, 

3AMCHAA A Ha Y, a AQ Ha a, + Ag — Y, NOMy4AeM HOBY1O MOCIEOBAaTeIb- 


HOCTb 4NCe Y, Ay + A2 — Y,A3,.-., An, AIA KOTOPbIX BepHoO (2.5), a Tak 
Kak 

1 
COS Qi COS M2 = 5 (cos(a 1 + a2) + cos(ay — a2)) < 


1 
(cos(a, + a2) + cos(2y — (a1 + a2))) = cos ycos(ay + a2 — 9), 


a) 


TO 
COS A, COSQ2...COSAn (tga, +...+tgan) = 
= sin(a, + a2) COS a3... COS An + COS A] COS AZ COS AZ... 


...COSQn(tgag+...+tgan) < sin(a, + a2) cosa3...cos@, + 
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+ cos y cos(a, + ag — y)(tga3 +...+tga,) = 
= cos y cos(a; + Q2 — y) cosa3... 
...COSAn(tg yp + tg(ay + ag —- vy) +tgag+...+tgan). 
JleiicTBya C TOJYYCHHbIMU 4NCIAaMU —Y, A, + A2 — Y, A3,..-.,An aHa- 
JIOTHYHbIM OOpa30M, NOJYYHM HOBYIO MOCICAOBaTeJIbHOCTh, B KOTOPOH y 
OyyT paBHbI y2xKe Ba aieHa. IlopropuB sTu ZelcTBuA CaMoe OouIbIIee 
n — 1 pa3, NOTy4MM MOCIeETOBaTeJIbHOCTb B, KOTOpOH n — 1 uneHoB OyazyT 
paBHbI Y, a n-ii papeH ny — (n — 1)y = yy, T.e. ONATh paBeH yp. 
Takum o6pa30M, MbI NOJIyaHJIn 


COS Q1 COSQ2Q...COSAn (tga, +...+tgan) < 


(n _ pyr? 


nr 
<cos y:n:-tgy< 7 (n—2)/2 


U3 qoKa3aTesIbCTBa BUHO, UTO pacCCMaTPHBaeMOe HEPaBeHCTBO peBpa- 
1aeTCA B PaBeHCTBO TOra HM TOJIbKO Torga, Korya ay = AQg=>...=An = 


1 
= y, rae = arctg ————.. 


2.11. Jlokaxem, 4TO ecau z,y>0, r+y< 
x*(l—a)+y*(1—y) <(@+y)"( 
Ecaum x + y = 0, To (2.6) BepHo; ecau x + y 4 0, To 


2 
< 


k k 2 2 
L Y L Y 
_* _(q—g)4—4¥ _(1- < ( ) 1-2) +( ) l-y)= 
— (ety C2 yt eyB@ ty) <1) _g_y. 
(+ y) 
Ilyctb 2j41 27; 20, 2=1,...,n-1, a+...4+¢%, =1 un nZ3; 
Tora 
(n—2)a,+(n—-2)xto < (ag +... +2¢n)+(ag+...+ 4) = 2-241 -222, 
2 2 
CJIEMOBATeJIbHO, £1 + Lo < nh < 3° 
Takum o6pa30Mm, eCJIM YMCA £1,..., £27, Mbl 34MCHHM 4NCaMH O, x1 + 
+ £9,13,...,2n, TO UX CYMMa OATH OyzeT paBHa |. IIpu strom 


Saf (1-2) < (a1 +a2)*(1— a1 — a2) + a8 (1—a23)+...t+a¢% (1-2). 
i=1 


Iloptopaa 3TH elMCTBHA KOHe€YHOe YMCIO pa3, MpWxOqMM K cCJTy4alo 
n= 2, T.e. 


So af(1 —x;)<a*(l—a)+(1—2)*a, 
i=1 
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a1 = max(2e(1—2))= 5, a2 = max(x(1—2)) = 5, 
ay = max (#(1 ~#)(1~20(1~2))) = 5, 
a4 = max (x(1— «)(1—32(1 2) = = 
c= aot —2)~ ala 2)? +2001) = 


(Cm. Take yp. 12.12.) 


3SAQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


Jloxaxkure cnemyroulue HepaBeHctsa (1-4). 


1 1 1 n 


1. a < ——___-_. pye 0 < 
a + Than ~ 1+ /aia2...tn_ ° 
<%1,42,..-,%y <1, n= 2. 
2 2 2 2 
b d b bd d+ bed 
9. owes" > jae re a,b,c,d > 0. 
9+ a7y7 2? 
3. I< ry + yz + 2B < rue 2 +yt+z=ryz,zr, y, z> 0. 
1 1 1 n 
4. a) em s(n $1)”, 
LI v2 Ln 
lt+ai14+%22 1+ an n+i1 nm 
a > a 
6) [lo > (445) » Ae 1,72, ,tn > OU 


Ly +etgt...¢ 2, = 1, n > 2. 


5. JlokaxkutTe, 4TO M3 BCeX BBIMYKJIbIX N-YOJIbBHUKOB, BIMCaHHbIXx 
B JaHHYIO OKDPy2KHOCTb, HanOonpuiei OyszeT MNOWatb MpaBHJIbHOTO 
N-yTOJIbHuKa. 


6. J/lokaxuTe, TO M3 BCeX BDbIIYKJIbIX N-YFOJIbHHKOB, BIIMCAHHbIX 
B J@HHYIO OKPY2KHOCTb, HaMOOJIbIUMM ABJIAeCTCH NeCPpUMeTp MpaBMJIbHOrO 
nN-yTOJIbHUKa. 


7. JlokaxkuTe, YTO U3 BCeX BbIIYKJIbIX MHOPOYrOJIbHHKOB, BIIMCAHHbIX 
B JAHHYIO OKPy2KHOCTb, HanOoIbilet ABIIACTCH CYMMa KBa[paTOB CTOPOH 
IpaBuJIbHOrO TpeyroJIbHuka. 
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8. Ilycrb x; > 0 = 1,2,...,n) — geiicrBuTenbHbIe uncia, Wpu4eM 
ty t+etgt+...+2, =1(n S 4). Joxaxure, 4ro za m060ro A (0 < A <n) 
CpaBe JIMBO Cue yIOlWlee HEPaBeHCTBO: 

n’>—x 


1 
182... (—+—+4.. +=) —Asia2...2n < n 


n nm 


9. JlokaxuTe, ITO W1a WOObIX JBYX TpeyrOJIBHHKOB C yriaMu a, 2B, 
UW a1, 01,71 “Meer MecTO HepaBeHCTBO 


cosa; . cosfi . cosy 


<ctga+ctg$+4+ctgy. 


sin @ sin 3 sin 


10. JlokaxxuTe, 4TO 


Tr bn 
Ss" Yj, YG , Yi < Ss" yi! yi? Yi 


(41,.-. stn) (41,.-. stn) 


(HaOoppbl (71, 72,..-., 7%) MOMyyaIOTCA B pe3ysIbTaTe BCeEX BO3MO2KHBIX Mepe- 
cTaHOBOK uncen 1,2,...,n), rae 
Y1,Y2s.-++5Yn > Y, aj 2a22...24n, 
< by, ay tag <b) + bo, ..., Qyt...+an-1 © Oy +... 4+ On-1, 


ay t...ta,= by +...+ bp. 


11. JlokaxxuTe HepaBeHCTBO 
n (a,b; + agbg +...+ dnb) = (ay tag+...+@n) (bi + b624+...+ bn), 
CCIM W3BeECTHO, 4TO M3 yCJIOBHA ay <a <a; cuepyet, 4ToO 6; < b;, rue 


a, +a@2+...+4n 
rr . 


12. Iycrp dyxHKkuua f onpegenena u yOpiBaer B OOsacTu (—co; +00), 
M KpOMe 9TOrO OHA HeyeTHAA. 
J/lokaxkuTe HepaBeHCTBO 


fla) fl)+fOoflot+fla)flc) <9, 
roe at+b+c=0. 


13. IlycTb uncia a,,@2,...,Qn YAOBJICTBOPAIOT CJICYIOUIMM ycCJIO- 
BUAM: 
a) ay < a2 <... < Gn; 


6) ay tagt+...+ ay = 0; 
B) jay|/+...+ |an,|=S 


2S 
J/lokaxKUTe HeEpaBeHCTBO Gy, — a, > —. 
Tr 
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14. Ilycrh n — 3aqaHHOoe Teso0e 4ucnO, Wpu4em Nn > 2. 


a) Haiiqure Takoe HavMeHbilee NocTosHHOe C’', Ip KOTOPOM HepaBeH- 


CTBO 
2, 2 ‘ 
) t,x j(L; +25) < c( ) x) 
l<i<j<n l<i<n 
BbIMOJIHACTCA JIA BCCEX HEOTPULATeJIbHbIX UMCEI L1,..., Ln. 


6) Bpiacnure, Korga Jia NOyYeHHOrO 3HayeHuA C' BbINOHAeTCA pa- 
BeCHCTBO. 


15. JlokaxxutTe, 4TO: 


a) + +o <1 me s=a2j,+...+2n, 212 
l+s_21 wee l+s—-a2, , TA = LI cee ns ytQ... 
_Ln=1 U 41,%2,...,2n > 0; 

1 1 
6) =o oo 

Q, +... @Gn-11+NA1..-AQn 4, +... +@4n-2 +A, +N01...An 

1 1 

+ < ——, rae a1,42,...,an > 0. 


n n 
Qo +...+@4,+7NA1...An Q1...QAn 


§3. METOJ, UCHOIB30BAHUS COOTHOIMEHUN 
MEA ]Y CPETHUAMU APU®METAUECKUMYA, 
TEOMETPHUECKUMA, TAPMOHUYVECKUAMU 
WM KBAJPATAUHbBIMY 


Ilpu peuieHuu HeKOTOpbIX 3aa4d WH pW AOKa3aTeJIbCTBe HePpaBeHCTB 
IlesIeCOOOpa3sHO UCHOJb30BaTb COOTHOLMICHHA MexK Ty CpeqHUMU apudbmerTu- 
4eCKUM, reEOMeETPUYECKUM, rAaPMOHUYECKUM UM KBaJIpaTUUHbIM, KOTOPble JIA 
JBYX TOJIOAKUTEJIBHbIX IMCEJ BbIPA*KAIOTCA CIIENYIOMIMMU HepaBeHCTBAaMH: 


2 a+b a’ +b? 
7 7X vabs > < yO (3.1) 
_ + _— 
a b 
2 
rue BbIPakKeHHe >——, HasbiBaeTCA CpeOHUM 2apMOoHnUUecKUM duce au Ob, 
ab 
a+b 
,/ab — cpednum 2eomempurecKum, an CpeonuM apupmMemurecKum, 


2 2 
a +6 
{/ 5 — CpedHuMm KEAa0pamuUyHoLM. 


Jloxa3arembcTBa HepaBeHcTs (3.1) mpuBegeHpr B §1 (ynp. 1.2-1.4). 
Sametum, 4TO B (3.1) paBeHCTBa MMeIOT MeCTO Torga HU TOUbKO Tora, 
Korga a = Db. 


Ilpumep 3.1. JJoxa3arb HepaBeHcTBO + > 3, rue a, J, 
c > 0. 
Jloka3aTeJbcTBO. be3 orpaHudeHHa OOWIHOCTH MO2KHO IIPHHATH, 


yToc >a, cS b. Ucnonp3ya 


ate > Jab, (3.2) 


@ 
b 


noJIy 4UM 
a 6b 
— — > . 
o> 2, (3.3) 
ul ° + eo l= (c= a) (c= 6) =Q; crezoBaTesIbHO, 
c a a ac 
bye? 430. (3.4) 
c a a 
Cknaypipaa Hepasexcrsa (3.3) u (3.4), nomyaum = + ° +£ > 3. 


b Cc a 
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Ilpumep 3.2. Jloka3aTb HepaBeHCTBO 


a 4 b 4 Cc S92 
b+e cta a+b ’ 


roe a>O, b6>0, c>Q0. 
Jloka3aTeJbcTBO. be3 orpaHudeHHa OOWIHOCTH MO2KHO IIPHHATH, 


yTo a> b> c. Cupapeampa ciezyromjad Wenouka HeEpaBeHCTB: 


a 4 b 4 Cc 
b+e cta a+b 
a b+e b 6 b+e 
— — > 
bhet a T chat a+b a ~ 
b 6 b+e b Cc b+e 
> _ > — — 
2 2+ chat a+b a 2 2+ chat 2a a 


PaBeHCTBO MMeeT MecTo, ecw a = b+c, b= a = Cc; NoceaHee 


a b Cc 
H€BO3MO2KHO. Cy1esqOBaTeJIbHO, bic + oda + 4/ and > 2. 


Bropok cnoco6. Bocnonb3yemca HepaBeHCTBaMH 


a 2 _ 2a 
b+e atbt+e’ 


‘ou 


CkulayqbiBad 3TH HepaBeHCTBa, NOyuaem 


a b Cc 
> 
Vote chat anh?” 


a+b 06 6at+b4+ec 


1> 
b+e 14 
a 
| 6b >? 2b | 
at+e at+e a+b+e 
1+ b 
<1 2 2C 
+ 1+ - 


$3. Memod ucnorv306anua coomnowenuts Meatcdy cpednuMmMu 29 


SHaK PaBeHCTBA HMECT MECTO, CCJIM BO BCeEX Tpex HepaBeHCTBaXx HMeeTCA 
3HaK PaBeHCTBA, UTO BO3MO?7KHO IIPH BHINOJHEHUU yCJIOBMA 


a 6 _ € 


~ b+e ate atbd’ 
3TO IPOTHBOPeYMT yCJIOBMIO HpuMepa. ‘Takum o6pa30m, 


1 


a 
b+e 


Coornomenua (3.1) o606maroTca Ha Colydait MOOXKUTebHBIX FCI 
Q1,..-+,QAn CHETYIOUIMM OOpa3om: 


nm 


a < Vai 
—+...4— 
a1 An 
rae BbIpPasKeCHN4A 
n 

1 1? N Q1 
—+...4— 

a1 An 


Ha3bIBalOTCA COOTBETCTBCHHO CPCOHUM 2APMOHUYNECKUM, CDEOHUM 2e0mMem- 
DUNECKUM, CDCOHUM APUPMEMUYUECKUM VU CPCOHUM KEAOpAaMUYHoLM ANCE 
a1,...,@n. PaBeHcTBa B COOTHOINeHUAX (3.5) HMeIOT MECTO TOA MH TOJIbKO 
Torga, KOrga ay = dg =... = Ap. 
Ilpumep 3.3. Jloka3aTb HepaBeHCTBO 
nm Tm 
i < Q1,..-QAn, 
— 


rye a, >0, ..., an > 0. 


Jloka3atTveabctTBo. Ucnonb3ya HepaBeHCTBO 


Y1+%424+...+ 2 
Wh ts \/212Q...2n 


n 
1 . 

JIA MOMOAKUTEIbHBIX UNce LZ; = —, t= 1,...,n (yup. 2.1), nomyaum 
HepaBeHCTBO ‘ 

1 1 

aa +...4 7 1 

1 
~ 2 


’ 
n \/QA102..-An 


oTKya WU NOuyuaeTca JaHHOe HeEpaBeHCTBO. 


ai+...+ta n 
SaMmMeuauH ue. "> X/Q1QA2..-An > Ty ee 


OBATEJIbHO, 
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Ilpumep 3.4. PeumtTp cuctemy 


1 
lt+a4,t+ lt+aot...+ 1+ 2100 = 100 1+ Joo: 
1 
4/1 — 2, + l—a@o+...+ 1 — £109 = 100 1 T00° 
Pemeune. Bocnoub30BaBLIMCb HepaBeCHCTBOM 
MF. Fan (3.7) 
n n 
(yup. 2.2) qa uucen \/1+741,..., 1+ 21004 V/1-—21,..-, “1 — £100, 
NOJIy 4M 
1+ai+...+ I+ 100 ~ 100 + (@1 +--+ + @100)- (3.8) 
100 100 
l—a,+...+ 1— 100 — 100 — (a1 +...+ 2100) 
100 ~ 100 


U3 nosty4eHHbIX H€paBeHCTB VM 3aaHHOW CHCTeMbI NOJTyuaeM 


1 
es 
1+ 799 < 


Ilomyuausiocb, TO ©1+...+2199 = 1, orkyya cnenzyeT, YTO B HEPaBeHCTBe 


(3.8) umMeeT MECTO TOJbKO paBeHCTBO, T.e. \/1 +21 =... = VW14 L109, 


1 
WIM Vy, —... — L100 = =: 
100 
He tpygaHo yOesuTbcaA HENOCPeACTBCHHOM NOACTAHOBKOH, UYTO NOJIydeH- 


HbIe€ YMCA YAOBJICTBOPAIOT JAaHHOU CUCTeMe. 


CooTHOUIeHHA MexkK Ty CpeJHUMM apHcdbMeTu4eCKHM UM CpeHUM reoMmeT- 
PH4ECKUM MO3BOJAIOT PCLUIUTb HEKOTOPble 3ajadv Ha HaxOx*KJeHHe MAaKCH- 
MaJIbHbIX HW MMHUMAJIbHbIX 3HAdeHUH. 


SameuanHne 1. Cpegnee apucbMeruyeckoe NOMOXKUTCIbHbIX UNCC 
Q1,-..-, Qn C OJJHUM UW TEM Ke CpeJHUM reOMeTPU4eCKUM UMeeT MUHUMAJIb- 
Hoe 3HaueHHe, KOTAA ay =... = An. 

SameuaHne 2. CpesHee reoMerTpuvyecKoe MOMO2KUTCIbHbIX UNCC 
G4,...,@, C OJHMM WM TeM 2Ke CpeHHM apucdbMeTM4eCKUM MMeCeCT MAaKCH- 
MaJIbHoOe 3HAdeHHe, KOrIA A, =... = An. 


IIpumep 3.5. Cpegu TpeyroibHuKOB C 3a2aHHO WIOWaabio HaiTu 
TOT, Y KOTOpOro HaMMeHbIIMM NepuMetp. 

Pemeuue. O6o3HadHM CTOPOHbI MCKOMOrO TpeyroubHHKa a, b,c 
(a,b,c > 0), nepumerp — 2p. 
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Ucnonp3ya dopmysy LTepoHa uv HepaBeHcTBa 43 yup. 2.1, nOomyauM 
S= /p(p—a)(p— b)(p—e) < 
e p(@= 9+ @— H+ (p—2))" _ v3 
~ 9 


3 
oTkyya nomyuaem 2p > 24/35 /3 ; 


PaBeHcTBO uMeeT MecTo, Korma a = 6 = c. Takum oOpa30mM, U3 BCex 
TPeyrOJIbHHKOB C 3aaHHOUW MWIOWAaTbIO HAMMCHbUIMM NepuMerp — y pas- 
HOCTOPOHHETLoO. 


y) 


IIpumep 3.6. Cpegu TpeyroJIbHHUKOB C 3aaHHbIM NepumMerpom 2p 
HaliTu TOT, y KOTOpOrO HanbosIbIad NOAA. 


Pemeu ne. O603HadUM MIOWadb UCKOMOLO TpeyroJIbHuKa uepe3 S, a 
cTOpoHbr yepe3 a, b,c (a, b,c > 0). Ilo dopmyane Tepoua 


S= Vp: 


Haitzem Han6obulee 3HaueHHe BbIparxkeHua (p — a) (p — b) (p—c). 

Tak kak (p—a)+(p—b)+ (p-—c) = p nocrosaHHo, TO cormacHo 3a- 
MeyaHuto 2 mpou3BeseHue (p — a) (p — b) (p — c) npwHumaeT Hanbosputee 
3HadeHHe Tora, Korga p — a = p— b= p— c; oTcrofla Nomyyaem, 4TO a = 
= 6 = c. Takum o6pa30M, 43 BCeX TpeyrOJIBHUKOB C 3a,aHHbIM NepHMeTpOM 
2p HanOouIbIlad MIOWayb y pAaBHOCTOPOHHErO TpeyroJIbHUKa. 


YIMPAMHEHUA 


Jloxaxkure cnemyroujue HepapeHctTsBa (3.1—-3.28). 
3.1. (a+b) (a+c)(b+c) > 8abc, roe a,b,c > 0. 


3.2. (a+b+c—d)(b+ct+d-—a)(c+d+a-—b)(d+a+b-c)< 
< (a+ 6b)(b+c)(c+d)(d+a), rae a,b,c, d>0. 


3.3. a) a? + 6° +c? + 3abe > a*b + ab? + b?c 4+ c*b + a%c F+ ac’, 
rye a,b,c > 0; 


6) (1+ =.) (1+ “ )C+ fc ) > 25, rie a,b,c > 0. 


b+ atc a+b 
Ig (a — 1) lga 
A, TT ye 1. 
3 lea le(a +1)’ rye a> 


3.5. abc > (a+b—c)(a+c—b)(b+c-—a), roe a,b,c > 0. 


3.6. a +y8 > ecw x+y=l. 


28° 


1\? 1\?_ 2 
3.7. (a+—) +(b+5) 2 ecu a,b6>0 un a+b=1. 
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2 9 2 2 
3.8. (x. +—) +...+(¢n+—) > wey CCIM £1,..-,2n > 
£1 Ln n 
>O wv ayt...+¢24, =1. 
3.9. at +b4+c* > abc(at+bt+c). 
3.10. x2 +y2>2,/2(a@—y), ecau xy =1. 
3.11. 6a, +1+ ,/6a, +14 ,/6a3+1+4+ .,/6a,+1+4+ ,/6a,+1< 
< 4/90, eM a1,...,a25 >O uw ayt...ta5=1. 
$3.12. 64+ 46+ 5c > 5,/ab+7,/ac+3,/bc, roe a,b,c > 0. 
3.13. 2(a* + b*) +17 > 16ab. 


1 1 1 1 
14, ———— + ——__ 4 ——__ 5 - 
3.14 bhcnwa’anbictatboeZar 


CTOPOHbI HEKOTOPOrO TpeyrouIbHuka. 


1 
4 = 


77 Tae a, b,c — 


1 
b 


1+nb 
n+1 


n+l 
3.15. ( ) > b", rye nEN, b>0. 


1 
n+1 


1\” n+l 
3.16. a) (1+-) < (1+ ) , roe nEN; 


6) (1+ —) 


1 
B17. Vnl <“S-, me n=2,3,4,... 


n+1 n+2 


1 
> (1+—7) , roe nEN. 


3.18. a) n(n +1)"" <n+Sp, me Sp =1tyt...+-, n= 
= 2,3,4,...5 
6) n— Sy > (n—1)n'/C-"), poe S, = Lt 5+. te, n= 


= 3,4,... 
3.19. (q”? —1)(q"*' +1) > 2nq"(q—1), rune g>1, neEN. 


3.20. a) a2 + 6? +c*+d*+ab+ac+ad+bc+bd+cd > 10, rue 
a,b,c,d >0, abcd =1; 


3 
6) (a+; -1) (+ =-1) (c+—-1) < ). rye a,b,c > 
b Cc a 2./ abe 


> 0. 


3.21. n ¥/a,...an — (n—-1) ™¥/ay...an_1 < Gn, THe a; > O, 


a7=1,...,n, n=3,4,... 


3.22. ®/a,...an,+ %/b,...b,+...+ Wk... kn < 
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< Way tb, +...+h1) (a2 + bo +... + ke)... (Gn + bn + 
THE Q1,.--,Qn,01,...,0n,..-.,k1,...,kn > 0. 

3.23. a,+4/ajagt+ ¥/ajaza3t+.. + R/a1...an < e(ay+...+an), 
re @1,...,An > 0. 

3.24. k_ka" <n—k, re n>k, n,kEN, a>O. 

3.25. a a an a rye a>Q, x;> 


ti ta.) wha, | tn bay — 
Soa 


>0,2=1,. 


3.26. Hp+t1t+ Vaotlit+...+ Va,+1<n+1, me 7,... 
,tn >O0, 41 +...+%n =p, DEN, pol. 
3.27. a) (l+a)" >l+na, me a>-—l, neEN (nepaeencmeo 
Bepnyaau); 
6)Bpcnyyaen > 1 (l+a)" >l+na, rre a#0 un a>, neN. 
34/3 
16 — 
3.29. Haitru HanumMeHbilee 3HadeHHe CPbyHKIIMH 
1 1 
2) = ——— + ——— 
F(z) /1+ 2 /1—2 


B oOnactu [0;1), rae nEN, n> 1. 


3.28. cos’ tsint < 


b 
—n B 


3.30. Haiirm HauMenHbulee 3HayeHue cbyHKuun $f (x) = ax™ + ; 
o6macru (0,00), rge a,b >0; m,neN. 
3.31. Haiiru B o6nactu [a; b] (0 < a < b) Taxyto ToOUKy Zo, B KOTOpoOii 


cbyuKuna f (x) = (a — a)” (b? — 2?) npmuumaer coe Hanbomburee 3Ha4e- 
Hue B ITOK OONACTH. 


$3.32. Haiiru HanOobuiee 3HAaYeCHHEe NPOM3BeECHHA LY Z, CCIM U3BECTHO, 
qTO ©,y,z2 >On 2e+ /3y+rz = 1. 


3.33. Haittu Hanbombuiee “1 HawMeHbilee 3HaueHHe CbyHKIMH y = 


r 
= —.~—_,, rye a. b> 0. 
ax? +b’ - 


3.34. Haitru Han6onbulee 3HaueHve CyHKIMU: 
3 
2) 7 o/a2 + 62 +8412. 6) 7 (x2 +1)? (a? + 3) 
4 t+3 7 32° +4 


3. H.M. Cegpaxan, A.M. Apoau 
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3.35. Ilycrb cymMa BCcex tecTu pebep TpeyroubHO nupamugb PABC 
papoa S,a ZAPB = ZBPC = ZCPA = 90°. Haitru cpegu taxux 


nupaMuy, nWupaMuyly Cc HanOOJIbUIMM OObeMOM. 


ety =2, 


3.36. PemmrTrb cucremy ypaBHeHutt 
ey —z*=1. 


ectytz=s, 


3.37. PemmrTb cucremy ypaBHeHutt 
a? + y* +27 =8. 


3.38. SagaHbi uucia a,b,c,d,e Takue, 4TO 


at+b+c+d+e=8, 
a* + b*+¢%+d*+e7=16. 


Hanru Hanbonpuee 3Ha4eHHe e. 


m D1 £3 “5 
3.399. Haliru HauMeHbillee 3HadeHHe BbIpaxkeHua — + — + —, ecuIn 
L2 “4 L6 


levy %25%3 5 %4 5 %5 <  < 1000. 


3.40. Peumrb ypapuenue x* + y4+2 = 4ey. 
3.41. PemmrTb B yebix auciax ypaBHeHue wo — + a= = 3. 


PELUEHUA 


3.1. Ucnonp3ya HepaseHcrso (3.2) aia nouOxKUTeIbHBIX uncer a uO, 
auc, buc, noly4auM HepaBeHCTBa C NOJOXKUTCIbHbIMU WIeHaMu 


a+b at+e b+e 
5 > ab, 5 2 V ae, 5 > v be, 


(a + b) ato) (b+ c) > abe. 

3.2. ‘pw MHOXKUTeIA B JIEBOM GACTH HepaBeHCTBAa MOJIOXKUTCJIbHDBI. 
Ec TOJIbKO OJMH MHOXKUTEJIb B JICEBOM WaCTH He NOJOXKUTEeCH, TO TOKa- 
3aTeJIbCTBO OYe€BU AHO. PaccMoTpuM Cilyuai, Kora BCe YeETbIPe MHORKUTEIA 
NOORKUTeIbHEI. B aTOM CAyyae BOCHONb30BaBINMCh HepaBeHCTBaMy (3.2) 
JIA Map auces 


Me PeCMHO/KUB KOTOPbIe MOUWICHHO, TOJLYAUMM 


at+b+c-—d u b+c+d-a, 
atb+c-—-d u d+a+b-e, 
b+cec+d-a u c+td+a-Qb, 
c+td+a-—-6b u d+a+b-e, 
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NOJYAUMM CECTYIOMNIMWe HeEpaBCHCTBa C MOJIO2KUTCJIBHBIMH WaCTAMNH: 


(a+b+c—d)(b+c+d-a)< 
((a+b+c—d)+(b+c+d-a)) 


< 5 =b+e, 
(a+b+c—d)(d+a+b-c)< 

< Ka pote Dt ebath—o) a+b. 
(b+c+d—a)(c+d+a-b))< 

< Wer daa) ster dsa— 9) ~e4+d, 
(c+d+a-—b)(d+a+b-c)< 

< ((c+d+a-—b)+(d+a+b-c)) ~adtd, 


2 
IlepemHo2kuB NOUJICHHO 9TH HEPaBeHCTBA, NOJYAMM 3aaHHOe HEPAaBEHCTBO. 


3.3. a) JJaHHOe HepaBeCHCTBO 9KBUBAJICHTHO HepaBeHCTBY 
abc > (a+b-—c)(a+c— b)(b+c—a) 


(cm. yup. 3.5.). 
6) JlaHHoe HepaBeHCTBO 3KBUBaJICHTHO HepaBeHCTBY 


lZabe+a° +b? +0 > a*b4+b?a4+cCata*c+t+ b?c+ 07d, 
JOKa3aTeJIbCTBO KOTOPOrO CuleAyeT 43 HepaBeHCTBa yup. 3.3, a). 
3.4. PaccMaTpuBaeMoe HepaBeHCTBO 3KBUBaJICHTHO HeEPpaBeHCTBY 
Ig (a —1)lg(a+1) < lg*a(a> 1). 
Korga Ig(a—1) <0, umeem 
Ig(a—1)lg(a+1) <0 < Ig*a. 


Ecau xe Ig(a—1) > 0, To, Bocnomb30BaBUIMCh HepaBeHCTBOM (3.2), 
NOJIyYUM HepaBeHCTBO 


2/ lg (a —1)lg(a+1) <Ig(a—1)4+1g(a +1) =lg(a* —1) < Iga’, 
cneqoparenbHo, lg (a—1)lg(a+1) < lg*a. 


3.5. Tak kak a,b,c > 0, TO NO KpaiiHeli Mepe Ba MHO2KUTeIA 
paBoi 4WacTH HepaBeHCTBa MOJIORKUTeCJIbHbI. Lic TObKO OLMH MHOXKUTEJIb 
He NOJORKUTeIECH, HEPAaBCHCTBO OYeBL AHO. PaccMoTpuM Culydai, Kora BCe 
TPH MHOXKUTCIA IpaBOl WacTH HepaBeHCTBAa MOJIOXRKUTCJIbHBI. 


w+ 
Bocnob30BaBLUMCb HepaBeHCTBOM — = 1/XY, MOrKeM HalucaTb 


3* 
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CJIETYIOIIWEe BEPHbIe HCPaBCHCTBa C MOJIOAKUTCJIBHbBIMM WaCTAMA: 


(a+b—c)(atce—b) < Atha tate” 4) 


y) y) 
(atb—e)(b+e—a)< AFP IF Fe—a) _y 
(ate—b)(bbe—a)< Ste Hite a) _, 


IlepemMHOoKUB NOWICHHO NOJYYeCHHbIe HEPpaBeHCTBA, MPUJeM K 3aJJaHHOMY 
HepaBeHCcTBy. 


3.6. Mmeem 
8 8 4 4.92 2 2.4 8 
x+y >(7 — > (7 —— > (=24) _ti- 
2 2 2 2 128 


1 
3.7. Tak kak a+ 6 = 1, To u3 (3.2) nomyuum rae 4. CneqoparesbHo, 
corlacHo HepaBeucTsy (3.7) 


2 2 


1 1 1 1 
(a+ —] +(o+5) at+—+b+— ? 1+ — , 
a > a _ a > 
2 a 2 2 a 


14+4\2 25 
=> ———— = —_, 
> ( 2 ) 4 


1 
3.8. Tak kak 41 +...+ 2, = 1, To u3 (3.6) nomy4uM, 4To aoe 
1 


1 
+22 n?. Ucnonb3ya Hepasencrso (3.7), nosyauM 


nr 


1 1 
1 2 1 2 1+ —+...+2n + — 2 
(042) 4.04 (e+ 2) on(“oa ee) A 


L1 n 1 
1 1 
1+—+...4—\? 2 2 
1 2 (1 
n n n 
3.9. Bocnomb30BaBIMCch HepaBeHCTBOM (3.2), MoxKeM Hanucarb 
a* + b* > 2a7b?, b* + c* > 2b7c?, c* + a* > 2c7a?. 
Ckslay{biIpad MOJyaeHHble HepaBeHCTBa, NOJTyY4uM 
a* + b44+c4 > a7b? 4+ b?c? + c7 a’. (3.9) 
OnaTb cormacHo HepaBeHcTBy (3.2) umeem 
a*b? + b*c? > 2ab*c, b*c7 + c7a* > 2abc?, c’a7 + a7b* > 2a*be. 


CkuaybiBad 3TH HepaBeHCTBa, NOJyuuM 
a*b? + b?c7 +. c2a* > abe(at+b+c). (3.10) 


Pewenusa 37 


M3 nepapeucts (3.9) u (3.10) nomyyaerca, aro 
a+ +b4+c4> abe(atb+ce). 
3.10. Bocnonp30sasniuch ToxKyecrBom x7 + y? = (x — y)* + 2xry u 
2 2 2 2 
ycnopuem zy = 1, nomyaum x? + y? = (x — y)” + (4/2)? > 2/2 (x — y) 


3.11. Ja mro6o0ro 3HayeHua A cormacHo HepaBeHcTBy (3.2) uMeror 
M€CTO HepaBeHCTBA 


(6a; +1) + A? > 2A ./6a; + i=1,2,...,5. 


Ckulabipad WOJtyueHHble HepaBeHCTBa HM YUUTHIBad YCJIOBHeE a, +a2+a3+ 
+d4+a5,=1 gana A > 0, nonyuumM 


2 va) 
— > > 6a; +1. 
i=1 


5 
B caygyae A= = uMeemM \/55 > S- \/6a; + 1. 
t=1 


3.12. Bocnonb30BaBlinch HepaBeHCTBOM (3.2), nouyauM 


5 Jab +7 Vac +3 be < 49) 5 Mato 3 3O4o) c) — 6a+ 46+ 5e. 
3.18. Tax kak a* + b* > 2a*b?, ro 
2(a* + b*) +17 > 4a7b? +17 > 4(a7b? + 4) > 16ab. 


3.14. SanucaB HepaBeucrso (3.6) aia uncer 


ft , —_1 to , 1 
b+c-—a a—b+c’ b+c-—a a+b—c’ 
ft , —1 
a—b-+e a+tb— ec’ 

NOJIY 4UM 
re to at 
b+c-a a-b+cy 1 b+c-a at+tb-c yl 
2 ~ ©? 2 ~ p? 
ee oe 
a—b+c atb-ce yl 
>. 
2 a 


CkulaibIBad NOUIeCHHO NOJIy4UeHHbIe HepaBeHCTBAa, NOJIY4HM 3aaHHoe 
He€PpaBeHCTBO. 


3.15. 1+b4+...+0> (n+1) "/b", orxyga nonyuaerca 3aqaHHoe 
——— 


He€PaBeHCTBO 


1l+nb\"t1 
> b”. 
Gs) 2 6 
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3.16. a) SanucaB qa ducer (1 + ~), a (1 + ~) , 1 HepaBeHcTBO 
a, 


u3 yup. 2.1, no1y4auM 


usu 
1 1 n+1 1 1\ 7 
( + vat) ° ( +3) 
6) sanucaB anda uncen 1 — re | HepaBeHCTBO U3 
n+1? °’ n+1’ 
n+1 
yup. 2.1, no1yaum 
1 n+2 1 n+1 
(aya) > (oa) > 
n+ 2 n+1 
usu 
T\ rr 1 1 n+2 
l+n) > (baa) 
( + i > {i+ nad 


3.17. CorjaacHo HepaBeHCTBy 43 yup. 2.1 umeem 


Uni = VIR on < tet tm ntl 
n 2 
3.18. a) Sn tn=ntl+e+¢...¢2=242454 
2 n 2 3 
3 nt 


3.19. Bocnomb30BaBLIMCb TOK TECTBOM 
q’-l=(q-V(qrit+aqn*+...+)) 


uM yculioBueM g > 1, NosyauM HepaBeHCTBO, IKBUBAJICHTHOe 3aJaHHOMYy 


HepaBeHCTBY, 
(qr +qr*+...41)(q"*! +1) > 2nq”. (3.11) 
CorjacHo HepaBeHCTBy 43 yup. 2.1 B cayuae n > 1 umeem 
R/gn-1. gn—2. 0 J = ng b/2, 


gr t4+q™*7+...41Sn- 
g?tt 4 1 > Qq@tV/2, 
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IlepemHorkaad osty4eHHble HepaBeHCTBa, Hoya (3.11). 


3.20. a) a? +67+c?+d*+ab+ac+ad+bc+bd+cd> 


>10- '/a2b2c2d2abacadbcbdcd = 10- V (abcd)? = 10. 


6) Tak kak a,b,c > 0, To no KpaitHeit Mepe 4Ba MHO*KUTeIA MeBON 
yaCTH HepaBeHCTBAa MOJIO*KUTeJIbHBI (cM. yup. 1.9,a)). B cayuae, ecam 
TOIbKO OJMH MHOKUTCJIb HE NOJIOAKUTeEICH, HepaBeHCTBO OUeBU AHO. Pac- 
CMOTPUM Cily4al, Koraa BCe TPH MHOKUTEJIA IpaBow wacTu HepaBeHCTBAa 
MOJIOAKUTCJIDHBI. 

SamMeTuM, 4TO 


3+ Babe =b(a—-14+7)+e(b-14+-)+a(c-1+—)+ 
+be(a—1+7)+ac(b-14+ =) +ab(c-1+-). 


Bocnob30BaBLIMCb HepaBeHCTBOM 43 yup. 2.1, NOoTyauM HepaBeHCTBO 


2 
3+ 3abc > 64/ a®bec3 ((a-1+-) (b-1+ =) (c-1+-)) ; 


KOTOPOe€ 9KBUBAJICHTHO 3AJaHHOMY HeEpaBeHCTBY. 


3.21. dn + ” Vay... Qn-1 +... + " Vay... Qn_-1 > 
SS 


orTKy qa n—1 


+ di +b; +...+kiaa+ba+...+ko’'' antbat...tka 
A, 
aj, tbjp+...+khragtbet...tkhe’ antbnt...tkn ~ 

1 Q1 a2 
(5p ee tame et 


+ ** —__) + = (___ 1 ___ + 
Qntb,nt+...tkn» n\a,+6,+...+k1 


be bn ) 
+ Ga tbo+...+ha |) ''' | an tba +... 4+in Pee 
~ (____)___ re 
n\ai,t+6,+...+k1 agtbe+...+ke a 
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kn il ay 
the ak) =a (ae 
by ky 
athe t tapas) 
1 a2 be 
a (aah atk tthe et 
1 


an 
+7 (goer 


+ 


+ 


+ > __) + 
ad2+be2+...+ ke - 
bn kn 


it te tae ek) Eh 


3.23. SamerTuM, 4TO 


; 2 at y) . n 
22 53 42 4 


CIC TOBATeJIbHO, 


Qa, +dgt...+@n = 

a1 a4,+2a2 a, +2a9+...+ka,z a, +2aqg+...+nan 
> — + ——_ +... oO ——__+...+ o.£|wwvr— 
Fy tog Tot k(k+1) et n(n +1) 


a, +2a9+...+ka,z 1/k 
——_—_—___—________— > Lae =1,... . 
k(k +1) a (ay Ak) (k 1, , 7) 


JlevicTBUTeJIbHO, COrIaCHO HepaBeHCTBY H3 yup. 2.1 


a, +2ae4+...+ka,z Va12a2... kan £/k --ap)t!* 


k(k+1) 7 k+l = ka | 


\/ ki! 1 k+1\* 
= “Te 
bad > 5) Wan kl > ( : Y (cm. yup. 7.18). 


Takum o6pa30m, Nouy4HJ0Ccb, 4TO 


J/loka2keM, UTO € 


Octaerca JOKa3aTb, ITO 


n n 

ai+2ae+...+ka 
e(ay+...+ an) 2 ) Oki) ) (a,...an)'/*. 
k=1 


‘Tenepb 20Ka2KeM, UTO B 3€J}AHHOM H€paBeHCTBE 3€MCHUTb € Ha MeHbILee 
quCIO Hemb3a. /leicTBuTesIbHO, WyCTb 


Tr 


c(ay +...+4n) = S* (ar... ax)!" 
k=1 


1 
npuHUMad a = 7 (k=1,...,n), nonyaum 


Tr 


~ 1 e 
Dag Yaa Gav > a (3.12) 
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(37,eCb UCNOJIb30BaJIOCb HepaBeHCTBO 43 yup. 14.18). 
C apyroi CTOpoHbI, CorsacHo HepaBeHcTBy 43 yup. 7.17 aia k = 3,4,... 


MMe€emM , , 
2 2 k(k=1)( /2 
(1+ \/2) > 14 kyl? + ; ( : > k, 


k 2 
orTkya k<1+ 4/—, cnegoBparenbHo, 


Lew Lia (3.13) 
k 


Ms (3.12) u (3.13) cnenyer, uro 


WJIM 


k=8 k=8 K(1 + : | k=1 
k 
Orciogza nowy4uaem 
Tr Tr Tr 
1 /2 1 
Dr aD Dene, < of FR 
WIM 
1 
= kVk 
On: e— 2e- = vk <c 
1 
k 
k=1 
rye 
“1 “1 
ar ar 
a, = 8 a — 
1 1 
k k 
k=1 k=1 


Ilepexoga kK mpegzesy, noryauM, 4TO e < c (cm. yup. 7.15 u 7.16). 


$3.24. n—k+ka"=14+...4+14+ a"4+...+a"> 
Seer 
n—k k 
Son: V/1...1l-a"...a™=na", 
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orkyya n —k > na*® — ka”. 


“21-22 22-238 Ln—-L1 
a a 

3.25. —_— 

Litt. 27 &3 


St gti %2 g%2—%3 gz 71 n 
>n\/ 2. 2 
1+ 2272+ 43 In t+ v1 \/ (a1 + @2) (te +43)... (@n + 21) 
nr _ n° 
(ty +a@o)+...4+(@ant+a1) #2 
n 2% 
t=1 


3.26. Ucnonmb3ya HepaBeHcTBO 43 yup. 2.1 guia uncen x; + 1 u 
1,1, 


1 (¢@=1, 2,...,n), nonyaum 
p—1 
®/e, +1 = B/(a 41-11... < EVE r Yd yy me 
—_—_———” p P 
CIC TOBATeJIbHO, 


ap tlt R/eot1t+...+ %/e,+1< (1+- tte) +... 
+(14+2)sn4 S52 
Pp Pp 


3.27. a) Tak kak 1+a>0, To ZocTaTouHO JOKa3aTb HepaBeHCTBO 
Haia cryyaa 1+nas>0. CornacHo HepaBeHcTBy “3 yup. 2.1 


—n+1. 


1 _ 
e/+na)y-1...1< tmettt tt ig ny, 
——’ n 
n—Il 


cneyjoBparesbHO, 1+ na < (1+ a)”. 


6) Cm. pemrenue ynp. 3.27, a). 


64.2.2 cos’ t cos’ t cos’ t 9 
3.28. cos’ tsin® t = 27 5 5 5 (1 — cost) < 


cost , cost , cost | | 24 4 
— cos 
<ar( 3 3 3 27 


4 


. . 33 
orkyga |cos® ¢ sin t| 6? ClegqoBarembHO, cos’ t sint < 3/3 


3.29. Mcnonp3ya HepapexcTso (3.2), nowy4auM 


f (x)= (+a) ""+(L-a) "> 


>a (tay V/"(1—a) Vv" =—2_ > 
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Tak kak « € (0,1). C gpyroi# croponp, f (0) = 2, cnegoBarenbHO 
HauMeHbilee 3HayeHue cbyHKuuu f (x) paBHo 2. 


3.30. IIpeqcrapum cdbyuKunto f (x) B Bue 


f (a) = (m+n) —— (n= +m—,), 


Ucnonb3ya HepaBeHCTBO 43 yup. 2.1, noTyauM 


j0)> imen (ZY (Gay =m en ee. 


an” b m+n/ bn 
rye pABeEHCTBO MMeeT MECTO Ip“ —— = —;, T.e. korga £ = —., 
n Mx am 


Ornen. min f(2) = f (eo) = (m+n) "oe, mae 0 = 


_ m+n bn 
am 


3.31. Ipeqcrapum dbyuKunto f (x) B Bue 


f(a) = a ea 


rye a, > 0. Ucnonb3ya HepaBeHcTsBo 43 yup. 2.1, noyauM 


4\/(x —a)(a@—a)a(b—2z)B(b+2) < 
<(e#-a)+(e@-a)+a(b—2)+6(b64+2)= 
= (2-—a+6)x+(a+ B)b—- 2a. 
IIpasax uacrp sToro HepaBeHcTBa He OyzeT 3aBUCeTb OT 2, CCIM a — 
— 8 = 2, a paBeHCTBO uMeeT MecTO, Korga x —-a=a(b—2)=6(b+2). 
Orcroya NOJyY4MM pPaBeHCTBA 


“La “La 
a= y] B — y] 
b—2 b+ 2 
HOsCTaBIIAA KOTOpbie B paBeHCTBO @ — 8 = 2 owy4uuM KBa-paTHoe 
ypaBHeHve 227 — ax — b* = 0, KoTOpoe uMeeT CXMHCTBCHHDIM NOs1I0%KU- 
. a+ /a? + 8b? 
TCJIbHbIM KOPeHb L9 = ——————. HetrpyaHo noKa3aTb, 4TO Lo E€ 


€ |a, 6b]. Cnenoparenpuo, f (x) qocruraeT HanOobIero 3HadeHuA B TOU- 
Ke £9 oOsactu |[a, Ob]. 


a+ ./a? + 8b? 
OTsetT. £9 = ———_.. 
4 
3.302. [lpencTtaBuM mpon3BeyeHHve ryz B BUTE 


1 


vyz = (- ae) (2x) ( V/3y) (2) 
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WM 3allMleM HepaBeHCTBO 43 yup. 2.1 Ana ancen 27, /3y U2: 


Lyz = (22)( V/3y)(n2) < (iver) = 


7 3) Ge) 7 enc 


rye PaBeHCTBO MMeeT MeECTO, Kora 2x2 = /3y = 17z. Bocnosb30BaBlUIMCb 


1 1 1 
ycJIOBHeM 22” + /3y +12 =1, nonyuaum & = a Y= 3/3" z= 3. 


1 
OtTBperT. ——. 
5Ar \/3 
3.33. SamerTuM, 4TO: 
Korya «<0, umeem f (x) < 0; 
Korja « > 0, umeem f (x) > 0; 
Korga « =0, umeem f (x) = 0. 
Orcroga ciezyet, uto dbyHkuua f (x) mpuHuMaerT cBoe HanOosbilee 3Ha- 
yeHue B OOsacTu (0, +00), a HaMMeHbIIIee 3HadeHHe — B OOMacTU (—od, 0). 


Ileppp cnoco6. Hepasencrso (3.2) gua ancen ax* u b umeer 
BUI 


ax” +b 
— 7 2 jz|- Jab, (3.14) 
rye paBeHcrBo uMeer mecro, Korga ax*=b. U3 nepasencrsa (3.14) 


ciefyeT, YTO Korga «© > 0, umMeem 


L < 1 
ax? +1 2./ab- 


1 
Orcioya omyyaerca, 4TO HanOombiee 3HayeHue f(x), paBHoe ——, 
; 2./ab 
dyHKUuA IpwuHMMaeT B TOUKe x = é. Tak kak dbyHkuua f(x) Heuer- 

a 
1 


Had, TO ee HAMMeHbIUee 3HAYCHHe, PaBHOe — 


; 2,/ab’ 


AOCTUTAaeTCaA B TOUKE 


r= 4/-. 
a 
Bropod cnoco6. Boobsactru (0,+00) dyHkuua f(x) copnayaerT 
1 
c dyuKuvet g(x) = —;, tae a,b > 0. Ova hyskuna npunumaer 


ar + — 
4b 
. b 
cnoe HavOoupiiee 3HadeHue B TOUKe, B KoTOpo dbyHkuua A(x) = ax + — 


IIDHHUMAaeT CBOC HAMMECHBIICe 3HATECHHE. 


Pewenuwa A5 


b b 
Tak kak Wpou3peyeHue ax-— = ab NOocTOAHHO, TO CyMMa ax + — 
4 by 4 by 
UMeeT HAaMMECHbIUee 3HAYCHHE B CIy4ae, Kora ax = —, T.e. korga © = 
4 by 
_ b 
i a 


Takum o6pa30m, nosyausu, aro B oOmacru (0,+00) dyHKuua f(x) 


1 
24/ab 
Haumenbutee 3HayeHue cbyHKuuu f(x) HaxoquTcaA aHasIOru4Ho MepBo- 
My cnocoby. 


VJ (x + 2) (x + 4) 
3.34. a) Umeem y = Sy (@ +2) (@+4) +12 


IIDMHUMaAaeT HanoOoubiuiee 3HaveHve B TOUKe © = — HW OHO paBHO 
a 


Cle OBaTeJIbHO, Kora 


r+3 
x > —2, wmMeem 
(252 + 50) (a + 4) + 12 (Peterets 1 
= SS Ks [| —_— _ ¢ 12 = 
+3 ~ 2 + +3 
13 39 
_ 13¢ +39 _ 43 
L+3 
23 
u y=13, xorga 252 +50 = 2+4, Te. korga © = ~T9" Korga x < 


< —4, umeem y < 0, cieaqOBaTeJIbHO, HaMOoOuIbUIee 3HAaYeHHe (YHKUMN Y 
pasHo 13. 


6) Umeem 
ne leuentery 

3/5 V(x? + 1)(@? +1)(4 w+ 2 le +14+2° pltear+e 
7 2 327 +4 3(3a” + 4) = 


122° + 16 4 3/9 


5 
2 15(3a?+4) 15 2° 


4 i) 2 6 1 
SamMeTuM, ITO y = ——- ° —~, korga ge7+1= ~g*t —, T.e. korga ae 
4 15 5. 5 3 


A 3/5 
Ceq0OBaTeJIbHO, HaMOoIbilee 3HaueHHe CbYHKUMM Y PaBHO 15 3° 


3.35. Ilycrn PA=2, PB=y, PC =z. B92Tom cayuae 


1 
S=atyt2t+ Var7t yt Vy2t 274+ V2z74+27 wu VeABc = @ tYZ. 


Tak Kak 
a” + b* > 2ab, 
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TO 

Staetyt2zt /2(/xy + VJyz+ Wxz) > 

> 33/nyz +3/2 VJ LY V/YZV/ XZ, 
S 


oTKya (sam ) ev MW Tak Kak BCJIydae & z= —— 
— , YY = = = 

ee 6\ 304 72)) 7 » Y 3(1+ 4/2) 
va (*.) 
6\ 3 + 4/2) /) ” 

S . 

TO OObeM WMpaMuAbI Cc pebpamu «© = y = z = ——— HanOboubuinii. 

3(1 + /2) 


3.36. Bocnomb30BaBlIMCb HepaBeHCTBOM (3.2), noryaum 1 > 27 +1, 
oTKyyza z=0, r=y=l. 
ety? 42? (x ty+2) 
a = Sa 
3 3 
MeCTO paBeHCTBO, TAK KaK @+y+tz2=3 un ae*t+y*t27=3. 
CurejqopatTesbHo, © = y = z = 1 (cM. pemlenue ymp. 2.2). 
Orser. (1,1,1). 


3.37. 3amMeTUM, ITO B HepaBeHCTBe uMeetT 


av+h+e4+ da (atbter dy’ 
a = a 


3.38. CormacHo HepaBeHCTBy n 


(ymp. 2.2) 
16 —e? > € _ °) 
A A 
16 


cleqoBaresibHo, 5e* — l6e <0, orkyga O<e< 5" 


NOITOMY HanvOouIbuIee 


6 6 
Korga a=b=c=d=~,, uMeemM e= 


16 
sHadeHMe € paBHO —. 


3.39. MAmeem 


1 1 1 3 
Sy SB yy Bt BP 3 
“2 “LA “L6G “2 “4 “L6G “LQ V4 VE “L6G 10 


Korga 2; = 1, 2 = 10, x3 = 10, x4 = 107, x; = 107, xg = 10°, umeem 


LI L383 “5 
CJIEHOBaTeJIbBHO, HAMMEHbIIUNee 3HAYCHHE BbIPAyKeEHHA — + — + — )paB- 
“2 “LA L6 


Oo —. 
m9 10 
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3.40. Sanuurem Hepapeucrso u3 yup. 2.1 aia aucen x7, y*, 1, 1: 
ety? t141>4V/atyt-1-1=4|a|-ly| > 4ay; 


cneqoBarembHo, 2+ + y*+2=4%/a24y4, orxyga «4 = y4* = 1. 
Orser. (1,1), (-—1,-1). 


3.41. Umeem (xy) + (yz)’ +(xz)° = 3xyz, cnenopatrenbno, ryz > 
> 0. OngHaxo xyz € Z, nosTromy xyz > 1. CorsacHo HepaBeHCTBy H3 
yup. 2.1 


Bxyz = (xy) + (yz) + (az)? > 8ayz ¥/xyz > 3xyz, 
CleOBaTeJIbHO, YZ = 1 uw B HepaBeHcTBe (2.1) umMeeT MeCTO PaBeHCTBO, 
nostomy (xy) = (yz)” = (az). Wrax 2? = y? = 22 =1. 

Orser. (1,1,1), (1,-1,-1), (-1,1,-1), (-1,-1,1). 


3AHAUU ANA CAMOCTOATEJIBHOFO PELUEHUA 
J/loka>KuTe cilezyroulMe HepaBeHctTBa 1-16. 


aP OO? 1 1 
l ab< pt @? ecJIH pig th a,b,p,q > 0, uncna pu gq 


pallMOHaJIbHbIe. 


2. (1+—) > 2, rge nEN. 


3. (L+a;)(1+ag)...(l+a,) < 1+ 
+ag+...+4n; a; >0 (@=1,2,...,n). 


° S rye S=a,+ 


+...¢5, 
: nN: 


1 1 
4. (1+ =)(1+5) (1+) > 64, rue a,b,c>0, atb+e=l. 
5. Vaer-k + V/a2nrtk > B8a—1, rype a>0, n>k, n,keEN. 
my 
ws _ m(n+1)/2° . 
6. Pan) 2 >n+l-a roe a>0Q; aF¥l. 


7. na"t'+1>a"(n+1), roe a> 0. 


8. (/k+ J/k+1)(J/k+14+ (\/n+ /n+1)> 
S (Vain YAN Jnt JSk-1) +2, 


ren>k, n,keN. 


9. a a rye a; >O0 (i=1,...,7n). 
a2 a3 An a1 
1 
10. a@n4i + =>n+2, roe 0 < 


ay (a2 — a1) (ag — a2)... (@n4+1 — Gn) 
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< dp < GQp41 (kK =1,...,0). 


1.142 roe O<2a<l. 


< 1 
9 S/T 2’ 


. 2 
12. sin2la < ——Y,z, roe 0<a< a 
3a— a 2 


a\4 b\4 c\4 d\4 e\4 a b Cc d e 
(G+) Gs Oe ()2 be beae ied om 
b Cc d e a b c d e a 
abcde # 0. 


a 1999 b 1999 C 1999 d 1999 a b C d 
8 (5) (O(a pete gah om 
b Cc d a b Cc d a 


a>0, b>0, c>0, d>0. 


15. a) par a2 paz ras fan-1F An on FO Sn /2, 
a3 QA at a2 


rie Q1,---,A@n >O uw n> 2; 


x y ae < 3v3 
< 


+ 
Ite ity ' 142? 


, rye 27+y27+27=1; 


3V3 
B) * = > SV3 ine at +y2t22=1 un 2,y,2>0 


16. (= -1)(4-1)...(4-1) > (n?-1) PA G1,...;4n > 
a Q2 an 


1 


>O0O nw aytagt...ta, =1. 
17. Haiigure HanOoulbuiee 1 HAMMeHbIUIee 3HAYCHHE BbIParxKeHHA 


(itu)+v)14+w), 


ecm O0< u,v,w < utv+w= tl. 


7 
16’ 
18. Haiiqure HanOonbilee 3Ha4ueHne BbIpakeHua xc? y?, ecmm L+Yy = 
=a, t,y>O0u p,qeNn. 
19. Haiigure Han6oubuiee 3HadeHve BbIpaxkeHHA a+ 2c, ecu AIA 


1 
2 
ju060ro XL, Ae |x| < 1, ax +ba+ece< Vl-a 


1 
Y ka3auH fe. Ilpunap x = —= UU X= ——= =, Tonyuaum a+2c < 
2 /2 


< 2/2. Korga a= /2, 6=0, c= ot mpopeputb, 4To Ana |x| < 1 


1 1 
227 + — < ———— 
V 208 + 7 


p2 
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abc 


20. JlokaxuTe, 4TO € + *) € + °) € + “| 2 2 (1 + wees). 


rye a,b,c > 0. 


Yxasaune. (14%) (1+) (1+ £) =24 04242464545 
b Cc a b c b ea 
, 12@,1a, 1b, s/ai__a 
3b 3b 3¢ — be a 3/abc 
1 1 1 n 
21. JloxaxutTe, aro Papi aa LT ant > nt! me —-1 < 
1—ai,1— az 1 — Gn41 
<41,02,---,@Q@n41 <1 W ayt...+@n41 2n-1. 


YKxa3sauHue.l+a;>(l—a,)+...+ (1 —aj_1)+ (1 —- ayy) 4+... 
cee + (1 — an41). 


22. JloxaxutTe, 4TO 
(a + b)°(b+¢)?(ce+ d)?(d +a)? > 16a7b?c7d?(a+b+c+d)‘, 
rye a,b,c,d > 0. 
Y ka3sauue. (a+b+c+d)? = 
=(a+b)(b+c)+(a+b)(d+a)+(b+c)(c+d)+(ct+d)(d+a). 


4 H.M. Cegpaxan, A.M. AsosxH 


§4. METOA TIPHMEHEHUAA HEPABEHCTBA 
KOMIM-BYHAKOBCKOTO 


B yaHHOM naparpade byayT paccCMOTpeHbI HEKOTOPbIe HePaBeHCTBA, 
JIA JOKa3aTeIbCTBAa KOTOPbIX OyzeT UPWMeHeHO HepaBeHcTBO Kouin— 
byHAKOBCKOLO. 

CHavasa JOKa2KeM ero WIA UMCe ay, A2, 1, bo. 


Ilycrh qaHbl BeKTOpbl @(a ,;a2) u b(b1;b2). U3 mKombHoro Kypca 
MaTeMaTHKH W3BeCTHO, UTO a- b = a1by + agbe = |a| - |b| cos (a3 6). 
OueHUM MOJYJIb CKaJIAPHOrO Mpou3BeyzeHua a - OD: 


| - b| = |a| - |b] - |cos (a; )| < [a] - [4]. 


C apyroit CTopoHbt, 
|d - b| = a,b; + agbs| < a] - |b) = ,/a? + a2- ,/b? + 02, 


(ab, + azb2)” < (a? + a2) (b7 + B2). (4.1) 


WJIM 


OTO H€paBeHCTBO ABJIACTCA UaCTHbIM CJly4aeM HepaBeHcTBa Kourm—byHs- 
KOBCKOLO JIA UMCE A1, A2, bi, bo. 

Gametum, uTo B (4.1) paBeHcTBO uMeeT MeCTO TOrAa UM TOMbKO Tora, 
KO Aa abe — aby = 0. 

O6o6uleHue HepaBeuctsa (4.1) Ha ducma a1, a2,..-,An, 61, b2,..., bn, 
KOTOpoOe Ha3biBaeTca Hepasencmeom Koutu—bynAKo6bcKo20, UMeeT BUT 


(aj t+ag+...+a2) (bj +b5+...4+67)> 
> (a,b) tagbg+...+anbn)’. (4.2) 
Jloxa>kem HepapeucTso (4.2) qa cry4as, Korga 
1, 02,.-.,Qn, 61, b2,...,6, > 0. 
IlepBut cnocod6. Ilycrp 
t, = 4/ (aj t+... +a) (Bf +... +03), 


roe k =1,2,...,n. B2Tom cayyae 


+... taf +ag,,) (bf +...+ 0, + bf.,) = 
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2 2 
= ( ai +... + az) + ak 41) (1/0 +... + 62) +0244) > 
2 
(Jatt... +az: OE + FOR + Oy Ops] = 2p + Op410K41- 


Takum o0pa30M, MOIYYMM @e4, S Le + Gpy1be41, Troe kK = 1,2,... 
...,n—1. 
Ckjlaabipad WOJlyueHHble HepaBeHCTBa, MOJIy4uuM 


(af +...+ a2) (bi +...4+62) > aybi +... + anbn, 
WIM 
(a2 +...4+a7) (b2+...4+.07) > (ayb) +... + anda). 

Tenepb oOcyauM Cilyual, Korga “ucla aj, G2,.-.-., An, 01, b2,..., On 
ABIAIOTCA IIPOH3BOJIbHbIMH JeHCTBUTeJIbHbIMM 4ncIaMu. B 9TOM ciy4ae 
(af +...+a2)(b7 +...4+62) = 
=(larf +... + lanl )(lbrf? +--+ lbnl?) > (Jarbil +--+ + lanbrl)” > 

> layby +...4+ anbn|~ = (a,b, +...+ anbn)* , 

Bropo# cnoco6. 


(a2 +...4+a7) (Ob? +...+62) — (a,b) +... + anda)” = 


nm 


= Ss" (a,b; —_ bya;)° 2 0. 
t,j=lyi2zj 
PaccMOTpuM TIpuMepbi. 
IIpumep 4.1. Jloka3aTb HepaBeHcTBO sina sinG+cosa+cos 6 < 2. 


Jloka3aTeJbcTBo. CrpaBeyJIuBo 


sina sinG+1-cosa+1-cos6 < 
< \/sin2a +cos2a + 1? /sin26 + cos?8 + 12 = \/2 2 =2. 


Il pumep 4.2. Jloxa3arp Hepaseucrso a?+b? > a?+67, ecu a > 0, 
b>O0u a*#t+b?>at+b. 
Jloka3aTeubcTBo. UmMeem 


(a + b°)(a + b) = ((a°/?)* + (b°/?)*) ((al/?)? + (b"/)?) > 
> (a3/2q}/? 4 b3/2p2/2)2 _ (a? 4 b2)2, 


42 24 72 
IlockompKy a > at 


> >1, ro a + 6° > a*#4+ 5b. 
a* +b? a+b : r r 


4* 
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YIMPAMHEHUA 


Jloxa>xkutTe HepaBeHuctTsBa 4.1—4.19, 4.22, 4.23. 
41. a*t+b*+¢% 514, eom a4+2b+3c> 14. 


4.2. ab+ 4/ (1 — a?) (1 — 67) <1, ecam jal <1, |b] <1 
4.3. \/c(a—c)+ /c(b—c) < Vab, rane a,b >c>O0. 
4.4. a,/a2+c24+b,/b?+c2 < a*# +6744 c?. 


1 1 1 


Joc Vea Jab ~ 


4.6. \/a(a+c—b)+ /b(at+b—c)+ /ce(b+e-a) < 
< / (a*+ 674+ c*)(a+b6+4+ 0c), 


4.5. 


<-+7 42 -, rye a>O, b>0, c>Q0. 


rye a,b,c — CTOpoHbI HEKOTOpOrO TpeyroJIbHHka. 


1 
4.7. (ay + az +... + an) (— +— +. + —) 3 n?, re a1, Q,... 
a2 n 
, Aan > 0. 
2 2 2 
4.8. MF Fan (A) 
n n 
4.9. ajag + A203 +... + AgQA19 + A19a1 = —l, eCJIM at + as +o... 
+ az = 1. 
4.10. a) at+y* > xyt+ zy’; 
6)attagt+...t+a@% > x3rot+ e8a3+...4+ 2% _1¢@, 4+ 2221, roe 
n > 2. 


ALL. (ja) +...+ Jan) <(a2+...+a2)°. 
A412. 3(a74+ 0+? 4+a74+y%4+27)4+ 
(a2 + b? + c?) (x2 +y? + 22) > (atb+et+autytz). 
4.13. a2? +674+ cc? > ab+be+ac. 
4.14. (a, +ag+...+4n) (af +asg+...+a%)> 
>(ajt+azt+...+a3)(a?+az+...+a?), 
rye @1,09,...,An > 0. 
4.15. a) \/a+14+ \/2a—3+4 ./50 — 3a < 12; 


6)a+b+cK<abe+2, roe a? +6274 ¢7 =2. 
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4.16. (Sat) (Sar ') = noalh roe k,n EN, ay,...,@An > 


4t=1 1=1 


> 0. 
4.17. overt > %/abc, rae a,b,c > 0. 


k 
4.18. a+ tan 5 > (Sera) me n,k EN, a4... 
.,An = O. 
1 1 
4.19. += ) (i+ ) >5, me 0<a< . 
sin @ COS a 2 


4.20. Haiiru paccrosuue Trouku A(X, Yo) OT MpaAMoi, 3aqaBaemoii 
ypapHenvem ax + by+c=0 (a? +67 40). 


4.21. Hatiru HaumMenpilee 3HadeHHe BbIParxkKeHHA 


(uv)? + (y2-w2) 


ecw O<u< \/2, v > 0. 


2 2 
4.22*). of + (7) +...4 (S52 *) <4A(22+...+ 22). 


2 
4.23. a) + +. + (+... +); 
6) — + too 6 2(— +. +—), rie ay, 
Q2,+++,Qn > 0. 
PELUEHUA 


4.1. V3 (4.2) umeem 
(a? + b? + c”) (17 +. 2? + 37) > (a + 2b 4+ 3c)” > 14’, 
orkyya a? + 6% + c* > 14. 
4.2. ab+ ,/(1—a?)(1 — 6?) < 
< la? + (1 — a)? b2 + (,/1 — b?)2 = 1. 


*) ro H€PaBEHCTBO ABJIACTCA YACTHBIM CydaeM HepaBeHCTBA Xapau 
n 
ai+...+ G17 +++ Tak Pp P p 
X(" ——) dak: 
P k=1 


roe p>1, a; >0 0 (i * 
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4.3. \/c(a—c)+ V/ce(b—c) = VeV/a-—ct+ Wb-evV/cx< 


< (Ve)? + (b= ©)? 4/(fa- 6)? + (Ve)? = Vas. 
ar,/a2+c24+ 4,/b4+c2b< 
< 4/a2 + (./b? + c?)2 4/(./a2 + c2)2 + b? = a? + 0% + c?. 


45. —— 4444 ¢ Jf (F+24+2)(2+44+3)= 
be VeVa Vavb V\b c¢ a/\c ab 
1 1 1 
=-+74+-. 
a 6 «¢ 
4.6. Samerum, 4TO 


Va(a+c—b)+ Vb(at+b—c)+ Ve(b+e-a) = 
= Va(a+c—b)V(at+ec—b)t+ 
F via bay et Vee ye averse as 
ve (a+c—6b)+b(a+b—c)+c(b+c-—a))x 
(a+c—b)+(a+b-—c)+(b+c-—a)= 
= / (a? 4+ b?+c?)(at+b+c). 


4.7. ((ar) +... + (Van) )(( : ) +--+ (Je) )> 
1 


9. |a1a2 +... + 49019 + a10a1| < 


<4/ (ai t...+a3+a7,) (a3 +...+a%) + a7) = 1, 
OTKyMa 109+... + A919 + Ai9aq1 = —1. 


4.10. a) z*+y*= /x4+y4 ve vty? 4/2 vty very" = = 
= y (#?)" + (y?)" V/ (ey) + (ay)” > ay + ay’. 


aptagt...tat= /aettagt...ta@4,/ct+a$+...4+24 > 


4 4 A | 2 2 2 2 2 2 2 
> y/apt+agt...ta4,/ctep+agae+...+27_,024+a2272> 
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> lefrotaezag+...+2°_,¢,+2224|> 
= exo + 5X3 +...4+ eo eon + £4. 
4.11. (ja3|+...4+]a3|)” = (Jayla? +... + Jan) a2)” < 
<(a7+...+a7%)(aj+...+a%) <(a?+...+a7)(a?+.. +02) = 
=(at+...4+a2)”. 
4.12. Jlepaa uacTb HepaBeHCTBa PaBHa 
e+e +eat /e2+y2t+ 2) =B. 


CormacHo HepaBeHCTBy 43 yup. 4.8 uMeemM 


B>3( 3( ones) + 4/3( (“i = ¢ a+bteotutyt+z) 


4.13. ab+ be+ca < ./ (a2 +b? + c?) (b? + c2 +. a?) = a* +b? + c?. 


4.14. VWmeem 
(aj +...+an)(a?+...+ a?) 


7 7) (93 3 5 5)? 
Anasiorm4no, (a; +...+a))(aj+...+a°%) > (ap+...+a?). 
IlepemHo2kaa NoJly4eHHbIe HepaBeHCTBa, NOJTy4UM 


(a; +... tan) (a, +...+a%) > (af +...4+ a) (a? +...4+2). 
4.15. a) Umeem 


1. Jatl+1- 2a—3+41- 50-30 < 
(12 +12 +12) ((\/a +1)" + (\/2a — 3)" + (50 — 3a)") = 12. 


6) Umeem 
a(bec—1)+(b+c)-1< vy (a? 4+ (b+ c)?) ((be — 1)? + 17) = 


= /4(1 — b4c*) +2(1 +4 be) b2c? < 2, 


<1. 


Tak Kak bc < 


4.16. O6o3HauuM Ss" a? = Ag. V3 nepapencrea (4.2) noxyaum 
i=1 


Ags Ap1 = (32 (« (k+1)/2 ") (Le (k—1)/2) ‘) > 


4=1 1=1 
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n 2 
> (> qg(kt1)/2 . ane) _ At. 
i=1 


AHaJIOru4Ho, Mostly 4umM 


IlepemHo2kas TOJly4eHHbIe HeEpaBeHCTBa, NoyuuM Aziy: A_1, > Ax: Ao, 


nm nm nm 
(> af) e a") 2 ny— ar. 
i=1 i=1 i=1 


417. (a+b +e)(b+e+a) = (( v/a)" + (VB)? + (V/0)") x 
x (4/6) + (o/c) aes Vbe + fac) 


(/Jab+ /be+ vac)” (Jet Vat vb) > > (V/abe+ 4 abe + */abc) , 
(a+b+c)(1+141)> few Tee Jat 


IlepemHo2kasd MOJTyYeHHbIe HEPpaBeHCTBA, NOJy4MM 


(a+b+c)’ >3?abe, nam overs > Vabc. 


4.18. Ameem 


OTKYa NOJLYIaeM 


A,:-A 
[lepemno2Kas nosyueHHbIe Hepasencrsa, nomyuum A,- A’ > Ag: Af, usm 


k k k n 
Ay +r...-1+TAn Q1+...1T@n k 
2 (See ) . Smech Az = > a; . 
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ws ("+ (s) )(er( ea)» 


; 2 2 
> (1+ +) _~f{y4—b_) 3 /44_h 
4/ sin @ COS @ sin 2a 1 
2 2 


= (1+ /2)?>5. 
4.20. Ilycrp M (x,y) — HexoTopaa Touka Ipamoii, 3ajjaBpaemoit ypas- 
HeHveM ax + by+c=0. Onpegenum HauMeHbilee 3HadeHHe paccTodHud 


AM = 4/ (a —20)* + (y — yo). Cornacno nepaseucrsy (4.1) 
(a® + b*) ((a — 20)" + (y— yo) ) > (a(@ — 20) + b(y — yo)) 


orkyga /a2 + b24/ (a — xo)” + (y — yo)” > lax + by — aay — byo|, wan 
\/ (a — 20) + (y— yo) > aoe B mocses{HeM HepaBeHCTRBE pa- 
a* + 


vL— Lo Y — Yo 
BEHCTBO HMeeT MeCTO, KO Aa — bh 
a 


Petiaa cucTremy 


ax+by+c=0, 
vL— Lo _ Y — Yo 
a b 
axo + byo + c¢ aro + byo te | 
a’ + 0° a’ + 0° °° 
Takum o60pa30m, paccrosHve TOUKH A OT ZaHHO IpaAMOi paBHO 


NOYYMM © = —a +20, y=—b 


jJaxo + byo + ¢| 
,/ a? + b? 


4.21. Hoven 
(uv) + (y2=aF - 2) =2-2 (uv + 2 Y= a8) +0? + (2) > 
> aay u? + (v= 0F)4)(v2 + (2)') +08 + (2) = 

- (e+ 8 - v2) 2 (vEa- varas 


2 
Korga v = 3, u=1, umMeem (uv)? + (/2=0? - =) =~4+4+4=8, 


CJIEHOBAaTCJIBHO, HAMMCHbINTCE SHAYTCHHE JAHHOLO BbIPasKCHUA PaBHO 8. 
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4.22. MAmeem 


v2 v3 V3 4 
1 1 
+a y2(~-- 4). 
2> 2 i J ) 
an evn (Se Tati 
CeqOBaTeJIbHO, 
a2 +a2+... +02 >a? (1-—_) + (a2 +02 2) ( — - +) + 
1 QT n 2 Oy 2 1 2 5 3 va 
1 1 
+ (a? + a3/2+...+ 02 n) (~-- 4) 


Jloxa2keM, 4UTO 


k + — Jk 2 2 1 al + . + Ak 2 
Ve ver ETE ab VE) SG (S GE) (48) 
Corsacuo Hepapeuctsy (4.2) 
1 
> (a, +ag+...+ ap)’. 


JIna WoKa3aTesbcTBa HepaBeHcTsa (4.3) ZOocTaTOUHO NOKa3aTb, 4TO 


A(Vk+1— Vk) , 1 
JkVE+I > Lt tae. +R 


ITO HETPYAHO JOKa3aTb cleszyIouluM OOpa30m. Mmeem 


1 
1+—ast...+ 


1 2 2 2 _ 
2 VES * eat eat Vea ea 
= 142(./2—1) +2(./3— 2) +...+2(./k-— Vk -1) =2Vk-1. 


2 
Tloxa2kem, 4TO 2/k - l< 4k“(vk +1— vk) Vk +1— Vk) = kV 
JSkJV/k+1 k+1+ /k2+k 
IlockospKy 


Tat ye <P SE t(VE-1P <k+ Jk? +k —2./k +1, 


Pewenua 59 


MMeemM 
2k 
——— chet VR - 2k 41, 
Vk +1+ Vk vi 
WJIU 
Q2h( Jk +1— Vk) < kt Jk? +k-2Vk41, 
WJIU 


2J/k(k+1+ Jk? +k) —(kK4+14+ Sk? +k) < 4k Wk, 


Ak y/k 
OTKY a 2/k — 1l< k+1+ J/P4k 


Jloka2KeM, UTO MHOKUTeIb 4 B IpaBOw YaCTH JaHHOrO HepaBeHCTBAa 
H€JIb34 YMeHbIUMTb. Ilycrb HepaBeHCTBO 


2 2 
oi + (72) +...4 (435 —**e) <e(ajt+apgt+...+27) 


2 n 
1 . 
UMEeT MECTO IIpu JHOOBIX £1,...,27- BoiOupan x; = Vi (i@=1,...,n), 
t 
losly 4uM 
1\ ? L+o4...4—=\? 
I+5 2 Jn 1 1 
1+ {—2]) 4+...+ | —W—_“* <e(1+54+...4+—). 
2 n 2 n 


Ucnomb3ya HepaBeHcTBO 43 yrip. 14.16, MoxemM HallMcaTb 


S- (3-2) <o(ttde..+3), 


k=1 
1 1 
1A +... 
oTkyya 4 — g—Y¥-—__"V" <¢. 
1+=4...4+-— 
2 n 
Ilepexoaa kK npefesmy, nOy4uM 
a 
, 1fl . 
lim | 4-8 v1 vv" < lime, 
n—>0o 1 n—>0o 
L+o+...4— 
2 
1 1 
+...4+ 


Tak kak corjacHo yup. 7.15 u 7.16 lim = 0, ciezoBa- 


T’— CO 


TeJIbHO, 4 < ¢. 


4.23. 6) UAmeem 
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152 (5-4)+2(5-4)+ Fe ee 
ar a2 \2? ~— 3? a2 \37— 4? "an Kn? (n4+1)? )? 


oTKyya 
1 1 1 1 1 
2(—+—+ +—)>2—(1-5)+ 
ay a2 an Q1 


1 2? k? 
(atta) (2+ E+. 2) > 


2 
1 k? k?(k+1)? _— k’(k+1) 
>] 4/ai—+... —}) =— 5 
Aa ( cs + as A > 2 (2k +1) 


‘Takum o6pa3om, 


. 1 RN (1 . 
> 2{—+...4+— — > a 
d (4+ re) (b- ex ac) ata +a 


k=1 


Tenepb OKa2KeM, UTO MHOXKUTeIb 2 B IpaBol uacTu JaHHOrO Hepa- 
BeHCTBa H@JIb3A YMeHbIUUTh. JlevicTBUTeJIbHO, IYCTb 


—4—=_ 4 +" __ <e(— + +—) 
@1 @ita@az ~°  ait...+@n ~~ \a1 9" an)” 
Bo3pmem a, = k (k = 1,2,...,n), B 9TOM caty4ae 
20n+1—2 
——— £6, 
Ln 


1 1 
me ®, =1l+-=+...4+-. 
2 n 


x 1 
mmtt_—_) <e, uu 2<c 


CreyopatesbHO, 2 lim ( 
Ln Ln 


T’—> CO 


Sadauu ONA CAMOCMOAMEADHOZO PEULEHUA 61 


3AQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


J/loka2kuTe HepaBeHctTBa 1-7. 


1. (sina, +...+sina,)* + (cosa, +... + cosa,)* < n?. 


Qy+...+4@n 
2. TT" > \/A1-.-+An; rae A1,..-,Qn > 0. 


nm 


3. ayo, +... + VWadnbn < Vaypt...+anVb,+...+6n, Tae 


a;,b; >O0(¢=1,...,n). 


4. (toys —_ £3y2)° + (x1y3 —_ £3y1)° + (21y2 —_ xeyi) < 
< (wi t+ ag + #3) (yt + yg + y3)- 


b; 
n), re 2;,a;,6; >0 (= 


t 


(Sovak) < (s: a2) ( 


i=l 
=1,...,n). 


n n n 2 
6. (Soe) (SO) > ( vs) , rae 23,4; >0 (@=1,...,n). 
i=l , i=1 


Tr 


1 


i=1 1 
7 axt+byt+cz+ / (a2 + 67 +c?) (a7 + y*2 + 27) > 
2 
2 alatbte)(etytz). 


8. Haiiru paccroanue Touku A (x0, Yo, Zo) AO MOCKOCTH, 3aaBaemoii 
ypapuenvem ax + by+cz+d=0(a?+b?+c? £0). 


9. Jloka>KuTe: 
a) TO2XKECTBO 


(a4cy +...t+ An Cn) (by dy +...t+ bn dn) —_ 
— (ayd, +...+andy)(b1e, +... + bnen) = 


= Ss" (a;bp — andi) (cid _ Cedi); 


1l<ix<k<n 
6) HepaBeHcCTBO 
(a4cy +... t An Cn) (by dy +... t bn dn) = 
= (aydy +... 4 Andy) (b1¢1 +... $ bnCn); 
3necb b;d; >0 (@=1,...,n) um bid; <0 G@ =1,...,n) uw — < 
a2 an C1 C2 


Cn 
< I ee GE Ges 
Sb Sb,” di < dS Sd, 
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10. /loxasxxutTe, 4TO 


(pigi — p2q2 —---—Pndn)” > (pi -— pg —--- -—P, (43-9 —----— &), 


2 
ecm py > pst+...+p2, af >agt...+¢2. 


11. Haiitu Handombulee U HAMMCHbIUIee 3HAYCHHA BbIPA2xKeCHUA 


w+ y? + V(# — 2)? + (y—1) 
x? + (y —1)2 4+ J/(# — 2)? + y? 


12. /loxaxxutTe, 4TO 
Vartayty? Vy? tyzt 22+ Vy tyzt 2 Var+ezt 22+ 
+ fart+toeyty2/e2-+azt 22> (e+y42). 
yY Ka3 au “Me. CupapeauBo 


JertaytypV/yt+yzt2= 


=| (, (v2) (vs) 


§5. METOA 3AMEHBI TEPEMEHHBIX 


Ilpu qoka3aTesbcTBe HCEKOTOPbIX H€PpaBeHCTB LesIecooopa3sHO MpoOK3Be- 
CTH 3aMeHY Te€PeCMCHHDIX. 


1 (@t+ty)G—-zy) — 1 
I] 5.1. —= < 4a SF KC =. 
pumep Jloka3aTb HepaBeHCTBA 3 G4 e) (ty?) 3 
Jloxa3aTreuabcrso. Ilyctrh cs =tga, y=tgG. B 3Tom cary4yae 
(e+y)G—#y) _ (tga + tg 8) (1 ~ teates) _ 
(1+ 27)(1+y’) (1+ tg?a) (1+ tg’B) 
sin (a + 8) cos (a+ B) 
= Sos c008 P2060 008 F ee = sin (a + 8)cos (a+ 8) = 5 sin 2(a + §), 


2 2 
COs @ COS 


1 1 
CEMOBATEbHO, — 5 < sin 2(a+B)< 


IlIpumep 5.2. soxasars He€paBeHCTBO 
a? (14+ b*) + 6? (14+ a*) < (1+a*) (14 0%). 
JlokasatreuabcrTso. Ilycts a? =tga, 6? =tgG, nonyaum 
tga(1+tg*6)+tgb(1+tg*a) < (1+ tg*a) (1+ tg*s), 
UTO IKBUBAJICHTHO HepaBeHCTBy sin 2a@ + sin 2G 


Ilpumep 5.3. Jloka3aTb, uro ecrm a,b,c > 0, a+b+c=1, To 


e+te+e>t 


9° 
1 1 1 
JToka3atreabcrTso. Ilycrb a=<r+., b=y+-, c= tg, 
B 9TOM CJlydae 
3 _ 3 
ae +2742 eto, b> = y° +yr 42 Ze, 
3 — 
P= 4 274% a+ x, 
CJIe JOBATEJIbHO, 
1 
a ++ se (1ta)+y (ty) +2 (+242 *4 55 
1 1 
=x (l+2)+y*(+y)+2°(1+2)+5 2 5) 


1 
Tak Kak 2,Y,2 >—= > -—l. 
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IIpumep 3.4. Jloxa3arp, uro ecrm a,b,c >0 u abc =1, To 


1 4 1 4 1 <1] 
l+a+b6 1+b+c 1+a+e ~ 
Jlokxa3aTeabcrT so. [lyctTb Va = x, */b = y, ¥/e = z, B 9TOM 
cry uae 
1 LY Zz LYZ z 


ryuz=l a 
J 7 lt+at+b eyztet?ty®? ~ cyz+ay(at+y) et+yt2’ 


aHaAJIOTHAHO WOTYAIMM, ATO 


1 x 1 Yy 
———— < — KO RA — KCK mm _. 
1+6+e xt+tyt+z2z l+a+e xt+tyt+z2z 

Ceq0BaTeJIbHO, 
1 1 1 x y z 
— 
ltatb'itbte'} ltate Sztyte atyte etyte 
1 
IIpumep 9.5. Jloka3aTb, 4TO eCIM 21,...,2, > O Uu abt 
25 n ' 
Ln 1 
+ =n, Toa+ > +. + — >14s pte to. 
Ln n n 


Jloxa3saTeabcrTsBo. [lyctb 2; td rye y; > —l. WUmeem 


1 1 
(ay +...+ 27) (— +...+=] > n’, 
LY Ln 
oTKy4a Yyt...+ Yn = VO. 
CorsiacHo HepaBexcTBy bepnysu (yup. 3.27, a)), yauTbIBad BbITIeCKa- 
3aHHOe, NOJyIuM 


n 
6 


+2 Pa $2 14 sd. tity tye t...tyn > l4e+...42 
Ly n 9 we n YisTYy27---TYn 2 9 oe n? 


x5 try 1 
CJIETOBaTeJIbHO, Ty ty best 7 sisi 5 Te be 
IIpumep 5.6. Jloxa3aTbp, 4TO ecIM @1,02,...,€n > 1l un S 2, 
k>2, KEN, To 
(n—1)/k 
k k (n — 1) k 
a,—-1+...+ dn ~ 1 See Q1..-An. 


Jloxasatreapcrso. Ilycrs b; = ¥/(n—1)(a; —1), rage i = 1, 2, 
,nu bf < 1,...,0F <l,a bry >1,...,6% >1. Torga cornacuo 
HepaBeHCTBaM H3 yup. 10.6 u 11.14 umeem 


k k k 
(14%). (14% t) (14 Mat). (144) 5 
nN nN nN nN 
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> (14 BA at) (14 Heath oma) _ 
n 


bp +... FOP tah 4 41k) (184... 41% 4b +... 408 
n—l 
_ ~ —_$___________] > 


n 
k 
> (ett Pn) 


nm 


bf —1 (n — 1)a; 


Sametum, uro 1+ = ———, i1=1,2,...,n; cneqoBarembHO, 
n n 
k 
n—1\" \/n —1(%/a, —14+...4 */an — 1) 
( - ) A1..-An 2 i 


)" 1)/k 


OTKY a ee — Van. 1T+...+ K/an — 1. 


YMPAMHEHUA 


/loka2kuTe HepaBeHcTBa 9.1—5.5, 5.8—-9.12. 


5.1. 4< a*74+07?+ab4+ /4-a2,\/9—b2 < 19, roe OXaK<24u 


0<b<38. 
5.2. n41/m—lt+tm/n—-1l<mn, roe m,n Zl. 
5.3. 4/m*% —n24+ ,/2mn—-—n* >m, roe m>n> 0. 


5.4. 2 > /x—14+4/a(./e-1), rae x > 1. 


1 1 2 
ewe — eee —_ > — . 
5.0 l+ at +R AV eT rye néN 


5.6. Jlokaxkute, 4TO Cpe dM JIEOObIX CEM UMCeJI MO2KHO HaMTH Ba 4HC- 
L-y 1 
a £,Y, AIA KOTOPbIxX CIpaBeJIMBO HepaBeHCTBO 0 < ——— < —=. 
l+ay ~ 4/3 


5.7. Jloka2xkuTe HepaBeHCTBO U3 yup. 4.3. 


— ja-b| — ja-el lb—c| 


+e 
Vl¢ 21+ S/lta2V1te? V1+ 6b? 4/14 ce? 
5.9. a) V/(a, + 61)...(@n t+bn) > Vay...dn+ Vb 


6) a,b, 4 Anbn < (a1 +...+4n) (by +...+ bn) 
a1t+bi 77° an t+bn ~*~ (ait+...+@n)+(b1 +..-+6n)’ 


a;,6; >0, 7=1,2,...,n 


rae 


5 H.M. Cegpaxan, A.M. Apoau 
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8 1 1 
5.10. —————__________.. < ——_. + ——___. rue 
(v1 + 22) (yi tye) — (21 +22)? ~*~ ay — 2} 2Y2 — 25. 


%1,%2>0 u T1Y1 — 24 > 0, T2Yy2 — 2 > 0. 


5.11. a) Wa-1+ ,/b-14+ /c-1l< <q Vabe, rye a,b,c > 1; 


6) fa-14+ /b-1+ e-1+ Jd=1 < 3¥3 Jabed rye a, b,c, 
d>1 
k k 
5.12. nn > (See) roe k € N uw qy,... 
,Aan > 0 


5.13. Ha unreppane [a,a+4] 3aqana qucbcdbepenuupyemaa cbyHKuua 
f(z). Jloxaxure, 4ro cylecrByeT TOUKa Lo (Zo € |[a,a+ 4]) Taxaa, 4TO 


f' (x0) < I+ f? (x0) . 


5.14. Ilycrp dbyukuua f (x) onpegesnena ua orpeske [a,b], f (x) > 0, 
E (a,b) u f(a)=f (b)=0, f(x)+ f" («) >0 ana Beex a € {a, DI. 


JloxaxkutTe, utro b—a>T. 


1 1 
5.15. Jlokaxxute, uTo ecm a > 2° b> 3? TO 
2 
a’ — b° s a+b" atb 
2 ~ 2 2 - 


5.16. JlokaxxuTe HepaBeHCTBO 
n 
y+ ey2b...+ Wn [zs 
re x}t+a3t+...+22 =0 u a; €[-1,1], i=1,2,...,n. 


5.17. JlokaxxuTe HepaBeHCTBO 


x y z 3/3 
2 2 x < 
l+a* lt+y* 142 4 
me #*+y*+27=1. 


PELUEHUA 


5.1. Hycrb a = 2cosa, b=3cosG, roe a,b € 0, 5 Torga 


a’ + b* +ab4+ VW4-a2/9—- 6? = 


= 4cos7a + 9cos78 + 6cosacos3+6sinasin B = 


Pewenusa 67 


= 4cos*a + 9cos*8 + 6cos (a — 8) <44+9+6=19. 
C apyroit CTopoHbt, 


2 


6 sina sin 6 sin’a umm 6sinasin§ > 6sin7/. 


2 6 
Ecau 6sinasin Bb > 6 


4cos*a + 9cos*8 + 6cosacos 8 + 6sinasin B > 
> 4cos*a + 6sin7a + 9cos*8 + 6cosacos 3B > 4 
ecm xe 6sinasin@ > 6sin78, ro 
4cos*a +9cos78+6cosacos$+6sinasin Bb > 6 
CI@OBATeJIbHO, B O6OuX GIyyaax a* + 67 + ab + /4— a? /9 — b? > A. 


1 1 
5.2. Ilycth m = x N=— Zz, APE 0, 5 Ys B 9TOM Cy4ae 
cos ~ a cos * 3 2 
1 sina n 1 sinf 
nv/m—-1+mV/n cos28 cosa cos2a cos B __ sin 2a+ sin 28 < | 
mn 1 7 2 ~ 


2 2 
cos“ acos~ 
CJIEHOBATeIbHO, Nn1/m—1l+m,/n—-1<mn 


5.3. [lycrp — = sina, rye a € (0, x). Torga 


m2 —n2+ ./2mn — n? mcosa + m/2sina—sin?a 


m 


m 
= cosa+ /2sina —sin?a =cosa+ 1 sina+sina(1-—sina) > 


2 


> cosa+ \/sina > cos?a+sin*a = 1, 
CICOBATEJIbHO, ,/m* — n? + ,/2mn — n?2 > m. 
1 W 
5.4. Ilyctp x = cos2a? rye a € |0, 5). Torga aHHoe HepaBeHCTBO 


lipupeyzerTca K BUY 
1 1 1 — cosa 
5} Oe , 
COS @ COS & COS & 


>tga+ 
1 > sinacosa+ 1/ cosa(1—cosa). (5.1) 


CorsacHo HepapeuctTBy (3.2) 


WJIN 


1 . 
cos a (1 — cosa) < 5, sin @COSa < 5, 


rye PaBeCHCTBA He BbINOJIHAIOTCA OJHOBDeMeHHO. ‘Tenepb, CKJIaJbiIBad ITU 
HepaBeHCTBa, NOJlyY4uM HepaBeHcTso (5.1). 


ped 


5* 
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5.5. CHavasia OKa2KeM, 4TO 


re er a 
Jk V/nt+1—k” n+ 1’ 
roe kK =1,2,...,n. 7 
Hycrn k =(n+1)sin*a, rye O< a< > Torga 


1 1. “(55 1 1 
+ )> 
sina,/n tl cosa,/n +1 ~ Jnl sina cosa 


ee 
> sin @ COS @ = Vana 2 wat 


IlockospKy 


o 1+ . + + ! >n ; 
T ——+...+ —— 
/2 Jn n+1 
5.6. Ilycrph x, = tg az, rae —3 < QE <a , k=1,2,..., 7. Pasyze- 
JIMM MHTepBaJl =, | Ha IeCTb paBHbIx 4YacTeli. CormacHo IPMHUMITy 


JIupuxsie 43 Q,z XOTH ObI TBa NpHHasexKaT OJHOMY OTPe3ky, CJIeOBa- 


T 
TeJIbHO, 0 < aj; — a; < g) YIMTHIBaA TOCIeEAHEe, MOy4HM 


Cc 


5.7. Baoawa o003HaueHuaA a = 


; b = ——— rye a,b € (0,7), 


2 27)? 
COS “@ cos“ 3 
HeTPpyJHO MOCJI€ HECKOJIbKUX IKBUBAJICHTHBIX WpeoOpa3s0BaHuii NOYIMTb 
oueBUHOe HepaBeHcTBO sin (a+ @) < 1. 


5.8. Bpoga o0o3HayeHun a= tga, b=tgG, c=tgy, HepaBeHCTBO 
IIPMBe eM K BUY 


lsin (a — B)| < |sin (a — y)| + |sin (8 — ¥)|. 
Jloka3aTb mocseyHeEe MO2KHO C1etyIOWMM CiHOCcobom: 
lsin (a — B)| = |sin (a — y) cos (y — GB) + sin (y — 6B) cos (a— y)| < 
< |sin (a — y) cos (y — 8)| + |sin (y — 8) cos (a — y)| < 
< |sin (a — y)| + [sin (y — B)|. 
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5.9. a) Ilycrp vis = tga; (¢ = 1,2,...,n). Mocne Hexoropprx 


mpeoOpa30BaHuit Nosy4dMM 


\/sin 7a ,...sin2a, + /cos?a,...cos?a, < 1. 


Ucnonp3ya HepaBeHCTBO 43 yup. 2.1, Halizem 


° 2 . 2 
, ; sin’-a;,+...+siIn @ 
X/sin 2a1...Sin2a, + */cos2az,...CO0S2Q,_,, << ——— te 


n 
2 2 n 
cos Q@1+...+COS Qn 


yo eee t Ss" (sin*a; + cos*a;) = 1. 


n nN 4 
t=1 


6) Ilycrp 4/ ; = tga; (i= 1, 2,..., n). B 9rom caryyae umeem 


bi tg a1 b? tg? an 
bitg’?ait+bi1 —— bn te an + bn ~ 
(by tg ay tolet bn tg “an) (by +...+ bn) 
~ (b; tg*ay +...+ bn tg7an) + (b1 +... bn)? 
4TO IKBUBAJICHTHO CJICJTVIOWIEMy HepaBeHCTBY: 


—j COS Oi 
YWJIM 
n n b n n 
) b; sin 2a; ) . < ) b; tg 2a; ) b; 
é é COS Qi; . 
t=1 t=1 t=1 t=1 


. 2 _ 2 
sin “a; sin a; 
——— + ——— 


Muoxutesb 6,6; ( ) B JIeBOM WacTH JTOTO HEpaBeHCTBAa 


2 2 
COS°Q@; COS’ Qa; 
He Gombe MHOKUTesIA b,b,;(tg 2a, +tg *a1;) B WpaBoli 4YacTu HepaBeHCTBa, 
T.e. 
sin “a sina 
i j 2 2 . 
—7z + a S tga; + tg a;; 
COS°Q; COS Qj 


ITO CIIPaBe JIMBO, WOCKOJIBKY 


— {smn ai = Sin O35) 5 9, 


. 2, . 2 ° 2 bd 2 2 
sin a; sin “a; (sin “a; — sin“a;) 
7 Pe a D D 

COS “Qj; + COS“ Q; 


2 2 
tg 4 + tg Qs —_ ( 5 5 
COS Oj COS Qj 
5.10. Ilycrb 21 = ay: sina, z2 = /Xey2sinG. ‘orga mnaHHoe 
HepaBeHCTBO IIPHBOAMTCA K BUY 
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8 
2 2 2 2 S 
£1y1 COS“a+ Loy2 cos” 8 + x1y2cos°a+ L2y1 cos" B+ 8B 
1 1 


2 27? 
LiyicosS°a Xey2cos’B 


roe B= (4/x,yesina — /y1y2sinB)*. 3amerum, 4ro 
8 


AS 


A= 


< 


(5.2) 


2 2 2 2p? 
L1y1 cos“ a+ xey2cos” 8+ r1y2 cos“ a + x2y1 cos” B 


C Jpyrou CTOPOHBHI, 


(21Y1 Cos *a + roy2cos7B + 21 y2 cos*a + £2Yy1 COS *6) x 


2 2 
LiYy1COS°A  Ley2Cos 
x (——_,- + ——_] _ ae + @aya cos P + 
L1Yy1COS°a Ley2cos’ PB xey2cos°B 21y1cos*a 
2 2 
£2 COS £1 COS” a 
+ (B+ B) + (Be + Bee) > 8; 
Yi = £21COS°a@ 2£2c08° 


CJIEJOBATEJIbHO, NOJTYYMM HepaBeHCTBO 


8 
T1y1 Cos’a + rey2 cos 78 + x1y2 cos*a + Z2y1cos7B 
1 1 
<1, +—1_. 653) 
L1yiCOS°a L2y2cos’ PB 
Us (5.2) u (5.3) cnenyer qaHHoe HepaBeHCTBO. 
1 1 1 1 
5.11. Ilyctrh a = —,-, b= —3-, c= x, d= x, THe a, 
cos “@ cos “3 cos “y cos “~~ 


B, % GE 0, 5): 


a) GagqaHHoe HepaBeHCTRBO NPHHUMAeT ClesyOUMi BUT: 


2 
tga+tg6+tgy < ———__, 
BP +tey \/3 cos a.cos § cos 7 
WJM 
cosacos@cosy(tga+tgG+tgy) < et 
‘Tak kak 


cosacos Gcosy(tga+tg8+tgy) = 
= sin (a+ 8)cosy + cosacos 6 cosy = B, 


TO, BOCHOJIb30BaBIIIMCb HepaBeHCcTBOM (4.1), mogwyauM 
B< v (sin? (a+ B) + cos2a cos 28) (cos 27 + sin?) = 


= ,/sin* (a+ )+cos?acos7f. 
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Ww | 


Tenepb JoKaxem, 4To sin? (a+ 8) +cos?acos78 < JJeticrpuresbHo, 


sin* (a+ 8) + (5 (cos (a — 8) + cos (a + 8))) =sin*(a+8)+ 


+ 7 cos (a ~ 8) + 5 cos (a — 8) cos (a + B) + cos? (a+ f) < 


. 1 1 1 
<sin* (a+ 8) +7 + 5|cos (a + B)|+ 7 cos" (a+ B) = 


3 5 1 
= —Zcos* (a+ 8) +7 + 5|cos (a + B)| = 


= -= (|cos (a + B)| — 5) +5 < -. 
6) JlaHHoe HepaBeHCTBO IpuMer BUA 
M =cosacos(cosycosy (tgat+tgB+tgy+tgy) < 
HerpyaHo m10ka3aTb, 4TO 
M =sin (a+ B)cosycosy +sin (y+ y) cosacos f. 


Corsacuo HepapexctBy (3.2) 


cos Y + COS —Y cosa + cos § 
M <sin (a+) (Sree?) + sin (y+ 9) (eer | , 
‘Tak Kak 
cos xz + cosy c+ y c—yY ct+y 
ee ee < eae 
9 cos 9 cos 9 S Cos a”? 


Tv 
rye xv,y € 0, 5 TO 


M sin (0. + 8) cos? 2 =" + sin (y+ y) cos? +? = 


_ a+ B 14? (si a+ B y+ 9 _ y+ otf) — 
= 2cos —z_ C08 ——,—~ [sin —,— cos -—,—~ + sin ——,— cos —, = 
= 20s “=F cos IF gin SFEE ITE < acog2A@ FP TITY 
gin CEB T ITE _ ggg 8 Oth tt 3 ote ty +e 
2 4 4 
. 3/3 3 
Tak kak cos*tsint < 5v3 (cm. yup. 3.28), To M < 53. 
5.12. Ilycrp Ot nns te =a, a4,=—a+a;(i=1,...,n). Tormaus 


Li 
yclioBua a+2; > 0 nomnyaum, uro — > —1, cnegzoBaTesbHO, COriacHo 
a 


72 $5. Memoo 3ameno. nepemennoix 


HepaBeHcTBy bepHy iM 


orTkyya 
(a+a;)" > a* +ka*-'a;,. 


CKiaabpipaa IOJTYACHHbIC HEPaBeCHCTBa, NOJTYAYUM 


(at+2,)"+(a+aq)"+...+(at+an)" > 


> na” + ka*—! (ay +...4+2%n)= na*, 


MOCKOJIbBKY ®1+...+ yn =ayt+...+adyn—na=QO0. 
ak +...t+a* . (tte tan)” 
sive Tiny (Se) 


‘Takum o6pa3om, 
nN nN 


5.13. Jlokaxxem oT npoTusHoro. [IpeqnonoxuM, 4TO Da WKObOrOo & EC 
Ela,a+4] f(x) 21+ f* (2). 


Ilycrp arctg f (x) = g(x), orkyga -5 < g(x) < =. Nonyaum 


nm] > 


g(t) ,_ 1 
5) a 2 ’ 
cos“g(xz)~ cos*g(az) 


orkyya g’ (x) >1. A 9To o3Hayaet, TO byHKuMaA g(x)— 2 He yOpIRaeT. 
Cuenopatenbuo, g(b)—b>g(a)—a, nan 


g (b) — g(a) > b—a, (5.4) 
roe b=a+4. 
Tak kak g(b), g(a) € (-5, 5) TO 
g (b) — g(a) <7, (5.5) 


M3 Hepasercts (5.4) u (5.5) u ycnopua b-—a=4 cnenyer a > 4, 4TO 
HelpaBuJIbHO. CeqoBaTeIbHO, CyUIeCTByeT Xo Takoe, ITO Zo € [a,a+t 4 


u f' (to) <1+ f* (zo). 


5.14. be3 orpanuueHua OOUJHOCTH MOXKHO MpeANONO2RKUTb, YTO a = 0 
(B IIpOTHBHOM cay4ae paccmoTpuM cdbyHKuuo f(x — a); B 9TOM CITyYae 
HeoOxoJMMO JOKa3aTb, 4TO 6 > 7. Ilycrh 6 < a. Paccmorpum cdbyHKMIO 


F(2)= —Tf (x) cos pe + f’ (x) sin pe 
Ha orpesKe [0,b]. Samerum, uto F (0) 


= F'(b) = 0, cneqosarenbuo, 
cormacHo Teopeme Poss cyusecrsyer c € (0,6 


) vaxoe, uro F"(c) = 0. 


Pewenua 73 


F'(c)= al (c) sin pet f" (©) sin 5c = sin ne (SF (c)+ f" () > 
> sin -c(f (c) +f" (c)) > 0. 


Honyauau, ato F’(c) > 0, aro mnpoTupopeyut papenctBy F” (c) = 0. 
Creq0BaTeJIbHO, Halle IpeqMOOxKeHHe HEBEPHO UH, TAKUM OOpa30m, b > a. 


5.15. bes orpaHvueHud OOLUJHOCTH MOXKHO MpeAMONORKUTh, TO a > O. 


TT TT 
Ilycth a = btga, rue q <a< 3° B 3ToM Cilydae JaHHOe HeEpaBeHCTBO 
IIPHHMMaeT BU 


2 ; 
9 cos” 2a 1 sina + cosa 


4 ~~ 
4cos a \/2.cos a 2 cos @ 


y) 


MIM 
bcos?2a > 2cos%a( 1/2 — sina — cosa). 


Jhaia AOKASAaTeCJIBCTBa TOCJIETHCTO JWOCTaTOUWHO WOKa3saTb, ITO JIA WM U3 


TN 
oosacTu *, >) UMe€CT MECTO H€PpaBeCHCTBO 


5 C08 2a > 2.cos%a( 4/2 — sina — cosa), 


KOTOPOe JKBUBAJICHTHO He€PaBCHCTBY 


2cos* (a+ 7) sin? (a+) > 2/2 cos Ya (1 = sin (a+7)), 


WJIN 


2(1-sin? (a+ 4))sin? (a+) > 24/2cos Ya (1 - sin (a+7)), 


IlocnegqHee cipaBedJIMBO, Tak KaK pa3HOCTb ero WpaBol u sIeBOw dacTel 


2 (1 —sin (a+7)) (sin? (a+7) +sin® (a+7) — V2c0s*a) > 0, 


Tak Kak 
. . 1 
1>sin (a+), sin? (a+ 7) > 53> V2cos%a (F<a<7), 


5.16. [Ilycrb x; = sina;. MUmeem 


rm rm 

) (3sina; — 4sin°a;) = ) sin 3a;, 
i=1 i=1 

rm rm 


. nm 
CJIEHOBaATeJIbHO, ) L,= » sina; = — > sin3a; < 3° 


i=1 3 
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5.17. bes orpaHuyeHuad OOUJHOCTH MOXKeM CUUTAaTb, ITO £,Yy,z > 0. 
JlevicTBUTeEIbHO, JOCTATOUHO 3aMeTUTb, ITO 


Ce ee ee 
T+a® tty? 1427 ~ 14 |e? 14iyfP? 1442)?’ 


la |? + |y[? + Jz|? = 1. 


Ilycrh xc =tga, y=tg6, z=tgy, roe a,B,y7 € 0, |. VMmeem 
ryt yz+ Lz <a*+y?4+2" 
(ymp. 4.13), cneqoBaTesbHO, 
tgatgb+tgPtgy+tgytga <1, 
oTKya 


tga+ tg 6 


877 —teate s ~ 


WJIN 


tg(a t+ B) <tg (4-7), 


mosToMy a+fPB< 


nm | > 


7 
—-7y Teat+Bt+y< 3" 
SameTuM, 4TO 


x y Zz 


1,. 
1+ 2” + l+y 142? = 5 (sin 2a + sin 26 + sin 27) < 


2a+28+27 3. 7 _ 33 


1 
< -.3¢; 
<3 3sin 3 S 9 SIN s 4 


(cm. yp. 11.1). 
3AQAUU AA CAMOCTOATEJIBHOFO PELUEHUA 


J/lokaxkuTe HepaBeHcTBa 2-13. 


1. Jlano, uro a? +67 =1. Jloxaxxute cnegzyroulue HepaBeHCTBa: 
a) |a + b| < 4/2: 6) |a—b| < 4/2; 
2) lab] < 5; r) |a2b + ab2| < va. 


2. Jey — (0 —#) (Iw <1, rae fal <1, |yl <1. 


2 
3. Toa + /1—y? <2\/1- (75 *) rae |e] <1, ly) <1. 


1 
A. (« + | arcctg x >1, roe x > 0. 


Sadauu OANA CAMOCMOAMEADHOZO PCWEHUA 


2 1 1 W W 
- 4 ic -1)(—-1) en ca<t. 
cos a + cos B ~ (ca cos 3 9 TAS 3 LAS 5 


Qn Miht. +4) egca,... 


6. 4 
“ l-a, l-a, “° 1l-a,~ n—-(ait+...+4n)’ 


.,QAn <1. 
7 —-— +4 _+-+_ <2, me a,b,c > 0, atb+e= 
Viva Vive Viper «27 THE HPre> 0 
= abe. 
je — y| ly — 2| je — 2| 
8. l+ale—yl 1+aly—2l ~ 1L+ala— 2’ rae a > 0. 
Qe(1—a7)  2y(1—y*)  2z(1— 27) x y z 
° z S z 2 20 
lie? 1l+y*% 142 


(+a) (1+y?)) (142?) 
rye x,y,z > 0. 


10. \/ay Fag t... Fan < V1(s/ai — a2) + 
+ V/2( faz — Vaz) +... + nan — Van41); 


2 An 2 An41 = 0. 


1 1 1 
ee 
a a a 
1+ ay lta.  si1+a, Qi a2 Gn 


Q1,02,...-,4n > 0. 
12. a+6+c—2,/abc > ab+bc+ca— 2abc, rye 0 < a,b,c <1. 


13. /a(l—b6)(1—c) + Vo —a)—o) + Veda) —-d)< 
<1+ abc, 


roe O< a,b,c <1. 
14. Haiigure pce BO3MOxKHbIe 3HAYCHUA BbIpAxKeHua x7y + y2z4+ z7z 


mpu ycnosun, uro e+yt+2=0 u e7+y24+27=6. 


15. HocnegopatenbuocTbh (hy) 3aqaHa cremyroujum o6pa3om: 


_— _ f2 
: Po via hn (1 =1,2,...). 


hy = 9? Ans+1 = 9 
JloxaxxutTe, uTo hy +ho+...+h, < 1,03. 


16. JlokaxxuTe, 4TO 
(2 + y)(y + z)(a+2))° > vyz(Qa + y+ z)\(Qy+2+a)(22+e+y), 


rye x,y,z = 0. 
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Y ka3saune. Ecan x74 y2+ 22 40, To moxKHo cuntaTb, YTO & + 
+y+2zz=1. Ilycrs + =tgatgB, y=tgG6tgy, z= tgatgy, rae 


7 
a+6+y= 3° Torga Hy2KHO J0Ka3aTb, 4TO 
((1—«)(1—y)(1—z))° > ayz(1+a)(1+y)(1+ 2). 
17. JlokaxxuTe, 4TO 


2 


(Gn — Gn—1)” (Gn — Gn—1) 


“1+ ain —2) ot An 2 Fa ay 
+ On-1+ Van < Vn, 
rye n> 3, a1,.-..-,4, 20 W aytagt+...+a, =1. 


YKa3zaune. V/an_-1 = “+t, Van, = 24—t; B2TOM CHyyae © < 


< Wot WU JleBad WacTh HepaBeHcTsBa He Oompute 4/(n — 2)(1 — 2a7) + 2a. 


18. Jloxamure, uro max(a1,...,@n) > 2, rae n > 3, ayt... 
etd, >n, af+...+a% >n?. 

Y ka3auHne. lIlycrb aj = 2-06; u 6; > 0, 2 = 1,...,n. Torna 

bt... +bn <n, bf +...+67 —4(b1 +... +bn) > n(n — 4), 
CJIE}OBaTeJIbHO, 

(b—4)(b) +...+6,) > n(n — 4), 

rye b = max(by,..., bn). 
ab(1 — a)(1 — b) 


1 
< 
(1 — ab)? 


19. JJoxaxxute, 4To q> THe O0<a<10<6< 1. 


Y kxa3aunue. Ilycrs a=sin*a, b=sin* 8, a,B€ (0,7). 


§6. METO, ACIHOIb30BAHUS CBOMCTB 
CUMMETPHN UW OTHOPOAHOCTH 


Ilpu fqoka3aTesbcTBe HCEKOTOPbIxX H€PpaBeCHCTB LeJIecOObpa3HO UCIOJIb30- 
BaHve CBOMCTB CAHMMETPUU VU OAHOPOAHOCTU BbIparKeHUn. 


IlIpumep 6.1. Jloka3aTb HepaBeHCTBO 
x(a—z) +y(y—z) >(@-z)(y—z)(@t+y-z), (61) 
me £20, y>0, z20. 


Jloka3atTeapecrTsBo. IIpeo6pazsopap HepapenctBo (6.1) kK Buzy 


2 2 


ety +23 — ay — 272 —y*e — y*2 — 27a — 2*y + 3ayz > 0, 


HOJIV4MM JI We€peCMeHHbIX 2, Y, Z CHMMeTPH4HOe HEpaBeHCTBO. Cu1eqoOBa- 
TeCJIbBHO, MO2KEM CUMTATb, UTO XL > ZS Y; BYTOM CJIy4ae 


x(a —2z)'+y(y—2z) 20> (@—-z)(y—z)(e@+y-2), 


oTky1a 
2 2 
x(a—z) +y(y—2) 2(«@-z)(y—z)(@+y-z). 
Ilpumep 6.2. Jloka3aTb HepaBeHCTBO 


(a1b1c1 + agbecg +... + Anbnen)” < 
<(ae+...t+a2)(bo+...407)(f+...4+), 
rye a; >0, 6; >0, c; > 0 (i =1, 2,..., n). 


Jloka3aTeJbCTBO. SaMeTuM, 4TO CCIM MePpeCMeHHbIe 1, 42,... 
.,Qn 3AMCHUTb Ha WepemMeHHbIe Aay,,Aa2,...,AQn, rae A — smrwboe 
HOJO2KUTeCIbHOE YMCIO, TO MOJIYYHM JKBUBAJICEHTHOe HepaBeHcTBo. | losrTo- 

my A moxkem BpiGpaTp Tak, uTo (Aa\)° +...+ (Aan)? = 1. 
U3 cka3aHHoro cilezyeT, YTO 6e3 MOTepH OOLJHOCTH MOXKEeM CUMTATh, UTO 


ajt...¢a=b'4+...40B =cit+...4¢6 =1, 


CIC OBATeJIbHO, OCTaeTCH TOKA3aTb, YTO a,b,c, +... + Anbnen < 1. 
JlevicTBUTeIbHO, UMeeM 
3,23, 3 
a; + b; + Ci . 
adic; < —— a=1,2,...,n 
(yup. 2.1). Ckmagprpas Tosly4eHHble HepaBeHCTBa, IIPUXOAMM K HepaBeHCcT- 
BY a,b,c, +...+ anbncen < 1. 
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a 4 b 4 Cc 
b+e at+e a+b 


Ilpumep 6.3. Jloka3aTb HepaBeHCTBO > 
> 2, rge a>O0, 6>0, c>0. 


Jloka3aTeJbcCTBO. be3 noTepuv OOWIHOCTH MO2KeEM CUMTATb, YTO 


a 
a+b+c=41. Samerum, 4TO loa > 2a, Wpu4eM paBeHCTBO HMeeT 
a 


1 
MeCTO, Koryja a= 5. Creq0BaTeJIbHoO, 


@ , f/ 8 1 f ¢ _ f/ @ . f 6 , f @ 
b+e at+e atb l—-a 1—b l—e 


> 2a+ 26+ 2¢ = 2. 


YMPAMHEHUA 


JlokaxKuTe ciezyIolulve HeEpaBeHCTBa. 


6.1. abc > (a+b—c)(b+c—a)(a+c—b), rne a>0, b>0, e> 
> 0. 


6.2. (ayb) +... +Gnbdn) < (a2? +... +02) (b? +... 4.02). 


6.3. (a +b)? (a2 +b2)"...(a" +b")? > (at + b"+1)", re a> 0, 
b>0. 


6.4. (at +a%+...+a%)” < (af +...+a%)*, roe 0 < B <a, 
Q1,-.-,@n > 0. 


b 
° c > 2 roe a>O, 6>0, c>0. 


7 9 
-\Viyerat Vaxverat Vaxoxrat Vaxpre > 2, THE 


a>0, b>0, c>0, d>0. 


3/abc + abd+ acd + bcd ab+ac+ad+bc+bd+ecd 
6.7. ry < ry rae 


a>0, b>0, c>0, d>0. 


6.8. 2,/ab+be+ac < /33/(b+c)(c+a) (a+b), rye a>0, b> 


>0, c>Q0. 


6.5. 


6.9. 8(2° +y° + 23)" > 9(x* + yz) (y? +22) (227+ ry), roe x > 0, 
y>0, z>0. 


6.10. a) 4a? + 4b° + 4c? + 15abe > 1; 
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1 1 
6) a® + 6° +c? + abed > min (3 -+=), re a,b,c >0 u at+b+ 
+e=l. 
ai + a2+ + An 1 aj+...¢a 1 
dy, BEBE Tan yt fT Tan (yi \ a 
6.11 7 2 7 +(1 ) a ,ao An; 
rye a; > 0 (¢=1,2,...,n),n > 2. 


6.12. at+64+c*+4+d* + 2abcd > a*b? + a2c? + a2d? + b7c? + 67d? + 
+ c7d*, rue a,b,c,d>0. 


6.18. —+...4+— 21, roe a,b; > O G = 1,...,n), u 


PELUEHUA 
6.1. be3 orpaHwueHua OOUJHOCTH MOxKeM CUNTaTb, UTO a < Ob K< c. 
OctaeTca 3aMeTUTb, UTO TaHHOe HEPaBeHCTBO IKBUBAJICHTHO H€paBeHCTBY 
(b—c)’ (b+ c—a) > a(a—b)(c—a). 
IlocneqHee Nomyuaerca CezyIOUMM OOpa3om: 
(b—c)’ (b+ c—a) >0>a(a—b)(c—a). 
6.2. Econ af+...t+a2 40 u b7+...+62 40, ro 6e3 orpanuuenua 


OOUJHOCTH, MO2Ke€M CUNTATb, ATO a +...¢a% =1, bf +...+07 =1. 
2 
+ bs bb}. 
imeem —“ xi < aio; < ay + (¢ = 1,2,...,n). Ckmagpipaa 9TH 
HepaBeHCTBa, NoWyuHuM —1 < a,b, 4+...+a,b, <1, orkyaza 
(ayb) +... +Anbn)? <1 = (024... 4.02) (02 4... 482). 
Eom af+...+a2=0 um 67+...+ 62 =0, To goKa3aTrenbcrBo 


OUeCBU HO. 

6.3. Bes orpanvuenua o6uHOCTH MOxKHO cuutaTb, uTo a™th4+ 67t! — 
= 1. Cnenosarenbuo, O<a<1,0<b<lua@+bhSa™tt+ortt=1 
(i =1,...,n). U3 nocneaHero nomyuumM 


(a +b)” (a2 +b?) ...(a" + 6")? > 1 = (a"* + Ort)” 

6.4. bes orpannuenua oomHCT A MO?KeM CUMNTATh, ITO at +...¢a% = 
= 1, orxyma 0< a; <1 (¢=1,...,n). U3 ycnopua a > 6 nomyyaem 
a® <a? (i=1,...,n), cneqosarenpuo, 

ro -$a% < ah +...4+0% =1, 
oTkyja 
(af +... +a 
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6.5. bes orpaHvyeHua OOUIHOCTU, MOX*KeM CUMTaTb, YTO a+b+c= 1. 


x 9x — 1 
Sametrum, uTo ecun O0< & <1, TO j > 73 Cle HOBAaTeIbHO, 
— @& 
a b Cc a b Cc 


—@&@ |, _ oT —~ 7 | 9% YF Ff yy 
bret cha arb ipa’ 1-b'1-<7 


Yat, 96-1 9-1 3 
- 4 4 4  Q° 


6.6. bes orpaHvyueHua OOUIHOCTH MO2xKeM cCuuTaTb, YTO a+b+c+d= 
= 1. Umeem 


—@ f/f 8 7 fie 4 ft 
b+etd atet+d at+b-+d atbt+c+ 
/ a | 6 Cc | d 


6.7. be3 orpaHuueHua OOUIHOCTH MOxKeM C4uUTaThb, UTO d = 1. Ucnonp- 
3yA HepaBeHCTBa H3 yrip. 2.1 u 2.2, umeem 


3/abe+ ab+ be+ ac < 
4 ~ 4 
ab+bct+ractatbte . fjab+betact V3(abtbet+ac) _ p 
V 6 ~ 6 oo 


JJoxaxxem, uTo BS A. 
Ilycrps ab+ be+ ac = 3t*. B taxom cnyyae HeTpyaHO yOequTECA, YTO 
HepaBeHcrspo B > A_ 92kBMBaJIeHTHO HepapeHcTBy (t — 1)° (¢+2) > 0. 


3 
(Oa) +ab+bce+ac 


— A, 


6.8. bes orpaHuyeHud OOLIHOCTH, MOXKEM CUUTAThb, ITO 


ab+ be+ac=1. (6.2) 


Heo6xoguMo jfoKa3aTb HepaBeHcTBO (b+ c)(a+b)(a+c) > ES 
Ilycth a = tga, 6=tg6, c= tgy, roe a,b,y7 € (0, 5): V3 


WT 
ycnopua (6.1) nonyaum a+6+7= 5? CleqOBaTeIDHO, 


1 
cos a cos $3 cosy 


(b+ c)(a+6b)(a+c)= 


3/3 T 
Octaetca oKa3aTb, YTO cosacos/fcosy < 3V3_ es atBP+y== 


2" 


Pewenuwa 81 


JJeticrauTesbHO, OL|EHUM MpousBeyeHHe COs a Cos ( COs 7: 
cos a cos § cosy = 


= 5 (cos (a+ 8) + cos (a — B)) cosy < 5 


1 . 3 . 1 . 3 . 
=—4/(14+s l-s = ——V\/(1+s 3—38 < 
5 V (L+siny)° (1 — sin 7) 2 Ja V iny)” ( in) 


1 (ising +i tsiny +1 bsiny +3 Ssina)’ 34/3 
< — | ——IY TT] = —_.. 
24/3 4 8 


6.9. bes orpaHuyueHHa OOLWIHOCTH MOX*KEM CUMTATb, UTO 


ety +22=1. (6.3) 


(1+ sin) cosy = 


B 9ToM cilydae HMeeM 
A= (a2 + yz) (y? + x2) (2? 4+ cy) =2 (xyz) t+aeyzte yty tein’. 


Tak kak «2° + y? +22 =1, To 


1 3 3 3\2 1 
Lyzn= UW ody + yied + hak < Wty te) ty" +2") =, 
3 3 3 
2 1 1 8 
Ax i4+=4-=2. 
CIE OBaATeJIbHO, S59 ++ 3 ++ 3 9 


6.10. a) JJoxaxxuTe, 4TO noclIe packpbiTua cKOOOK B UpaBoi vacTu 
Hepasenctsa 4a® + 4b° + 4c3 + 15abe > (a+b+c)° nonyaum 9KBn- 
BaJICHTHOe HEPaBeHCTBO 

a’? +b? +c? + 3abe > a*b+a7ce4+ b7a 4 b%c4+ c2a+c’d, 
KOTOpoOe y2Ke ObIIO WOKa3aHo (cM. mpumep 6.1). 
15 


6) Een d > 7 


TO B 3TOM CJIy4ae 


+b +e + abed >a? +b? + + — abe= 


— : (4a° + 4b° + 4c? + 15abe) > 


| 


15 
Ec d< 7) OUATH CorsmacHo 6.10, a) u HepaBeHcTBy 


abe < (atbrey” _ 1 


3 — OF 
MUMeeM 


27 (a*° +b° +c¢°)-3> ~ (1 —27abe), 


orkyja 
27 (a? +b? +¢°) —3 > d(1— 27abc), 


6 H.M. Cegpaxan, A.M. ABoau 
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WJIM 


1 d 
3 3 3 a . 
a’ +6° +e +abed 2 0 + 5 


6.11. be3 orpaHuyueHua OOWIHOCTH MO2KEM CUUTATb, UTO A102Q...An = 
= 1. Heodxogzumo yoKa3zaTb, 4TO 


— 1) (@ 2) #1) /@? 2 
(1 ~) (ap +... +03) Tn” 1) ,/az+...+a2+ 


+ 2a;a9+...+201,Gy,_-1 + 2a;an +...+20An-10n = (n _ 1)” ) 


WJIM 


2 
1 
(n —1) (Se Vat + +a 1) + 2a;a@2,+...+2a1an_-1 + 
n 


+ 2414p +...+2an_14n > n(n-1). 
Jloka3aTeJIbCTBO NOcIeTHero NOUyuaeTCA C UCNOJIb30OBAHHEM HepaBeHCTBAa 
u3 yup. 4.1: 
ajag +ajag+...+41@€n_-1 + Q10,+...+ @An_-14An = 


C? 1 
= C2 (a1a2...Qn) = C2. 


oO 
\V 


6.12. be3 orpaHvueHua OOWIHOCTH MO2%KeM CUNTAaTb, UTO a > b> 
>d>0. Umeem 


A=a‘*t+b*4+c14d* + 2abed — a*b? — a*c? — a? d? — b?c? — b? d? — ce? d? = 
= (a*—b*)(a* —c* —d*)+2bed(a—b)+(b?+cd—c? —d*)? +2cd(ce—d)* = 
= (a—b) (a(a* — d*) — b(c — d)*)+a(a—b)(ab—c*)+(b* +ed—c* —d*)*+ 

+ 2cd(c — d)*. 


Tak kak a—b>0, a(a* — d*) > b(a—d)? > b(c—d)* u ab>c?, To, 
cleqOBaTesIbHO, A > 0. 


6.13. Ilycre ?/b; =c;, i=1,...,n. Torna 


3 
eft...+c8 =(ai+...+a2) 


a On 
WU HY*KHO JOKA3aTb, YTO 4+...+— zy 21. 
Cy Cn 
Bes orpanvuenua OOWHOCTH MOx*KeM CunTaTb, YTO a? +...+ a? =1, 


rorya cf? +...+c% =1. 
CorsiacHo HepaBeuctBy (8.4) (cm. §8) umeem 


a? a? a! 4 
1 n 1 n 
3 tees bog = + 3 
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2 2\2 
_ (aj +...+a)) _ 1 > 1. 


a 3 3 3 3 
aicy +...-+anCy aicy; +...+@nCy 


Tak Kak CoriacHo HepaBeHcTBy (4.2) (cm. § 4) 


2 
L=(ajt+...+a%)(cept+...+¢,) > (aiep +... + ancy) ; 


\W 


ay 
CJIEMOBATCIbHO, @1C; +... + anc? <1, a 3HaunT, b +...+ 5. 1. 
1 n 


SAQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


Jloka>Kkute cileyzyrollve HepaBeHCTBA. 
1. (a—b)* > (a—c)(c— d). 


) maa ing c Inzg—Inz Iny —Inz 
z-y zZ-2 y— 


z. a , rye 0O< @r<y<Z; 


6) a®b’ctd® > b*c°d°at, rune O< a<b<cK<d. 


3 Ly 4 Lo 
‘ gotagt...¢a@n @1t+a3t+aat+...+24n 
Ln n 
iy +e@eot...+an-1~ n-1?’ 
rye n > 2,%1,22,..-.,X%7 > 0. 


4. a° +b? ++ 6abc > (a+b+e)%, roe a,b,c > 0. 


5. a* (2b+2c— a) + b? (2a 4 2c — b) + c* (2a + 2b—c) > Yabc, rae 
a,b, Cc — AJIMHbI CTOPOH HEKOTOpOrO TpeyrosIbHuKa. 


6. a) V/ayag...dn + X/b1bo...bn < 
< \/(a1 + 61) (a2 + b2)...(Gn + bn), 
a a=1,2,...,n; 
V/(n W-— W/nl Sil, rye n>2, nEN; 
B) ?/Faat Sete me n>2, né€N, Fp =, Fh =2, 


nm 


Fn42 = Pn4it Fa, n=1,2,...5 


1 
n/cn 1+—=—), me n =2,3,...; 
ry A Con >2/ aa) a 


m) (1+ a1)(2+ a2)...(n+ an) >n"/?, roe n> 2, ay,...,an > 0, 
a,;a2..-.An = 1. 


7. a*(a* — 1)" + y"(y° — 1)" — (@* — Y(y? — I(@* + y* — 1) 2 0. 


6* 
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84 
8. x7(@ —1)* + y*7(y— 1)? + 22(z -1)7 + Qryz(x@ +y+2-2) 50. 


Y ka3aune. Jloxaxute, 4TO 
a*(a —1)? + y?(y—1)? +. 27(z — 1)? 4 Qeyz(a@ +y+2—-2)= 

= 2(@ 1)? + (y(y = 1) — a2 — 1)? + 20 y2(e ty — Ile + 2-1). 
(21 —2@2)(@1—2%3)(@1—24)(@1—45)+(@2—21)(%2—2%3)(%2—24) xX 
+ (@5 — @1)(@5 — ©2)(X5 — ©3)(X5 — 24) > O. 
>0 u a*+b?24+c?+abc = 4. 


< 1, u 6e3 orpaHnueHua 


9. 
X(@g—-a45)+... 


10. 0 < ab+bc+ac—abe < 2, roe a,b,c 


Y ka3auHuUe. Samerum, uro min(a, b,c) 
OOMJHOCTH MOXKHO cuutTaTb, To (a — 1)(b—1) > 0. 


§7. TWPAMEHEHUE METOJA 
MATEMATUYECKON AHAYKUMN 


B gaHHoM ntlaparpade OyzyT paccMOTpeHbI HeEpaBeHCTBA, TIP JOKa3a- 
TCJIbCTBE KOTOPbIX YJOOHO MOJIb30BaTbCH MeTOJOM MaTeMaTM4ecKOl HMH- 
JyKIMM, B OCHOBe KOTOpOrO WeEXKUT CIE TyOmUun npHAWUn. 

JJanHoe yTBep»k7eHve CUpaBedJIMBO JIA BCeX HaTypaJIbHbIxX 3HaUe- 
Hu nN, KOTOpbIe He MeHbIIe p, CJM: 

a) OHO CIIpaBeJIMBO B CIy4ae nN = p; 

6) u3 CipaBeAJIMBOCTH JaHHOrO yTBeEpxKAeHHA JIA IPOU3BOJIbHOrO n = 
=k (k > p) cnegyer ero cnpapegmuBocrs Aa n =k +1. 


IlIpumep 7.1. Jloka3aTb HepaBeHCTBO 


1 1 1 11 
_— >=, 
2n+1 2%n+2 2n+n 30 
rye n>1, neEN. 
11 11 
Jloka3atTeubctTBo. Bcmnyyae n= 2 umMeem 30 > 30° 
IIpeqnosox%KUM, UTO TAHHOe HEpaBeHCTBO CUpaBe JIMBO Upu n = k, t.e. 
1 1 1 11 
$a 2S. 7.1 
Dk+1) Wkt2’ °°’ * WRtk ~ 30 (7.1) 


Iloka2>keM, UTO TaHHOe HePaBeHCTBO CMpaBeJ JIMBO TaK?Ke B CJIyuae n= 
=k+1. 
IIlpu n=k+1 HepaBeHcTBO IpHHuMacT CIeAyIOWui BU: 


a ee ee 
2(k+1)4+1  2(k4+1)4+2 "° 2(k4+1)+(k4+1) 7 30° 
II[pu6apaaa kK o6eum cTopoHam (7.1) BpIpaxkeHue 
1 1 1 1 1 
apy tape +t appa 7 apy 7 abe? 
38k+1 3k+2 38k+3 2k+1 2k+2 
NOJLyY 4UM 
a SS TT OE 
2k+3 ~'° 3k+37 30 3k4+1 3k4+2 3k4+3 2k4+1 2k42° 
1 1 1 1 
a el 
Tak kak 37a + 3g¢n20 7 3h43 2ht1 2e4aQ >? (MP. 119), To 
1 1 11 
——_ + ,,,+ ——_ > —, 
2k+3 + 3b 43 7 30 


Takum o6Opa30m, o6a ycJIOBMA MeTOJa MaTeMaTH4eCKOM MHAYyKIMH 
yYHOBJICETBOpeHbI. CuleqOBaTeJIbHO, JAaHHOe HeEpaBeHCTBO CIpaBeAJIMBO JIA 
HaTypaJIbHbIx 3HaueHH n (n > 1). 


86 $7. IIpumenenue Memoda MamemamuuecKoti undyKuuU 


Ilpumep 7.2. /Jloka3aTb HepaBeHCTBO 


1 1 1 
petgete toe <i (7.2) 


rye n= 2,3,... 

JIoka3aTeTbcCTBO. Ecau ITO HEpaBeHCTBO NOMbITATbCA JOKA3aTb 
aHaJIOrM4HO TpuMepy 7.1, To 3TO Ham He yyacTca. Kak pi DJOKa3aTeJIbctT- 
Be TOTO H€paBeHCTB, TAK HM IPH AOKa3aTeJIbCTBe HEKOTOPbIX APyrx Hepa- 
BeCHCTB Me€TOJ, MaTeMaTH4eCKOH MHAYKUMM Wesecooopa3HO WPMMeHUTb K 
Jpyromy HepaBeHcrTsy (crporomy usu pacuiMpeHHoMmy), 43 KOTOpOro cJle- 
yeT CiipaBeJIMBOCTb JaHHOrO HeEpaBeHCTBAa. 

Jlia TOKa3aTeJIbCTBa JAHHOTO HEpaBeHCTBa JOKa2KeM He€paBeHCTBO 

j+...¢-5 <1-4, (7.3) 
2 n n 


M3 KOTOpOrO CleszyeT cipaBessIMBOCTD (7.2). 1 
Ilpu n= 2 nowyuuM crezyrollee 1paBHJIbHOe HEpaBeHCTBO: x <1- 


NO | 


IIpeqnonox%*Kum, uTo HepapeHctso (7.3) cnpaBeqiuBo mpu n=k (k > 
> 2), uw MO0Ka2KeM, 4TO OHO CHpaBesIMBO B CIyYae n= k+1. Ipu n=k 
UMeeM HepaBeHCTBO 


J +..¢5<1-4 
pte--+i2 i 
1 
IlpuOapus K 06MM YACTAM YTOFO HEPaBeHCTBA (kab NOJIY4HM Hepa- 
BCHCTBO 
nn re ee 
2 RE (kk +1)? ko (k+1)* 
Tax kak 1 — ‘ + oe <1- — TO UMe€eT Me€CTO HEpaBeHCTBO 
k (k+1) k+ 1 P 
+ + + + <1l- — 
ne k+1? 


nocjeqHee COBNAaTaeT C PAaCCMaTPHBAeMbIM HePaBeHCTBOM B CJIydae nN = 
= k+ 1, cnefoBaTesbHO, TaHHOe HeEpaBeHCTBO CNpaBeJIMBO JIA BCeX 
HaTypaJIbHbIX 3HaYeHHH nN, KOTOPbIe He MeHbILe 2. 

YactTo BCTpeuaroTCdA H€paBeHCTBA, IPH WOKa3aTeJIbCTBe KOTOPbIX MeTOL 
MaTeMaTHyeCKON HHAYKUMY WPWMeHAeTCA B HCCKOJIbKO HHOM Bie: 

a) MOKa3bIBaeTCA CIpaBeJIMBOCTh JaHHOTO HepaBeHCTBa JIA HaTy- 
PaJIbHbIX 3HAYCHHH N, PAaBHbIX 11,72,.--,ME,---, THe ny <ne<... 
wee SOMERS. 

6) u3 CipaBeAJIMBOCTH JaHHOrO HepaBeHCTBa IPH MpOv3BOIbHOM n = k 
(k > 2) cnegyet, uro onO cnpaBezuBO mpu n= k —1. 
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Ilpumep 7.3. Jloka3aTb HepaBeHCTBO 
L1...2n (1—2a1)...(1— an) 
Too Se? 
(a1 +...+2n) (1-—a1)+...+(1-2p)) 


1. 
roe 0O< 44< 5 ({@=1,...,n). 
Jloka3aTeJbcTBO. CHayana JOKaxKeM He€paBeHCTBO JIA 3Hade- 
Hui n, paBHbix 2,4,8,16,...,2*,... 


IIpu n= 2 umeem cnpaBeyIuBoe HepaBeHCTBO 
wie (1 — a1) (1 — aa) 
(a1 + @2)° ~ ((1—a1)+ (1 @e))° 
(yup. 1.20). 


IIpeqnomoKuM, 4To B Gyuae n = 2” yjaHHOe HepaBeHCTBO CUpaBel- 
jmBo. Jlokaxkem ero cipaBegsiMBocTs upu n= 2°+!. YUmeem 


“L122. . Lptpt+1- . -L2p 
2 
(wi t+... +¢p + 2pgi t...+ ap)? 


_ L1..-Lp Lpti.-.-L2p x 
(a1 t+... + ap)” (Up41 +... + 22)” 


(ai +... + 2p)? (tp4i +... + Leap)” (1—a1)...(1— 2p) 
x ee ee eX 
(a1 +...+ aap) ((1—21)+...+(1- 2p)) 
LL +...+ lp Cpt4it...+ Lap P 
 __ (l= &pt1).- (= 229) p p < 
SS 
(1 — tp4i) +...+ (1 — &2p))? (m4ttae 4 tein tte) 
Pp Pp 
1—271)...(l1-—2 
< ( 1) ( 2p) 


(1 — ai) +... + (1 —ap))” (Ud — @pyi) +... + (1 — 2p)” 


x —_—— > FO OOo = 


2 


_ (1—21)...(1 — aap) 
((1— a1) +... + (1 ap)?’ 
rie p= 2". Takum o6pa30M, noustyunsM HepaBeHCTBO 
L1... Lap < (1—21)...(1 — ap) 
(ay +...+ ap)? ~ ((1— a1) +...+(1 — aep))7?’ 
CIeOBATeIbHO, B GIyuae n = 2° jaHHoe HepaBeHCTBO JOKa3zaHoO. Tenepp 


OKa2KeM, UTO eCJIM JAHHOe HeEpaBeHCTBO CUpaBeJIMBO JIA ™m, TO OHO 
BbINOJIHACTCA TAK2KE B CLydae m—1, rye m > 2. UmMeem 


Lt... Lm (1—2a1)...(1— 2m) 
(v1 +...+am)™ ~ (1—a@1)4+...+(1-—2@m))” 
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x .oe $+ hm 1 
IIpuHumaa ®y, = Pa FF Pmt rye cormacHo yup. 1.10 wm < 3? 


m—1 
noJry4umM 
Tiy+...+lm-1 
Ba.» . @m—1 
m— 
< 
pits t tma1)" ~ 


m—1 


(a1 + ...+2m—1 + 


(1-21)... (1-@m—1) (1 24" Fmt) 


< m-—1 
_~ ™m 9 
((1 = 21) +... + (= @m—1) + (1 - ment )) 
m-—1 
OTKYa UW CIeayeT 
“Z1..-Lm—-1 < (1 —a1)...(1— @m-_1) 


(a1 +...+ Lm-—1)”* ~ (1 —_ £1) +...t+ (1 —_ @m-_1))” * 


YMPAMHEHUA 


Jlokaxkute HepapeHctsa 7.1—7.4, 7.6, 7.7, 7.10, 7.11, 7.13-7.20. 

1 ; 3 . ; 2n—1 < 1 
© 2 4 707° On A /Bn ? 
Ja < 1+ /4a+1 


~ 2 


roe neEN. 


, Tye a 2 0; 


6) 4/2 34/4... ./n < 3, roe n>2, nEN. 


7.3. 07+ 303+...+(2n—l1)a?2 < (a, +...+an)*, re @1 >... 
.22y > 0. 


7.4. a) |sin (a1 +...+2%n)| < |sina,;|+...+ |sing,|; 
6) sin (ay +...+2,) <sina,+...+sinz,, roe @1,...,%n € [0,7]. 


7.9. JloKa3aTb, 4TO: 

a) ecau dbyHKuua f(x) ompegenena B obmacru [0,a) (uau [0,+00)) 
W JIA MpOUSBObHBIX x > y > z us 9TOH OGnacTu, f (x) — f(y) + 
+ f(z) => f(«-yt+z) u f(0) < 0, To ana moOprx uncen a > 
>%12%22...2 fn 20 UMeeT MECTO HEPaBeHCTBO 


f (#1) — f (2) +... + (-1)"™ f (an) > 
= f(a — @9 + £3 —... + (—1)""* tn) 
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6) tga, —tgrg+tgxr3—...+ (—1)” ‘tg ay > 


\W 
\W 
8 
3 
\W 
= 


TV 
rye 77 12 122 #3 


B) aj —aj+az—...+(- 
rye a, 2a9>...2 a, >0, r>1 
7.6. (a1 +@o4+...+ ts) > 4(ay XQ 4+ LQ%3 4+ 23%4 + 0405+ 2521), 


rye £1,..-.,25 > 0. 


7.7. 5 (t1+...+2n)" < (a1 + 2ag4+...+na,)+-max(r1,...,2n), 


THe £1,...,2%n 2 O. 
7.8. Jloxa3arp Teopemy 11.1 (§11). 
7.9. Jloxazarp Teopemy 11.2 (§11). 


7.10. a)a;+agt+...+a”" < nay...an, rye a, > ag >... > an > 1; 
1 an < <1 


6)aytagt+...+a™ >na,...an, roe 0< Qa An 
2 2 
a ax a., 

7A 24+ 24...4 >4(an—a1), rae a1,...,a, > 0. 
a1 a2 An—-1 


7.12. /loxa3atTp: 
a) ecau dbyHkuua f(x) ompegenenasobsacru J u aBsaerTca BbITyK ION 
(cm. §11), To 


(wo + £1) (f (t2) — f (@1)) + (3 + @2) (f (@3) — f (@2)) +- 
a (Ln + In—1) (f (Ln) — f (fn- 1)) 2 (Ln + v1) (f (arp) — f (x1)) ) 
2, 


rye n> Ly <€2<...< Un, €1,.--,8n ET; 


6) HepaBeHCTBO Vb+bVe+eJa > av/e + br/a t+ ev/b, 
a >boeceO0; 

B) HepapencTBo 277@5°...07! > w5ix3?...an" 21", THE In > 
SIn-12...2%,>0, nZ3; 

r) HepaBeHCTBO 

a(c— b) 4 b(a—c) 4 c(b— a) <0. 

(c+6b)(Qa+b+c) (at+c)(b+a+c) (b+ a)(2c+b+a) 

rie al boec> QO. 


7.13. @1F++FAn-1 , GF +++ F Ant Sy re 
n—1 n+l n 
a~ta 
OE Sagi, k=1,...,n-1, n>2. 


2 
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ag +ag+...+ Qan 


7.14. a) (aj tag +...+@an-1)n > nel ; 


Ak—1 + Ak+1 
— 2 


rye ap = 
(k =1, 2,...,2n-—1), nEN. 


ltea’?+...+a” n+1 
$e N. 
6) aba geet 2 7 THe a>0, né 


7.15. Lt 5+-.-+2>In(n+)), rye neéN. 


7.16. 1+ ——4+...4 2 ~ <3——., me nN. 


2/2 nyn /n 


7.17. (1+a)">1+na4+2@—Vo2, roe a>0, neN. 


k 
7.18. k!> (“=*) , me kEN. 


7.19. S| |sin 2‘ x] < <14+%3n, re n=0,1,2,. 


~=0 
cos 2a cos Na 1 18 
7.20. cosa + _ >-—-, me nEN, OSaKce. 
2 n 2 2 
7.21. Kaskgoe 4ucno a1,02,...,@, S6ommelu jag.,—a,| <1 npn 
l<k<n-1. Jloxaxute, uro cymMma OP, OP Oe 4 Sn + 
ag a3 aa an 
MeHbue 2n — 1. 
7.22. Ilyctrp 1= 21 < %2<... < &n41. JloKaxurte, 4To: 
V/@r2—2 /En+1— Ln V4n — 3 
a) Yer  4~ eee < — —.,, rye nEN; 
Vx2—-2 4 Ven 1 
6) Vey. 4 yee Mey4s a testa, rae @2, 23... 
4 bm) Ln+1 nr 
,Ln,Un4i1 EN. 
7.23. JlokaxkuTe, UTO eCIM Qj1,...,Q, > 0, §1,..-,B8n > 0 u 
Q,+...tan<6i1+...+ Bn <7, To 
cos 31 cos Bn < 608 1 COS Qn 


. eee . —S ° eee ; . 
sin Q1 SIN Qn sin a1 SIN Qn 
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PELUEHUA 
1 1 
7.1. JlJaHHoe HepaBeHCTBO CupaBeyIuBO pH n = |: 5 < Va IIpeg- 
NOJIOAKMUM, UTO OHO CHpaBesJIMBO B CGIyuyae n = k, uw noKaxkem ero 


CipaBeJIMBOCTb B CIyuae n= k+ 1. 
2k —1 < 1 


2k /B8k 41 


1 
Ilpu n =k umeem HepaBeHcTBo 5 . YMHOKAA 


2(k+1)-1 
oe 4acTH STOO HEpaBeHCTBAa Ha “o(k+1)” NOJLYYUM HepaBeHCTBO 
1 2k—1 2k+1 1 2k+1 
2 °° 2k 2k+2~ /Rpy 2k4+2’ 
YU, YUATbIBAA, UTO ta E (yup. 1.21), nomyaum 
- Bk+12k+2~ Vgepa 
1 (2k=1 Wk+IY-1_ 1 


2°°°° Ok 2(k+1) ~~ /3(k+1) 41 


CuieqOBaTeJIbHO, JAaHHOe HeEpaBCHCTBO CNpaBeJIMBO JIA JKOObIX HaTy- 
PpaJIbHbIX 3HaYeHuU nN. 


7.2. a) JjaHHoe HepaBeHCTBO CipaBesJIMBO B Cilyyae n = 1: 


1+ /4a+1 
Va < Lt viedT 


1+ V4 1 
IIpeanojoKUuM, YTO HepaBeHCTBO at j/at...t¢Va < oN 


k 


cupapezuBo. [lockompKy 


at /at+...¢ /a=\at+V/a+t...+ Jax 
a , 
k+1 k 
< ga 4+ Ltvaett _ 2a+1+vyV4a+1 14 V4a+l1 
S\ 2 — V 2 i 2 


TO JaHHOe HeEpaBeHCTBO CUpaBeJIMBO Tak2ke B Cydae nm =k +1, caeyo- 
BaTCJIbHO, OHO OyAeT CUpaBeAJIMBO Tp JIKOOOM HaTypaJIbHOM 7. 


6) Hepasencrso 4/ky/(k+1)..../n<k+1, me l<k<nu 


k € N, gokaxkemM MeTOJOM MaTeMaTH4ueCKOH MHAyKUMM 10 p = n — 
(mn C4MTaeM MOCTOAHHBIM ). 
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B cnyyae p= 0 wmMeem HepaBeHCTBO Jn <n+1, oKa3aTesIbCcTBO 
KoToporo oyeBu AHO. Ilpeaznomox*xUM, UTO OHO CUpaBeJIMBO B CIlydae p = 
=n—mM, WM WOKaxkKeM ero CIPaBeJIMBOCTb B CIy4Yae p= n—-—m+1l=n-— 
—(m-—1). 

JlevicTBUTeIbHO, B Cy4Yae p= 2 — Mm WMeeM HEpaBeHCTBO 


mJ (m+1)...J/n<m+4+l, 


oTkKyja HM Nosly4aeM HEpaBeHCTBO 
(m—1)4/my/ (m+1)... fn < Vf (m—1)(m4+1) < m. 


CueqoparesIbHo, HepapeHcTBo 4/k4/(k+1)... fn <k+1 cpa 


Be/JJIMBO Ip 3HayeHuax 1<k <n; KEN. 


Korga k = 2, noryuaeM HepaBeHCTBO 24/34/4... Jn <3, 
KOTOPOe COBNAAAeT C JAHHbIM HeEpaBeHCTBOM. 


7.3. Boryyae n= 1 nomyuaem cnpapeysiMBoe HepaBeHCTBO @7 < 27. 


Ilpegqnoso2*KUuM, TO HepaBeHCTBO 
a? + Ba2%+...4+(2k—1) a? < (ay +... +24) 
cupapeyuBo. II[pu6apias kK o0eCHM UacTAM 9TOTO HepaBeHCTBAa 
(2k +1) a7,,, mo1y4uum HepaBeHcrBo 
ep+3a5+...+(2k-1)eit (2k+1) 2744 < 
< (art... tag) + (2k +1) a%,,. (7-4) 
J/loka2xkeM He€paBeHCTBO 
(ay +... tap) + (2k 41) a2.) < (ait... + aps)’, (7.5) 


KOTOPOEC JKBUBAJICHTHO 


(2k +1) r%44 < (ay +... tapi) — (ar +...+ 2%) = 
= 2(ay +... +4) + R41) CEI, 


WIM CIIpaBedJIMBOMy HepaBeHCTBY 
0 < tey1 (2(ai +...+ 44%) — 2khap41) = 


Tak KaK CoriacHo ycsiopuio 3agauu 0 < aey1 < a (i = 1,...,h). 
Caefospatesmbuo, 13 (7.4) u (7.5) nomy4aem HepaBeHCTBO 


oe + 3a%+...+(2k—-1) a2 + (2k +1) 024, < (ait... + ¢n41)", 
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KOTOPOe ABJIACTCA 3AJaHHbIM HepaBeHCTBOM pH n = k+ 1. Taxum 
o6pa30M, JaHHOe HEPpaBeCHCTBO CUpaBe JIMBO TIpH JIKOOOM HaTypaJIbHOM 3Ha- 
YeHHH 7. 


7.4. a) B crygae n = 2 umeem |sin (21 + 22)| < |sinx1| + |sin x9]. 
JleiicrBuTesbHO, Tak Kak sin (4%, + @2) = sin x, cos x2 + sin x2cos 71 
u |cosa| <1, To 


lsin (21 + @2)| < |sin x1 cos #q| + |sin x2 cos x1| < |sin x1| + |sin x9|. 
IIpegnos02*«uM, UTO JaHHOe HepaBeHCTBO MMEeT MECTO B CALyYae nN = 
=k, wu noka2x«eM, 4TO OHO OyeT CHPaBe JIMBO Tak>Ke B Cydae n= k+1. 
J/levicTBUTeIbHO, HMeeM 
lsin ((@y +...+%%) + %e41)| < [sin (a1 +... + a%)] + [sin vg41| < 
< |sina;|+...4+ |sinv,41]. 


6) Ilockonpxy npu «x € [0,7] sing > 0, To cormacHo nm. a) qaHHoro 
yllpa2KHeHHA NOTy4aem 


sing; +...+sinz, > |sin (a1 +...+2%,)| > sin (a, +...+ 2). 


7.5. a) CHayasa qoKa2KeM JjaHHOe HepaBeHCTBO JIA 3HadeHuit n = 
= 1,3,5,7,...,2k+4+1],... 

B cayyae n= 1 umeem Hepapeuctso f (21) > f (£1). 

IIpeqnono2KUM, UTO TaHHOe HeEpaBeCHCTBO MMECT MECTO B CJlyyae n = 
= 2k —1, uw nokaxkeM, 4UTO OHO MMeeCT MECTO HB CHyYae n = 2k +1. 
Vimeem 


f (a1) — f (2) +... + f (van -1) 2 f (@1 —@o +43 —...+ 224-1), 
CIC TOBATeJIbHO, 
f (x1) —f (22) +...tf (%2rn-1) — f (Lox) + f (ton+41) 2 
> f (1 — to + 43 —...+ Gap-1) — f (€or) + f (@an41) - 


SamMeTuM, UTO 

Ly SUeH LX, — Tot %3-—...+ Lo~p-1 SY = Lap SZ = Lo~41 2 OY, 

(a — y = (41 — £2) + (a3 — @4) +... + (XoR-1 — L2K)). 

Cuegosatenbuo, f (x) — f(y) + f(z) 2 f(@-y+z). 

Takum o6pa3om, 
f (a1) — f (2) +... + f (€an-1) — f (tor) + f (@2%41) = 

> f (a1 — to +43 —...+ ©o~-1) - 
— f (tak) + f (€an41) > f (@1 — Bo +43 —... + Lop—1 — Loe + LoK41) 5 


OTKYa CENAyYeT, AUTO TAHHOC HEPpaBCHCTBO CIIpaBeAJIMBO B CJLYdae WpOu3- 
BOJIBHbIX HCYUeCTHDHIX 7. 
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Tenepb paccmotTpuMm ciyyait n = 2k. Ilycrb 21 > rq >... S XK. 
BpidepeMm 24141 = 0; B 9TOM Ciydae 


f (x1) — f (wa) + f (a3) —.-. + f (@2n) + F (0) 2 
> f (a1 —®o+ "3 —...— Lo, +0), 
vJI 
f (a1) — f (2) + f (a3) —...— f (wax) > f (a1 — 42 +23 -—...-— 22x), 
Tak kak f (0) <0. 
6) Jloxa2Kem, 4To 


tgx—tgyt+tgz >tg(@—yt+z), 


7 
rae pT EZYZAZV. 
HepaBeHCTBO 3alIMIIeM B Bue 
tgz—tgy > tg (t@-—y+z)—tgz, 
WJ 
sin (2 — y) sin (2 — y) 
= = 
COS £ COS Y cos z cos (a — y+ z) 
Korga x = Y, MOKa3aTeIbCTBO OYCBUAHO; ecu Ke LF Y, TO TaHHOe 
HepaBeHCTBO 9KBUBaJICHTHO HeEpaBeHCTBY 


cos zcos (x — y+ z) > cosxcosy, 


IN \/ 


ym uO0O<2x#-ytzese 


KOTOpoe ClpaBeJIMBO, TaK KaK O < Zz 5 


<a < _ 
Paccmorpum cbyuKxuuro f (x) = tgaz. Tlockonpxy f (0) =0 u umeer 


MeCTO ycuIOBMe 43 yup. 7.5,a), TO JaHHOe HepaBeHCTBO CHpaBeJIMBO. 
B) PemeHue nomyuaerca “3 HepaBeHCTB “43 yup. 7.5,a) uw yup. 9.34. 


7.6. Jloxaxxem 6boslee oOOnIee HEPpaBeHCTBO 
(ay +...+ tn) >A(ayto 4+ 4003 4+...+2n-1%n+2nt1), (7.6) 


rye n>4, £1,...,%n > 0. 
B cryyae n= 4 


(ay +...+ wa) > 4A(ayt2 + o%3 4 43%44+ 2421), 
TaK Kak 
(ay +...+ wa) —4A(a1%2 + %0%3 + 03%4+ 2421) = 
= (x, — 22 +23 — 24) > 0. 


IIpeqnonoxum, uto (7.6) cnpaBeszmmBo B ciryyae n = k, uw noKaKem, 
4TO OHO CpaBeAJIMBO TakoKe B CIyuae n= k+ 1. 
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Ilycrh max(21,...,2%%41) = xj. B 9T0m cayuae 


(ay +...+(@j-2+%;-1) +a;4+... + tk41) > A(ajt2+ 279734... 
Jo + 04-3 (€i-2 + Uj-1) + (@i-g + @j-1) E+ Vitigd +... + CREEK + 

+ €p41%1) > A(ay tg + toa3+...4+ 2j4-32j-2 + Uj-2%4 + 24-14; + 
+ UjpUjpy +... + URE Ry +R 111) S 4(e1 eo 4+ oNZR+...+ 24 -32j-2+ 
+ 4205-1 + j-10j, + 2jXi41 +... + UpLR41 + Ce4171) 


(cumTaeM, ITO Lo = Le41, L-1 = Lk). 


1 2 
7.7. Benyyae n=1 nonyyuaetca cupaBeaJIMBOe HepaBeHCTBO = X7 < 


2 
< x7. Ilpegqnono%xKuM, 4TO TaHHOe HeEpaBeHCTBO CIpaBeJIMBO B CJIyuae 
n 


2 
1° 

=k, Ww 00Ka2KeM, 4TO OHO CNpaBe JIMBO TakoKe B CIyyae n= k+ 1. 

B cryyae n= k wmMeem 


1 
— (ay +... +24)" < (ay + 2x9 +...+ kx_) max (x1,...,0%)- 
2 


I]puOaBsaa K O6CUM 4ACTAM YTOFO HEPABCHCTBA BbIParxKeHHe 
2 


Uk+1 
Ceti (tit... +e) +S, 
1 2 vs 
NOJIY4HM CJIEBA 3 (xy +...t Le+1) , 2B IipaBOuW WCTH NOJY4IMM BbIpa- 
2>KeHHe 
we 
k+1 
(ay + 2ao+...+ kha,) max(x1,...,0%) + 0p41(@1 +... +24) + ar 
KoTOpoe He Gompmte (41 + 2ag+...+(k +1) 441) max (a1,..., 441). 
JlevicTBUTeJIbHO, TaK KaK 
max (4%1,...,%,%) < max(@1,...,%R41) =, 
2 
Uk+1 2 
wa < Let < UR41°C, 


TO 


(a1 + 2g +...+ka,)max(x1,...,2n)+ 
repi(@i+...+2%) + < 
< (a, + 2a0+...+hap)- e+ Up41:-ke+ eR41-°¢= 
= (4, +2¢94+...+ka,+ (hk +1) 2441) - ©. 


CyuieqOBaTesIbHO, JaHHOe HeEpaBeHCTBO CUpaBeJIMBO IIpu JOObIX HaTYPaJIb- 
HbIX 3HAYeCHHAX 71. 


7.8. CHauasa q0Ka2KeM, UTO Did HOObIX UMCeI £1,...,2y U3 OOa- 
ctu /[ wmMeerT MeCTO HepaBeHCTBO 


f (a1) +... + f (en) > f (=e) (7.7) 


nm nm 
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B cryyae n = 2 HepasencTso (7.7) copmagaer c ycnoBuemM Teope- 
mpi (11.1). 

IIpeqnonoxKuM, YTO B CIyyae n = k Hepapencrso (7.7) cipaBesJIMBo, 
WM WOKa2KeM, UTO OHO CipaBe JIMBO TakxKe B CIyyae nN =k +1. 

PaccMOTpuM BbIparKeHHe 


f (wi) +--+ F (wn) +f (wey) + (k-1) f (Se) = A: 


A=(f (ai) +...+f (a@e)) + f (@eg1) + 


a (St) > 
+F( k+1 Feet k+1 — 


k—1 uneHos 


+... + Up41 
waar + (k—1) Ett Bett 
> hs (BA) g(t) 5 


Lt_+...+ LR41 


.. + 2p 1 
PTFE (ogy t+ (k-1) Se) 
>a (— (ee 2) 


Takum o0pa30m, nowy4nMin 


f(a) +... +f (eeu) + (k-1) f (SS) 5 


oTKyja f (a1) +... + f (e441) >f (St) 


k+1 k+1 
CueqopaTesibHO, HepaBeHcTso (7.7) 10Ka3aHo. 
Di 


Tenepb OKa2kem HepaspeucTso (11.3). Ilycth aj = a (@ = 1,2,... 
.,n), roe p;,q; € N. O6o3HauuM HauMeHbiee OOmIee KpaTHOe 4uCe 
Pi l; 
1, 92,-++5Qn uepe3s g. B»Tom ciry4uae hi = 7 roe 1; EN. 


OleHuM JIeByIO CTOPOHY PacCMaTPHBaeMOrO HepaBCHCTBA: 


orf (a1) +... +Omf (am) = BE tt nF (en) _ 


q 
I[pumenaa Hepapenctso (7.7) K 4ucIaM 
L1,---5%1, ©2,---,%2,---5 Un,---, kn; 
—SS eee SS 


ly lo In 


oOulee UMCIO KOTOPbIX PaBHO g, TaK kak Qa), +...+aQ@, = 1, nomyuuM 
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B> p (AB tee ttn) 


7 = f(ayai t+... + Antn). 


7.9. B cayyae n = 2 Hepasencrso (11.7) copmagaer c ycnoBuamnu 
Teopempr 11.2 (11.5). 

IIpeqnono%*«umM, UTO HepaBeHcTsBo (11.7) cmpapezuBO B Cryyae n = k 
MW 10Ka2KeM, 4TO OHO ClIpaBeVJIMBO Take B Cyyae Nn=k+1, Te. 


Bi f (a1) +...+ Bef (ax) + Broif (@e41) > f (Gia +... 4+ Br41@k41), 


Te Bry ..-,Bayr > 0 u Oi t+...+Prtoi=1, a ay ...5dn € I. 
JlevicTBUTeJIbHO, 


Bif (a1) +... + Bef (ak) + Betif (@n41) = 
= (Bit... + Be) (GaP ag tlm) +... + gS (ax) + 


Bit...+ Br Brit... 
+ Broif (@k41) 2 (C1 +... + Bx) f(g Tees) + 
+ Brsif (ak41) > f G +...+ 6% ) EE + Beans) = 


= f (Gia, +...+ Bean + Be41@e41) - 
3eCb MbI BOCIOJIb30BaJINCb HepaBeHCcTBOM (11.7) npu n =k, 3amenus 2; 


Ha a;, aQ; Ha Pi (@=1,...,k). 


Bit...+ Br 


CueqoparesIbHO, HepaBeHcTBo (11.7) umeer Mecro mpu s1060M HaTy- 
paJIbHOM 3HayeHHN 7. 


7.10. a) B cnyyae n = 1 nonyuaerca copaBeyzIMBOe HepaBeHCTBO 
a, < a,. HpengnonoxumM, 4To B cIryyae n = k aHHoe HEpaBeHCTBO 
CIIpaBe JIMBO, MW MOKa2xKeM, UTO OHO CNpaBeJIMBO Tak>Ke B CIydae nN = 
A+ 1. 

IIpu n=k wumeem ay + as +...+ ak < ka,...Qp. 

C gapyro CTOpOHbI, CorjsacHo yCHOBHIO 3anauu umMeem 1 < Qg4}1. 
IlepemHooKuB 9TH Ba HepaBeHCTBA, NOJy4MM 


2 
ay+agt+. -tai< kay...Q@kQk41- 
CorslacHO yCJIOBMIO HMeeM TakK?Ke ClIpaBeJIMBOe HepaBeHCTBO 


k+1 
psy < A,...Ak41.- 


Cxsladbipaa NOJTY WEHHbIC HEPaBCHCTBa, HMCCM 


ay +agt. . aR tarts < kay...@p41+@1..-Ap41 = (k + 1) Q,..-Ak4+1 


Ceq0BaTeJIbHO, JaHHOe HEpaBeHCTBO CUpaBe JIMBO Ip JIKOOOM HaTypavJib- 
HOM 3HaveHHMN 7. 

6) Bcayyae n = 1 nomy4aetca copaBeaIMBOe HepaBeHCTBO G1 > Q}. 
II pegqnosiIox%KUM, UTO TaHHOe HEPpaBeHCTBO CUpaBeJIMBO B Cilydae N= k, u 
OKa2KeM, UTO OHO CUpaBeJIMBO Tak»Ke B cIyyae N= k+1. 


7 H.M. Cegpaxan, A.M. Apoau 
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B cryyae n= k wmMeem a, +az+...+a% > ka,... gz. 
C mapyrot CTOpoHbl, cormacHoO ycCJIOBMIO 3agqauu uMeem 1 > ap}. 
IlepemHooKuB 9TH Ba HepaBeHCTBA, NOJy4MM 


2 k 
Q,; +ag+...+a;, > kay... apap4t. 
CormacHO yCJIOBHIO UMMeeM TakK?Ke ClpaBedJIMBOe HepaBeHCTBO 


apt >a,...QAp41. CklaybiBad NOJlyaeHHbIe HepaBeHCTBa, HMeCeM 


ay taz+...tap tapi) > (k+1)ar... pyr. 


Takum o0pa30M, JaHHOe HEpaBeHCTBO CHpaBeJIMBO pH JIEOOOM HaTypavJib- 
HOM 3HaveHHMN 7. 


7.11. Bcayyae n = 2 wumMeem cnpaBedIMBOe HepaBeHCTBO 


2 
a2 2 2 2 
_ > 4 (a2 — aj) (a5 — 4a,a2 + 4aj = (a2 — 2a,)° > 0). 
IIpegqnosiIox%KUM, UTO TAaHHOe HEPaBeHCTBO CUpaBeJIMBO B Cryuae n= k, u 
OKa2KeM, UTO OHO CUpaBeJIMBO Tak»Ke B cIyyae N= k+1. 


B cryyae n= k wmMeem HepaBeHCTBO 


2 2 2 

a2 a3 Ak 
=~ 4+—4+...4+ > 4 (ap — a1). 
a1 a2 QAk-1 


IIpu6apus k o6eum yacTam 9TOrO HepaBeHcTBa 4(a,%41 — Gx), MOwyauM 
2 2 2 


O24 S38 4 4 Sk 


Qt a2 QAk-1 


+ 4 (apy1 — Ax) 2 4(Gp41 — a1). 


OctaeTca 10Ka3aTb, ITO 


2 2 2 2 2 2 2 
ao a3 Qk Qk+1 a2 a3 Qk 
—=+—=4+...4—*-4+—F > H+... t + 4 (ap41 — Gg). 
a1 a2 QAk-1 Ak ay a2 QAk-1 


JleicTBUTeJIbHO, He€paBeHCTBO SIKBUBAJICHTHO CUpaBeAJIMBOMy HepaBeHCT- 
2 
Qk+1 


= 4 (Qp44 —_— ar), YJIM (Qp44 —_— 20%) = 0. 


TakuM o0pa30M, JaHHOe HepaBeHCTBO CMpaBe/JIMBO pu JIKOOOM HatTy- 
paJIbHOM 3HaveHHH 7. 


7.12. a) Bcnyaae n = 2 umeem cnpapessIMBoe HepaBeHCTBO 


(m2 + %1) (f (v2) — f (@1)) S (@2 + 21) (f (22) — f (21). 


B cayuae n= k wmMeem HepaBeHCcTBO 


(2+ x1) (f (2) — f (wi)) + (@3 + @2) (f (es) — f (@3)) +... 
-o + + (ae + @e-1) (Ff (@e) — f (@e-1)) 2 (@e + 21) (F (ee) — f (21). 


IlpuOaBsaa K O6CUM 4ACTAM YTOFO HEPABeCHCTBA 


(reqit Ux) (Ff (241) — f (ee), 
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NOoJLy 4M 


(ro + 21) (f (2) — f (@1)) + (@3 + £2) (f (v3) — f (@2)) +... 
... + (@~ + &p-1) (f (@e) — f (@e-1)) + 
+ (p41 + &e) (fF (@e41) — f (ee)) 
> (xp +21) (f (ee) — f (@1)) + (eet + @e) (Ff (@e41) — f (@e))- 


Jit HOKa3aTeJIbCTBA CUPaBeJIMBOCTH HeEpaBeHCTBa B CIyyae n = k+1 
AOCTATOUHO JOKA3aTb CuIeLyIOWlee HEPaBeHCTBO: 


(rp +21) (f (ee) — f (@1)) + (eat + Ue) (Ff (@e41) — f (ek)) > 
> (Le41 + £1) (Ff (Lei) — f (x1)); 


WJIM 


(Te41 — Le) f (@1) + (ee — @1) f (esi) S (epi — 21) f (ee). (7-8) 


Ilockonpky dbyHkuua f (x) BbInykKsad, TO 


Lk+1 — Lk Lk — £4 
i ie —_—_* > 
Chat 4 f (v1) + Chu 1 f (@e41) 2 


Lk+1 — Lk Lk — L1 
> (=e xy + ——— 2 ) = 4 bs 
— I Lkt+1 — &1 t Lk+1 — &1 k+l I ( k) 


OTKyja MU NOsyauM HepaBeHcTBO (7.8). 

Cueq0BaTesIbHO, MbI JOKA3aIM CIpaBeJIMBOCTbh JaHHOrO HepaBeHCTBAa 
BcIyyae n= k+1. Taxum o6pa30m, 7aHHOe HepaBeHCTBO CUpaBeVJIMBO 
Ip HOOOM HaTypaJIbHOM 3HayeHuUM n (n > 1). 

6) Hepapencrso a) JaHHOro ympa2xKHeHHA MO?KHO MepelucatTb B Cle Lyt0- 
nIeM Bue: 


inf (a1) + arf (2) + tof (a3) +... + an_1f (an) > 
> tof (v1) + a3f (to) +... + Unf (€n-1) + 21f (tn), 


rye, wpuHumaa f (2) = — fx, loJly4uM 


a(—/c) + e(— /b) + (— Va) > b(- Ve) + a(— Vb) + e(— a); 
oTcrojla 
avet+tceVb+bVaK<bVctaV/b+cevVa. 


B) Paccmotpum dbyuxumro f (x) = —Inz. CormacHo HepaBeHctBy a) 
JaHHOrO yopaxkHeHuda “Meem 


tn (—Inz,)+ 2, (—Inag) +... + @n_1(-—Inz,) > 
> x2(—Ina1)+...4+ 4, (—Inzn_1)+ 41 (-Inz,), 
WJ 


Ln LI Cn—1 v2 L3 
LyX 0 LAY QU Ly”... U7" 1 


7* 
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r) Paccmorpum dbyHKIHto 
f(®) = a 5 (So 
~~ (atb+e-2z\(atb+et+2) 2\at+b+e-x atbt+et+z2/’ 


Vim) — 1 l : 
f (a) = 2 (ty r peers") 


Fem O0< x <a, To 


// __ 1 _ Lt 
f (7) = bela (at+b+c+2)° = 0, 

oTkyj1a 

af (c) + cf (6) + bf (a) > bf (c) + af (b) + ef (a), 
YUJIU 

C 4 b 4b a S 
“(a+b)(atb+2c) | “(at+e)(at+c+2b) | (b+c)(b+c+2a) ~ 

Cc 6 a 


> b +a +¢ 


(a+ b) (a+ 64 2c) (a+c)(a+c+ 2b) (6+ c)(b+c+4+2a)- 


7.13. SamerTumM, 4TO TaHHOe He€paBeHCTBO 9KBUBAJICHTHO HeEpaBeHCTBYy 


(aj +... +@n-1)n(n+1)4+ (ai +...+@n-1)n(n—-1)+ 
+ (@n + Qn41)n(n —1) > 2(n? —1) (a, +... + a@n_1) + 2(n? — 1) an, 
WIM 
2(ay +... +an-1) + angin(n —1) > (n? +n —- 2)an, (7.9) 


KOTOPOe JOKa2KEM ME€TOJIOM MAaTeMaTH4eCKON HHAYKUMH. 
B cryyae n = 2 noswydaem copaBejJIMBoe HepaBeHCTBO 2a, + 2a3 > 
> 4ag. IlpeqnonoxKuM, 4TO OHO CIpaBeJIMBO TakxKe B CIydae n = k: 


2 (ay +... $ Ak—1) +k (k — 1) Ak+1 2 (k? +k—- 2) Qk; (7.10) 


MW OKaKeM, UTO OHO CUpaBe JIMBO Tak2Ke B CIydae n= k+1. 
/lo6asus k o6euM 4acTaM HepaBeHctsa (7.10) BErparxkeHue 


2an + (k +1) kagse — k (kK — 1) apy, 
nosLywaem 
2(ayt+...+a@p-1 + ap) + (bk +1) kagge > 
> (k* +k) ag t+ (kh? +k) apy — k(k — 1) apy = 
= (k* +k) (ap + ae42) — k(k — 1) angi > 
> (k7 +k) -2an41 —k (kK —1) aga = (k7 +3) aga. 
Takum o0pa30m, nowy4nMin 


2(ay +... +ag—-1 + ap) + (kK +1) kagse > (hk? + 3k) apy. 
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CyeqopaTesbHO, HepaBeHcTRo (7.9) cipaBedJIMBO Ip BCeX HaTypaJIbHbIx 
3HaYeCHHAX 7. 


7.14. a) JlaHHoe HepaBeHCTBO 3anuUIeM B BUTE 


Qa; +ag+...+doan_-12 ag +ag+...+ dan) 


—— ( 
(n+ 1) 
uU JOKA27KEM ero Me€TOJOM MaTeMaTHuuecKOnN YVHAYKUUM. 


ao + a2 
B cayyae n = 1 uwMeem cnpaBeyIMBOe HeEpaBeHCTBO Qa, > ———. 


2 
Ilpeqanoso2%kuM, UTO TaHHOe HEPaBeHCTBO CNpaBeJ JIMBO B Clyuae Nn = 


=k, Ww 0ka2KeM, 4TO OHO CUpaBe JIMBO Tak>Kke B GIyyae n= k+1, Te. 
MMeeM ClIpaBeJIMBOe HEPpaBeCHCTBO 


a — 
ay + a3 4+ + Q2k-1 kod 


(ag tagt+...+ ak), 


WJIM 


ay tag+...+ Ao~-1 + Gen41 2 


2 pay (40 + a2 +... + ae) + G2eti- 


J/loka2keM HepaBeHCTBO 


1 
(ag t+agt...+ don) +a2n41 > ——~(a9 + a2 +...+ Gop + G2K42); 


k+1 k+2 


WJIM 


a > + _(4 +ag+...+4 ye etry 
2k+1 2 (E44) (+2) 0 2 see 2k k+2 2k+2:- 


Q2k + A2k+2 


2 
WOKa3aHO, e€CJIM MbI JOKAa2KEM HeEpaBeHCTBO 


IlockombKy @2K41 2 , TO HocleqHee HepaBeHCTBO 6yyeT 


(dak + G2k+2) 1 k+1 
eee tae ——_ 
9 a (k + 1)(k +2) (ao + + ak) + 75 Q2k+2; 
0 (£3) k (k +1) 
+ + 
5 a2k — 5 A2k42 2 A409 + agt+...+ AgK-2, 


JIA JOKA3aTeJIbCTBAa KOTOPOrO CHOBA BOCIOJIbSYCEMCA Me€TOJOM MaTeMaTH- 
4eCKOU HHAYyKIIMH. 

Benyuyae k = 1 nostyuaem cnpapeyJIMBoe HepaBeHCTBO 2a2 — a4 > ao, 
TaK Kak 


W@22— 9 25\ 9 to 


Ilycrb B cryuae k = m UMeeM CupaBeJINBOe HEpaBeHCTBO 


m(m+3 m(m+1 
mS) ao — mm TD aompa > Zagt...+ dm-2, 


F855 (%* ate) 


oTKy ja 


m(m+3 m(m+1 
m{m +3) Dam — ED gonya + dam > Ay + a2+... + O2m—2 + Om. 
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OcraeTca JOKa3aTb HepaBeHCTBO 


m(m+3 m(m+1 
mime) a — mm ED aot + Gam < 

- (m+1)(m+4) (m+ 1) (m +4 2) 

S ga 2m+2 — gC +4 
WJM 


(m+ 1) (m + 2) (m+ 1) (m + 2) 


(m + 1) (m + 2) A2m+2 2 9 Q2m 1 9 A2m+4; 
KOTOPOe CIIpaBe JIMBO. 
k-—1 k+1 
—_gk ky ~@  ~4 
6) Ilycrb a, = —a”. Tak kak B 3TOM ca—yyae —a”™ > 5 ; 
TO COrlacHO HepaBeHCTBY a) JaHHOro yipa2kHeHud “uMeemM 
3 2n—1 2 2n 
—-a-a —...-—-a —l-a —-...-a 
TT 2 ee, 
n n+1 
oTKyja 
ltat+...+a” n+1 
ate+...¢@"717 n- 


7.15. Bcryyae n = 1 umeem cnpapeyiuBoe HepaBpeHcTBO 1 > In2. 
I]peqnos02k4uM, 4TO OHO CUpaBedJIMBO B GIyyae n =k, T.e. uMeeT MECTO 
He€PaBeHCTBO 


1 1 
It+5t...+z7 >In(k +1). 


1 
I]lpu0apsaa k ero O0euM 4acTAM RET? OJLyY YUM 
1 1 1 
hk’ kal >In(k +1) + 75: 


‘Tenepb JOKa2KeM He€paBeHCTBO 


a 


1 
In(k +1) + gay > In(k + 2), 


KOTOPOE JKBUBAJICHTHO HEpaBeCHCTBY 


ray > In(k +2) = In(k +1) = In ( 


i+ *) 
k+1 ’ 


k+1 
k+1 k+1 


—_) 
, TaK Kak 


. Orcrona e > (a 


lim (1+—) = €, 
nN 


NCO 
1 Tr 
u (1 + ~} MOHOTOHHO Bo3pactaer (cm. yup. 3.16, a)). 


7.16. B caygyae nm = 1 wMeem cupapessiuBoe HepaBeHcTBO 1 < Il. 
I]peqnos02k4uM, 4TO OHO CUpaBedJIMBO B GIyyae n =k, T.e. uMeeT MECTO 
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He€PaBeHCTBO 


1 1 
+ ——=+4+...+—— = <3- ; 
24/2 k/k Jk 
1 


WOO0aBMB K OOCMM 4YAaCTAM KOTOporo ——————————,, _1OJ1yuuM 
(k+1) ~/k+1 
1 1 2 
1+—e4+...4—=4+ = <3- 
We kv/k RED VE vee aap Vea 


2 


at ei ven * S 8 


Octaetca oKa3aTb, uTO 3 — 
JlevicTBUTeJIbHO, TaK KaK m1 SS TO 
Jk(k +1) +k 
1 2 2 AV/k+1- Vk) 
(k4+1)J/k4+1 > Vk Vk+1 Jk (k +1) 


2 
— Sk(R+1)(/k+1+ Jk)’ 


CiieqOBaTeJIbHO, NOUYUMIIM, UTO JaHHOe HepaBeHCTBO CUpaBeJIMBO pu 
JHO60M HaTypaJIbHOM 3Ha4eHHN 7. 


7.17. B cnayyae n = 1 nosy4aetca cupaBegzsiuBoe HepaBeHcTBO 1 + 
+a 2>21+a. Ilpeqnonox%xumM, 4To FaHHOe HepaBeHCTBO CpaBeJIMBO 
BcIyuae n= k wv noKa2keM, UTO OHO CHPaBeJIMBO TakK>xKe B CIryuae n = 
=k+1. 


Korga n = k, umeem (1+a)" > Ltko+ hea 1) 


a”. B»Tom coyyae 


(1+a)**? > (14a) (1+ ka + **— 4 42) _ 


=14+ hat © FY or pat ko? + SEY 98 — 
1 _ 
=14+(k+1) q+ 2k et ) 24+ hha) - 2 a? >1+(k+1) a+ RTD a 2 a? 
TakuM o0pa30M, NouyuKJu, 4TO 
(taj) s14(ktijat SEY g2 


CIIETOBATeEJIbHO, JaHHOe HEPaBeHCTBO CNpPaBe JIMBO Ip JIOOOM HaTypaJib- 
HOM 3HaueHHU 7. 


2 
7.18. Bcnyuyae k = 1 nomwyuum cupapeadimBoe HepaBeHcTBO | > -. 


IIpeqnosiox%xKUM, UTO JaHHOe HEpaBeHCTBO CIpaBeJ JIMBO B CIyuae k = m 


mm 
m+i1 
(ne. m! > ( ) ), WU WOKa2xKeM, UTO OHO BHINOJIHAeCTCA Tak?Ke Ip 
e 


) 


2 
k=m+1 (~. e. UTO CIpaBeJIMBO HepaBeHcTBO (m+ 1)! > (“5 ) 
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m+1 
e 


m 
VUmeem m! > ( ) . CreyzopaTesbHo, 


m+1 


1 
(m+1)!> (“5 ) e. (7.11) 
. 1\” 1 
IlockompKy lim (1 + ~} =e€ WU NOCIeOBATeJIbHOCTb (1 + | BO3- 
Tl CO 
pactaroijaa (cm. yup. 3.16,a)), To 


1 m+1 
e>(1+——) (7.12) 


IlepemHoxKas Hepapexctsa (7.11) a (7.12), nomyuum 


m+1 


(m +1)! > ("**) 


e€ 


Ceq0BaTeJIbHO, JaHHOe HeEpaBeHCTBO ClIpaBe JIMBO Ip BCex HaTypaJib- 
HbIxX 3Ha4ueHuAX k. 


7.19. CHayasa qoKa2kemM, 4TO 


ww 
IS 
ww 


2 |sin z| + |sin 22] < (7.13) 


JlevicTBuTeJIbHO, UMeeM 
2|sin x| + |sin2a| < 
Bcayyae n=0 |sina| <1. 


IIpeqnono2KUuM, YTO TOKa3bIBaeMOe HEPABECHCTBO CIpaBeJIMBO B CJly- 
yae n<k, v.e. 


(3 — 3|cos |) (1+ |cosa|)® < (5) _ 3v3 


3B 


lsin z| + |sin2a|+...+ |sin2”z| < 14% y 


pu 000M 3HayeHHH x. JloKa2KeM, UTO OHO CIPaBeJIMBO Tak>Ke Ip n = 
=k-+1. 
PaccMoTpuM Ba Clydad. 


a) |sinz| < vs B 9TOM Culy4ae 


lsin z|+ (\sin 2a|+...+|sin 2* - 2a) < V3 4744 ¥3p =1+ V3 (41). 
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V3 


6) Koraa |sinz| > ——, us (7.13) nonyuum 


lsin z| + |sin2z| < 4/3, 


CIE }OBATeJIBHO, 
lsin «| + |sin 2a| + (|sin4da|+...+ |sin2*~*- 4a|) < 
< V3414 ¥8(h-1) 1+ WKH). 


SHAT, JaHHOe HeEpaBeHCTBO CIpaBe/ JIMBO IPH BCeX HaTyPaJIbHbIxX 3Hade- 
HUAX 7. 


7.20 Paccmorpum dyHKUHIO 


Cos 2a cos Na 


5 +... 


fn(a@) = cosa + 


T 
B OOvIacTu 0, 4 , MW IYyCTb OHA IPHHUMAaeT CBOe HAMMEHbIUee 3HAYCHHE B 


9TOM OOaCTH B TOUKE Q,,. 
PaccmoTpuM culefzyromle cryuaH. 


a) Qn = 0. Baromcayyae f,(a) > 1+ 


1 
2 
6) Qn = = B srom cayyae fr(a) > fr ( 


us 
2 
TV TV TV 
fi (=) = 0, fe (=) = f3 (=) =~ 5 
T T 1 1 T T 1 1 1 
A(G)=f(G)=-ata 6 (G)=G)=-2+G-6) 
u T. I. 
B)0O <a, < = B 9Tom csry4ae f (an) = 0, Te. 
—sina, —sin2a, —...—sinna, = 0, 


OTKYa NOJLY 1aeM 


. On. . On. 
2 sin > SIN An +o..+ 2sin —~ sin nay, — 0, 
CJICOBATCJIbHO, 
An An 
cos = = Cos NOn + > . 


U3 nocieqHero paBeHCTBa NOJIy4uaemM 


* n ° Qn 
sin > = +sin (na, + | ; 


NosTOMy 


On On ° On e An 
COS NApn = COS (na, + on) cos > + sin (na, + “| sin > = 
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2An ° 9An 
— cos*~—ais — . 
5 in 3 > 0 


Takum o0pa3om, 


fn(@) > fu-1(Qn) = cos ay +... + SSM Nan 5 


IlockobKy Qn € (0, >) “aia n—1 yrBepxkaeHve CupaBeJIMBO, 


mpu n=1 umeem fi(a)=cosa>0> Tt 
7.21. IIpu n=2 umeem 


<3. 


2 
a a a,—a 
a, a2 _ 5 (aia) Uo) 
a2 a1 a1a2 a1Q2 
Ilyctph n > 3. PaccmMoTpumM gpa cry4dad. 
a) Cymecrsyer i € {2,...,2—1} Takoe, 4To 


(a; — aj_-1)(a; — Gi41) SO; (7.14) 


Qi-1 a; aj 
wept < ~ 4 2, Tak Kak 
Qj Qi+1 Qi+1 


(ai — ai-1) (Qi — Qi41) < lai — ai-i]- [ai 
‘Torga M3 CKa3aHHOrO HU HO WVHAYKTHBHOMY TpeATOJIO2KCHHIO UMCECM 


Torga 
— ai+1| <1 < ajaj41. 


a1 a2 Qi-1 a; 
$4... = 4 — 4.0.44 S++ 
a2 a3 aj Qij+1 An 
Qi Qi Qi 

Sep OE + ~+2 < 2(n—1)-1+2 = 2n-1, 
QAi-1 Qi+1 Aj+2 
Tak kak 43 ycoBuit (7.14) cnegyet, uTo 

|aj—1 — Qi41| < max(l|a; — a;—1], |@; — ai4i|) < 1. 

aj41) <0, i=2,...,n—1, To rorga mu6o 


< ot. + 


6) Eien (a; — aj;—1) (a; —_— 


a, <a, <...< Gyn, mu00 a, > ag >...> ay. B nepBom ciy4ae 
an— an an 
tp 1 $14 < Qn 1, 
a2 n a1 —_—sSoo’”—_i 1 
n—-l 


TAK KAK Gn = (Gn — Gn—-1) + (Qn_-1 — Gn—2) +... +(@2— a1) +a) < nay. 


Bo BTopomM cury4ae 
Mh Set ce 4241 < Qn, 
Qi —$_ 


n—1l 
Tak KaK @; = @j41 + |aiz1 — ai] < aig, +1 < 2aj4a, t= 1,...,n-1 
V@r2—1 1 
7.22. a) Bcayaae n = 1 Hy2KHO OKa3aTb, ITO —— < 3? win 
2 


(xo —_ 2)? = 0. 


Pewenua 107 


I]peanos02%kuM, UTO HeEpaBeHCTBO BepHO JIA nm = k, Ww WoKa2kemM, 4TO 
OHO BepHo npu n=k+1, rgek €N. Hy2kuHo goka3artp, 4To ecu 


l=27, <%2<...< Opi < Le 2, 
TO 
V2 71 | V%3~ o2 4 VEk+2 — Vet < V4Ak+1 
ep ea te Spin S >. . 
x 
Jinn k+1 uncer 1<  < LeelS — umMeem 
2 
£3 _ a Lk+2 — &kt+i 
Vex Vow eS VAR 
< 
3 Le+2 a ae 
L2 “2 
CIE TOBaTeJIbHO, 
V%2— L1 V3 — @2 VCk1+2 — Lk 
————— + +... ————— < 
L2 X38 Lk+2 
p= | Lk+2 _ Lk+1 
J/x2— 21 — 1 
< YS _ “2 “2 
XL 2 X3 Lk+2 
“2 “2 
< “L2— H1 1+ 1 v4k — 3 
~ “2 / £2 2 ~ 


) 2 
1) ))- 
222 —1 4k+1 _— vV4k+1 


ee 


(cm. HepapeHcTso (4.1)). 
Ilonyuusiu, 4TO TaHHOe HepaBeHCTBO ClIpaBeJIMBO Tak2Ke B CJlydae 
= k+ 1, cneqoBatembHO, OHO Oy7eT CpaBeIMBO pu JIKOOOM HaTy- 
paJIbHOM 7. 

“L2—- 21 1 
TT —S _ < 1. 
“2 2 

Ilpeanos02%uM, UTO HeEpaBeHCTBO BepHO Ian n = k, uw WoKa2kem, 4TO 
OHO BepHo npuh n=k+1, roe k EN. Ilyctrh 1 = 2 < ao KK... 
» SQ UeR41 < Le42Q2 — HAaTypaJIbHble 4ucla; Tora “MeeM 


6) Bcayuae n = 1 umeem 


V@2— #1 L3 — £2 VCk1+2 — Lk 
aa | mg  ''' wee 
2 3 k+2 
L2— £1 L3 — £2 Lk+2 — Lk+1 
< —— + +... + ———— < 


L2 L3 Lk+2 
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1 1 1 1 
< (y+. t)e(ye. the. 


21 +1 £2 L2+1 £3 


(—_ + + —} ty t4 + ! 
Ceoitl oo apse) ~ 2 38 9 were 
Eom «p42 <(k+1)*, To 

Pyly + ! <i4 4+ ey tt +— 
g+3t-- +a Sat (ka? 5 tee (hab? 


Cle LOBaTeJIbHO, HEPpaBeCHCTBO BepHO upu n= k-+1. 
Ecam tp42 >(k+1)*, vo 


VEUR42 — Lk41 — HLk4+1 < Ver Lk+2 — 
Lk+2 Lk+2 Lee (=) 
1 _ Vike Vk* + Zk 2k 


(k +1)? +1)? (k+1)* +1)? (k +1)° 
Torga nojyuuM 


V%2— @1 VUk+1 — Lk VUk12 — Het 
————— a fF Oo XK 


+...+ 
L2 Le+1 Lk+2 
1 1 VEk+2 — Lk41 
<1 = wee +z < 
rot toat Tha 
1 Vk2 + 2k 1 2k +1 
<1l+.4+...4+4+ 2M, <l 4 S* Te 
rot we ey +5 vr FEET poy 
<1l+a+.. a a i a . + tatty ++. 
20° 2 Ret. 7 (k4+1)? 0 20 3B (R41)? 
\ 


2k+1 


Virak aHHoe HepaBeHCTBO CUpaBeAJIMBO TakK2Ke B CGIyyae n= k +1, 
CJIETOBATeEJIbHO, OHO OyeT CIPaBe JIMBO pH JOOOM HaTypaJIbHOM 7. 


SameuvanHue. Fem 1 = x4, < @ <... < Bm K< Lni1 — 
J J md 1 
L2—- L1 4b 1—@ 
HaTypaJIbHble 4McsIa, TO ———— +...4+ yenyi =n < ) ~]—- 2c. 
L 2 Ln+1 1 2 


i=1 
7.23. Jloka2keM Me€TOJOM MaTeMaTH4yeCKON HHUYKUMH. 
IIpu n=1 umeem, utro 0 < ay < 61 < 7, CHeOBAaTeJIbHO, 
cos 31 COS G1 
; Cr ; 
sin a1 sin ay 
IIpu n=2 umeem, uTO Q1,Q2 > 0, 61,62 >0 uw ay tag < Oi t+ 
+ Bg <7, Hy2KHO JOKa3aTb, UTO 
cos 31 cos B2 COS Q1 4 COS 2 


: : or : 
sinai  sinag sin a1 sin a2 
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Ilyctb QQ, HW Q2g — NOCTOAHHbIe 4uncIa. PaccMoTpuM BbIparxkeHnve 


COS%1 . COS2X2 
sina,  sina2’ 
rie Q1+Q2 < %1+%2 <7, %1, 22 > OV. LycrTb 9TOo BpIpaxkenne NPHHUMaeT 
HanMOobilee 3HavYeHHe pH £1 = G1, L2= Po. 
Ilycrb ay < a2} TOraa MO2*KHO CuNTaTb, UTO By < Bo. JeticrBuTesbHO, 
B IIPOTHBHOM CJlyuae “MeeMm, UTO COS Gy < cos G2, CEOBaTeJIbHO, 


(cos 61 — cos G2)(sin ag — sina,) < 0, 


WJIM 
cos G1 | cos fe cos G2 . cos fi 
sina, sinae sina; sinae 


Ecau 6, = 0, To 


COS P11 COS P2 COS M1 COS 2 


sina, sinag@2 sina, sin Q2 
1 cos(a1+az2)  cosai  cosag 
< “. + ToD TTT 
sin a1 sin 2 sina1 sinag 
. a1, 1 a 
at “tl 201. 
at 2sin 5 sin ( 5 7 as sin’ —> sin (a1 + a2) 
= tg — -— —-- = - ——<$qoAT7THH.—_ < 0. 
2 sin Q2 


Qi. 
cos > sin @2 


Ecenu 0 < 61 < 62, TO Upu yMeHbUIeHuY 3Ha4eHHA (1 BbIparxkKeHue 
cos 31 . cos fe 
sin Q1 + sin Q2 
sini _ sin Be 


sina, sinag 
JleicTBUTeJIbHO, 3AMeCTUM, 4UTO CPyHKIA 


yBesimuutTca, WoITOMy fy + Bg = a, +a. JloKa2xem, 4uTO 


f(x) = cos(31 + a) 4 cos(B2 — a) 


sin Q1 sin Q@2 


Ha orpe3Ke |—(), G2| mpuwHumaeT HanuOompulee 3Ha4ueHHe B TOUKe «x = 0, 


CJIe}OBaTeJIbHO, 10 Teopeme Depma f’(0) = _ sin Pr + sin Ba = 0. 
sina; sinag 
JIemma. KEcauaqay,...,Qn,f1,---,Bn > 0, ar t...+ an = Bi + 
+...¢ 6, <7 u 
sin sin Bn 
sins sinBn _ (7.15) 
sin a1 sin Qn 
mo A\=1. 
JoKxa3saTreapcrTso. Ilycrs A #1, Torga MoxKHO CUNTaTb, ITO 
A <1. Ilycrp ay < ag < ... < Gy, Torga u3 (7.15) cnenyer, 4TO 
T 
Pi < B2<...< Bn uw Bi <ay,..-,Bn-1 < Qn-1 & 3" 


SameTuM, 4TO 
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sin(G, + G2) = A(sin a1 cos G2 + sin a2 cos 81) > 
> A(sin a1 Cos a2 + sin a2 cos a1) = Asin(ay + Qe). 


AHaJIOrM4HO TOJy4uM, UTO 


sin((f1 + 82) + B3) = sin(1 + B2) cos 63 + sin G3 cos(81 + Be) > 
> A(sin(a, + a2) cos 83 + sin a3 cos(8, + B2)) > 
> A(sin(ay + @2) cos ag + sin ag cos(ay + a2)) = Asin(a, + a2 + as) 


ut. 4. Boobme, sin(G,; +...+@Bn—-1) > Asin(ay +...+ an-1). 
CreqOBaTeJIbHO, 


; sin 
sin(y _ Bn) > > 
SIN An 


re op=ayt...+¢Q@,=6it+...+6n. Hosromy 
sina, sin(y — Br) > sinB, sin(y — an), 

WJM 
sin @, sin y cos By, — sina, sin By, cos y > 

> sin B, sin y Cosa, — Sin By SiN Ay COS Y, 

sin ysin(@, — By) > 0. 

Tak kak 0< y <a, TO p#un uu Siny > 0; Torga ay, — By > OV, 
3HadUT, Ay, > Bn. 

Takum o0pa30mM Q, > (§4,...,Qn—-1 > Bn—-1, An > Bn; HOTOrAa ayt+ 
+...+Q, > Bi +...+6n, 4TO HeBepHO, CIeaOBaTesbHO, A= 1. Jlemma 
woKa3aHa. 

Tak kak sina; = sin {, u sinag =sinfo, TO aj =f, U ag= fo, 

TT 
WJIU A] = BP WT7—-Q2> Bo (a4 +a2 =a, + — Q2, a2 = 2” SHadHT, 
a2 = Be). 

CreqOBaTeJIbHO, 

cos81  cosB2 cosa, _ cosaz 
sin Q1 sina2 sina, sin Q2_ 
Ilycrb Tenepb n > 3 WW HepaBeHCTBO BepHO Aina nm — 1, NOKa2KeM, 4TO 


OHO 6byeT CupaBegaMBO 4 aia n. Ilyctp 0 < ay S a2 <<... SK An — 
NOCTOAHHbIe uncsa. PaccmoTpuM BbIparkKeHie 


COS 21 COS Ln 
sina, .}. . sinan’ 

rye £1,%2,...,%n 20 HW ayt...+aQ, < @+...+2n <7, UNyCTb ITO 

BbIpa2keHHe IIPMHHUMaeT HanOosIbuIee 3HAYeHMe IPH 1 = Go,...,e%n = 

= B,. Torna 61 < Ba <...< Bn (cM. cayyai n = 2). MorxkHo cuntTaTb 


8, > 0, B UupoTuBHoOM coryyae fa n— 1 umeem 


cos B2 cos B3 cos Bn —~ cos(ai + a2) COS Qn, 
Py Te ° + oe ° 2 oo ° 
sin(a@ai+a2) sin a3 sin Qn, ~ sin(ai + Qe) sin Qn 


_ (7.16) 
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SamMeTuM, UTO 


1 4 08 Bz cosa, — cosa < cos Be _ cos(ai + a2) (7.17) 


sinai sinag sina, sina, ~~ sin(a1+az)  sin(ai+az) 
J/levicTBUTeIbHO, TaK Kak 
cos By (—— - ___-___) <j ___ 1 
sina;  sin(ai+az2) sin a2 sin(ai + a2) 
(ag + (a1, +a2) < ay tag+a3 <7, sin(a; + a2) > sina), 
TO JJOCTATOUHO MOKa3aTb, UTO 


1—cosa, _ 1—cosag  1-cos(a1 + a2) 


— ——_——_~ < 0 
sin ay sin a2 sin(aita2) ~~’ 
WJM 
ay ao ay ao 
— ig + tg) tg — tg — 
Q1 2 4 M2 ( 2 2 2 2 
tg S +tg Ste (F @) <0 —~_#___2° _2 _2 <9, 
BQ Ta lg ta) <” a1, a <0 
1 —tg — tg — 
2 
O11 O92 T 
IlocseqHee HepaBeHCTBO BepHO, Tak kak 0 < ery < 7 
Cxaqbipan Hepapenctsa (7.16) a (7.17) nomy4uM HepaBeHCTBO AIA 1. 
Takum o6pa30m, umeem 0 < £1 < Bo <... < Bn} pu yMeHbIeHUH 
. cos By cos Bn 
3HaueHHit (6, BbIpaxeHHe ——— +... + ——— yBeuIMUMTCA, NOITOMY 
sin a4 sin An 
Q,+...t¢a,=61+...+ Bn. Tora 
sinf1 _ sin Bn 
sina: °° sinadn 
(cm. cryuait n = 2), cleqOBaTeJIbHO, COracHo JIemMMe Q1 = [9,...,Qn = 


= 6,. 3afaya pemiena. 


3AQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


Jloxa3arb ciesyrouue HepaBeHctBa (1-18). 
a a a a a an— a a 
1. (@-S)+(S-S)4...4(% -%) < fn _ Mine 
a1 a2 a2 a3 Aan—-1 an a1 an 
O< ay Sag... < Gn. 


2. (1+a1)(1+a2)...(1+@n) > 1+ait+...+@n, rae ai,...,an > 
>-2 W aj,...,Q@, OMHOFO 3Haka. 


8. C < D< 2C, me C = (a,— 61) +... + (an — bn)’, D = 
= (a, — bn) +...4+ (a2 — bn) +..-+(an — bn)”, Og = 


112 $7. IIpumenenue Memoda MamemamuxecKot, undOyKUuUU 
4, t/n > ™H/n +1, roe n> 3, neEN. 
1 kok? 
5. (144) <1+- _ 2) Tae KS n, nN, EN. 
rg 2k 
1 — — — N. 
6 w+ > apt + Opi > o roe k € 
Tr 1 Tr 
7 a wie (1 (a1 +40) - Soa), roe 0 < ay < ag < 
1=1 1=1 
< An. 
8. G1 Fae Pe Fak | FF dn Gest FF Gn rie a, < 
k n n—k 


<ag<...< an, nN>k, n,keEN. 


2 2 2 2 2 
9. af —ag+...—Q5n +@dn41 > (Q1 — G2 +... — Gan + Gen4i), Tae 


a, > a2 >... > dani1 [0 (n=0,1,...). 


10. 41 + 4 (2 — 41) + £2 (43 — Bo) +... + 2n-1(4n — Ln-1) < 
(n—1)a%4+2a,+n-—1 


< 
2n 
11. 1-2%-3%-...-n"” > (2n)!, roe n>5, n EN. 
I I 2M )! 
12. (2mi)i | (2ms) J mn)! 9s. rye M1,™M2,.--,Mn € Zo U 
my! mo! Mn! 
My +mMe+...+My = 
1 1 1 n 
13. atb anon’ +t Gand ~ Vala tnby” rae a,b > 0 uu 
neN 
n—-1l 
14. ” =a <x 4, roe n2=2, neEN. 


1\* kk 2 
15. a) (1+—) <1+-— nt 52? THe Kin EN uw (k—1) <n; 


(1 )"(1e 2) «(14 ! y+ at) eneéeN 
n An n+1 A(n + 1) » tae 


nr 
16. S| |cos 2' | > —_, me ne€N. 


io v2 


sin 2a@ sin na 


17. a) sina + >0, rae nENu OS aK<gT; 


cos 2a cos Na 


+... + —— 2 —, rye nmeEeN. 


6) cosa + 
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D1 L 2 Ln L 2 L3 D1 
18. 4 24...4 7% > 74 324...44, me 0< 21 <a <... 
L2 L3 L1 L1 L1 Ln 
<n, n> 2. 
19. JIna moOoro HaTypasIbHoro n > 1 HaliTH MHHUMaJIbHOe 3HaUe- 
a1 — b1 an — b 
Hue C’, ecm HepaBeHcrBo ———— +...+———~ < C’ Bpmounaerca ju 
ai + by Gn + bn 
JHOObIX MOJIOARUTCIbHbIX UMCEI A1,..., An, 01,...,6n, YHOBMCTBOPAIOMIUX 


paBeHCTBy a; +...+4@, = 6, +...4+ 0p. 


8 H.M. Cegpaxan, A.M. Apoau 


§8. O ITPAMEHEHWMM OAHOTO HEPABEHCTBA 


PaccmMoTpuM cyleszyromjve IpuMeppl. 


IlIpumep 8.1. Jloka3aTb FBOMHOe HEPpaBeHCTBO 


ee re ee 
at+b+c+d~at+b ate at+d = b+c b+d = c+d~ 
Bhi y1 1) 
~Ala 6b e d/’ 
roe a>O0, 6>0, c>0, d>0. 
Jloka3satTesbcTBo. HerpyazHo yOesquTbca, UTO 
1 1 4 
—+4+-— ; (8.1) 


rye zx >O0, y> 0. 
IIpumenaa HeckOJIbKO pa3 HepaBeHcTsBo (8.1), momy4uuM 


(PDN ED Gala do 
a bcd)  \a_6b a cs) °° \e dj = 


>4(— ++ : +o—+p5t+s) 
- a+b ate a+d Ob+e b+d ce+d/’ 


(2 2) (14 1) (1 1), 
a+b c+d ate b+d a+d b+c/* a+b+ec+d 
Ilpumep 8.2 moxoxk Ha IpeazbIayuIMn. 


Ilpumep 8.2. Jloka3aTb HepaBeHCTBO 


1 4 1 4 1 S 9 
a+b b+e a+ec~ 2(a+b+ec)’ 


rye a,b,c > 0. 


Joka3aTeabcTBo. Oxa3bipaerca, UTO 


rye x,y >0 (yOequrecb camn). 
Ilostomy 
1 1 1 4 1 9 
> ——___ _ + —— > ——__.. 
a+b b+e ate7 atb+b+e ate” 2(a+b+e) 
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Jloka3aTeJIbCTBa ITUX JBYX IPMMepoB O4eHb MOXOXRKU Apyr Ha Apyra. 
Bo3HuKaeT MbICJIb: BO3MO?2KHO JIM, UTO CIIpaBe JIMBO HepaBeHCTBO 


ay ay (a1 + a2)” 


by bo ~ bi + bo ’ (8.3) 


rye b,,b2 > 0? 
Hepasexctso (8.3) Jlerko mpuBosuTCA K HepaBeHCTBY Bua 


2 2 
aj be az by 


by bo 


> 20142, 


a1 a2 
KOTOpOoe OYEBUAHO (npuew PaBeHCTBO UMEeeT MECTO IIPU b, = *). 
1 2 


Tenepb He lpeycTaBsiaeT Tpya JOKa3aTb MeTOJIOM MaTeMaTu4ecKol 
WHAyKuuU OOObmjeHHe HepaBeHctTsa (8.3) 
2 


2 2 2 
a a An a, taoa+...+4n 
Mm) Oy any (tae Fe Fan) 


by by bn bj +bo+...+bn ’ (8.4) 
roe 6; >O0 (i=1, 2,..., n). 
S3ameuaunre. B nepapenctse (8.4) paBeHcTBO UMeeT MECTO Torga 
al a2 an 


TOJIbKO TOrya, Korga — = — =... = —. 
by be bn 

Ilosyunsi0cb O4Y€Hb KpacuBoe HepaBeHCTBO. OWHaKO OKa3bIBaeTCA, UTO 

9TO OHA “3 CbopMmM 3anmvcw HepaBeHcTBa Komwim—byHakosckoro. Jleicrsu- 


TCJIbHO, IPOW3Be A 3aMeHy XL; = —— 4H yj; = 1/6;, NOMy4uM HEpaBeHCTBO 


Kommm—byHaAKOBCKOrO vb: 
(ar +ar+...t+ a7) (yr tyz+...ty2) > (aig t+... + 2nyn)’. 


Oxa3bIBaeTca, UTO IPH peleHHM HEKOTOPbIxX HepaBeHCTB cbopma 3allucu 
(8.4) 6onee yno6ua. 


Ilonpo6yem nonyuutTh Gonee o6ujee HepaBeHcTBO. GanumiemM a? Kak 
TIpOM“3BeAeHHe JBYX MHOXKUTEVeH. 
Jloka3biBad TMOJlyueHHOe HepaBeHCTBO TIpH n = 2, WOJYYMM HOBbIe 
yCIOBMA. OKa3biBaeTCA, UTO Ip BbITIOJIHeCHHM yCOBui 
ay a2 An by bo bn 
—2—-2..-27, 272... 2 
C1 C2 Cn C1 C2 Cn 
ai b; 
MO2KHO rOBOPUTb, YTO — HM — UMEWT OJMHAKOBYIO yNOPAJOUCHHOCTb 
Ci Ci 
ul 


c; > 0 (4 = 1, 2,...,n) 


ClIpaBe JIMBO CIeyIOWIee HEPaBeHCTBO: 


> aii > = : it (8.5) 


8* 
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Korga a; = 6;, HepapencTso (8.5) cBogquTca HepapeHcTBy (8.4). 
JIna oKka3arepcrBa HepaBeHcrra (8.5) Ham HeOoOxonuM culesyrouluit 
cbakT: ecm 


al a2 an 
azar an (c, > 0, 1=1, 2, , 1), 
TO 
ai +...Qz > an 
ci +...+ Cr Cn 
ia Bcex 3HayeHHit k = 1,2,...,n (cm. yup. 1.11). 


Jloxaxkem HepapeHcTBo (8.5) MeTOoyJOM MaTeMaTuYeckoi MHAyKIWH 
mo nm. Korga n= 2, umMeemM HeEepaBeHCTBO 


ab, 4 a2 be S (a1 + a2) (bi + b2) 


C1 Co 7 Ci + C2 
WJM 
(a1C2 — a2C1) (b1c2 — bec1) > 0, 
KOTOpoe NOyuaeTca U3 yCIOBUn — > — —2—. 
C1 C2 C1 C2 


Ilycrp (8.5) cnpaBegimBo B cryyae n = k. Umeem 


ab, 4 a2be rt andr 4 Arn410K41 > 
C1 C2 Ck Ck+1 
(a1 +...+ an) (bi+... +64) | Gh410K41 
2 CO $F 
cy +...+CrE Ck+1 


U3 Bbiuleyka3aHHOro cbaktTa HM BbINOJIHCHHA He€paBeHCTBAa, MOJyYeHHOrO 
pH n= 2, cuelyet, uTo 


(a1 + a2 +... + an) (Or + bot... + bu) | aati b et 
Cy +Co+...+Cr Ck4+1 
~ (ay +... + Ge41) (b1 +... + be 41) 
~~ e 
C1 +... + Ck4+i1 


2 


AHaJIOrM4HO MOXKHO JJOKA3aTb, 4TO eCJIM — uv “* UMEIOT IIPOTHBOTIOJIO2%K- 

HbIe YHOPAJOYCHHOCTH, TO HepaBeHCTBe (8: ) MeHaeTCa SHAK HepaBeHCTBa: 
n n 

n ; Ss" ai>— b; 

Soe SL, (8.5) 


i=l S Ci 
i=1 
SameuadHne. IIlpu BpemmonmHeHuu ycnoBHii a, > ag >... > An, 
b, >be >... 2>bn un O< cy Seog <... < Cy CupaBeaMBbI ycuoBMA 


HepaBeHctsa (8.5) u, CleOBaTeIbHO, ITO HepaBeHCTBO CIIpaBe JIMBO. 
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M3 Hepapeucts (8.4) u (8.5) nomyuarorca ciepyroljue “3BeCTHbIe Hepa- 
BeHCTBA: 


n 2 
1 n 
2 a «6TWe ce > O (4G = 1,2,...,n), 
1=1 ‘ Ci 
w=1 1 1 n 2 
2 
nD i 2 (oa) (8.6) 
1=1 1=1 
nm 1 nm nm 
me aj Sag >...>an Wu 01 > bg >... > by (nepacencmeo Yeboiweca). 


Oxa3piBaeTca, 4TO HepapeHcTBO (8.5) aBiIaeTCA HekOTOpoH cbopmoii 
3alIMCH KJIaCCH4eCKOrO HEpaBeHCTBA. 


Ilocne 3ameHpl a; = ¢52;, 6; = ciy;, Pi = = OHO IIPHBOAMTCA K 


de 
i=1 
OJHOMY M3 BapHaHTOB 3allIucuw HepaBeHcTBa UeOpiieBa; ecm ©; UY; 
nm 


UMeIOT OJIMHAKOBbIe YIOPAJOUeCHHOCTH, ) P,; = 1, P; > 0, To gana 
Tr 


i=1 
cpegHux Mz = ) z,P; wmeer mecto Hepapenctpo Ma- My < M (xy). 
i=1 
Ilonyunsocb, 4TO HepaBeHcTBO KowimM—byHAKOBCKOrO ABJIA€TCA UaCT- 
HbIM CJIyuaeM HepaBeHcTBa Uebprilesa. 


YMPAMHEHUA 


J/loxa3aTb HepaBeHctTsBa 8.1—8.8. 


L LQ L3 3 
el. —— 4+ — 4+ —— co - 
8 mo +a3 ' @y+a1) v1 +a, 7 2? rae 11, 02,03 > 0 
a b Cc d 
we —. ——_ >? . 
8 bic tcad? dtatanh 72 Me 4,6,¢,4>0 
L1 L2 Ln—-1 Ln 
.o. + — — ++... + ——_ 4+ A — 22 >A 
8.3 potas vata +o, +fn 2) 1+ an 7 » THE NZ 
WM £1,22,...,2n > 0. 
3 3 3 
a b Cc at+bc+e 
8.4. ——_——; + = st EOS SS ——__."z rave. a, 
a” + ab +b? b7 4 be + C+eata ~ 3 a 7 
c>0 
8.5. “ “ on > rye p — nepumerp 


p — 2a1 + 5 2as TT Toa ~ n—2?’ 
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MHOPOYPOJIbHHKa CO CTOPOHaMH 1, 42,..-,@4n (n > 3). 
1 1 1 3 
8.6. ———_ + ~—_ + . —__ > ©, me abe = 1 b 
a’(b+c) Ob (atc) c* (a+b) g7 fae Gee so 
c> 0. 
8.7. 8(2° +y° + 23)" > O(x* + yz) (y? +22z)(z*+2y), rhe 2, y, 
z>0 


rye OS ay S ag<...< an, OX 
. K<en,...-,0<d1 <da<...<dp. 


8.9. PaccmaTrpuBaeTca MOCIe€IOBaTeJIbHOCTb C MOJIOAKUTeCIbHbIMM UZJIe- 
Hamu (x), roe l= a 24%, >%.>...2> 4, >... Joxaxute, 4ro 
cyllecTByeT Takoe n, 4TO Aa mHO6O% Tako MocIesOBaTebHOCTU (Lz) 


2 2 2 
Fo, Ft 4 4 Sn-1 5 3 999. 
L1 “2 In 


8.10. M3 pHyrpeHHeit rouku M 3aganHHoro TpeyrombHuka ABC' mpo- 
BeJeHbI MepneHaAuKylapbl MA,, MB,, MC, xupampim BC, CA u AB 


COOTBETCTBeHHO. Ja KakOM BHYTpeHHeli TOUKUH M tTpeyrombHuka ABC 


BbI Pa»KeHHe BO + CA + AB IIPHHUMaeT HAaMMeHbIUIee 3HAUeEHHe? 
P MA,’ MB, Mc, “P 


8.11. Ilycrh G — Touka nepeceyeHua MeqMaH TpeyrouibHuka A; A» Az, 
a C' — O0Kpy2KHOCTb, ONMCaHHad OKOJIO TpeyroubHuKa A,A2A3. IIpampie 
GA,, GAzg u GAs: mepecekatoT BTOpol pa3 OKpy2KHOCTb C' B TOUKaXx 
B,, By u Bs coorsercrBeHuo. JloKaxKute, 4TO 


GA,+GA2+ GA3 < GB, + GB,+ GBs. 


8.12. JlokaxuTe HepaBeHCTBO 


2 
a1 — a+ + A2k-1 — G2k 
aj; +@o+.. + ao, — 2k? 0/0109. gy > We nF taka tak) 


2 (a1 +a2+...+ a2x) 
roe KEN w ay, a2,..., Gaz > O. 


8.13. JlokaxxuTe, 4TO 


n n—1 
Q1Q2 + \/ajagt+...+ n—14n <5 S (aj tag+...+4n), 


—n-l. 


e 2, tae > 
rye n> Q1, Aan 20 u laa laa 
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PELUEHWUA 
a 
8.1. B noxo»kux mpuMepax uacTo ObiBaeT yOOHO BMeCTO , Hanucarh 
2 
°_ To ectp 
ab 
“1 X2 £3 vi 
v2 + £3 v3 + v1 v1 + £2 x1 (x2 + 23) 
v5 v3 Ss (a1 + v2 +23)? S 3 


to(eg3t+a1) 23(t1+%2) ~ 2(a1%2+H2"3+ 4321) ~ 2 


(3eCb MbI BOCIOIb3OBaJIMCb HEPaBCHCTBOM 21% + %o%3 4+ 2321 < 274+ 


+ ©} + 23). 
8.2. Mmeem 


2 2 2 2 
a a > 
a(b+c) b6(c+d) c(d+a) d(a+b) ~ 
2 
> — (at btetd > 2. 
ab+2ac+ad+ be+ 2bd+ cd 


Jina oka3aTeJIbcCTBa TMOCIeHeErO HepaBeHCTBa JOCTATOUHO PaCKDPbITb 


ckoOKu B BBIpaxxenuu (a + b+c¢+d)” uw BOcTOMb30BaTBCA HepaBeHcTBaMN 
a* +c? > 2ac, 6b? + d? > 2bd. 


8.3. Mmeem 
x} x5 Lin 
ai(t2t+an) 22(@3+21) 9" + in (t1+2n-1) ~ 
(a1 +a2+...+ ap)? _ 
~ Q(aito + Ho%g+...4+%n-1%¥n+4%n%1) 9 


Korga n> 4, umeem A, > 2 (cm. pemenue ymp. 7.6). 


8.4. Bocnomb30BaBiiuch HepaBeHcTBom (8.4), Tomy4uuM 


A A A 
a > 
a® + a*b+ ab’ b° + b°e+ be? e+ catca ~ 
(a? +b? 4.02)" a+b+e 


~ (a+b+e) (a? +b? +c’) ~ 3 


a+b+c)’ 
(3aecb ObIIO HCTOMb30BaHO HepaBeHcTBo a* + b? + c* > ayeto" 


T. e. 
HepaBeHcTso (8.6) npu n= 3). 

8.5. be3 HapyuieHuaA OOWIHOCTH MOXKHO HpeAMONORKUTb, YTO a, > 
> ag 2... 2 4n; Torgaa 0 < p— 2a, < p-— 2a. <... < p— 2ay. 
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YuuTpipad 3amMeuaHud K HepaBeHcTBy (8.5), nomyuuM 


ai-1 ag-1 Gn-1 (ay tag+...+an)n n 
toot > Ae ee en 
p—2a, p— 2ae p — 2an np —2(a1 +a2+...+ an) n—2 
8.6. Mmeem 
1\" ri 
b S a 6 @ _ 
abso t b(at+c) | c(a+b) ~ 2(ab+be+ac) 
_abtbetac . 3i/a?bc? _ 3 
7 2 — 2 — 2° 
8.7. Vimeem 
9 9 9 ety +27 +aytyzt+az ° 
(x? + yz) (y2 +22) (22 +ay) < (SPU te tates e) - 
2702, ,2, 22 ° 
< 3 (a +y* + 2°) (8.8) 


C apyroi cropoHbi, cormacHo HepaBeHcTBy (8.4) 


ety? 4+ 2° 7 et y" 


+—,*,—; + 
ety? +27 a (a + y? + 27) y (a? + y? + 27) 


x4 ety? +27 ety? +27 
+3 Lh 2 payee ZW 
z(@ +y +27) tty+z 3 


oTkya 
3 (a2 + y? +23) > (x? + y? +22) 
V3 (8.8) u (8.9) nomyuaem 
8 
(2? + yz) (y? +z) (22 +ay) < 5 (ae +y8 + 28) 


8.8. Bocnomb30BaBLUIMCb HepaBeHCTBOM UeOdpilmieBa, NOJly4uuM 
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8.9. Bocnomb30BaBIMcb HepaBeHcTBom (8.4), nomy4uuM 


wo ti tna y (tober. tna)? 
7 > 


v1 L2 Ln Li1+ta+...+2n 
/loka2xkeM, 4UTO CYLIe€CTByeT HaTypaJIbHOe UMCIIO Ng Takoe, YTO IpH n > 
>ngo Ky = 3,999. 


JleiicTBUTeJIbHO, 


— K,,. 


(ap tay t+... +an_1)° — 3,999 (21 + 22+...+4n) = 
= (1—(a, + 22+...+4@n—1))” +0,001 (x1 +22 +...+ an 1) — 
— 3,9992, > 0,001(n — 1) ap — 3,999, > 0, 


3,999 
0,001 


Korga n > +1. Takum 06pa30M, No MO2KHO IIPHHATb paBHbIM 4000. 


8.10. IIpeoOpa30paB BbIparxKeHve UM UMCHOIb3ya HepaBeHcTBo (8.4), m0- 
Jty 4UM 


BC’ CA* AB? 
Sana FAT tS 2 
BC .MA, CA-MB, AB-MC, 
5 (BC +CA+AB) 4 ip 
“~ BC-MA,+CA-MB,+AB-MC, 2S 
Cu1eqoBaTeJIbHO, HAMMeHbIee 3HAYCHHE BbIPAXKeCHHA BC, CA AB 
PORE ILS) P MA,’ MB, MC, 
, 2p BC | CA _ AB 
yet paBHO ~~, Kora Bo aga. = GA. MB, = AB. MG,’ ™& Koraa 
MA, = MB, = MC); 3Hauut, M apasaetca WeHTpOM OKPy?KHOCTH, 


BIMCaHHOH B TpeyrombHuk ABC. 


8.11. O6o3sHa4um yepe3s A}, AZ, AZ UM a1, G2, 23 CepeAMHbI UM JJIMHBI 
cTopoH A2A3, A; A3, A; A2 COOTBeTCTBEHHO. 


Ilycrb ay < ag < a3; HeETPyMHO JOKa3aTb, uTO GA3 < GAo < GA}. 
3 1 GA ‘ 
MUmeem 5 GA,:-B A= rae orkyga GB, = ae “1 


2 6GA1 
Takum o6pa30m, ocTaeTcda JOKa3aTb, UTO 


2 2 2 
ay a2 a3 


3GAi 3GA2 3GAz3 


Bocnoub30BaBIlIMCb HepaBeHCTBOM (8.5), MouyauM 


> GA,+GA2+ GAs. 


at a5 a3 ajtajt+a3  — 3(GA{+GA$+ GA}) 
3G A 3G Ao 3G A3 — GA, + GAo + GAs GA, + GA2 + GAs: — 
> GA, + GA2,+ GAs. 


8.12. CormacHo HepaBeHcTBy yup. 2.1 umeem 


a1A2+ Va1ao+ Vazgag+ Vagaqgt...+ VW ao~n-142kn + V A2k-142k 2 
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= 2k aN, a1a2...Qa2k; 


CIC TOBATeCJIbHO, 


or Fag bes F aan 28 Viana dak > (Van ~ / a2) )n + 
(a4 (a1 — a2)” ee a 
(\/@2ar—-1 — V Gar) yz. 
~ (Jar + Vas)” 


Q2k—1 + Gon) 
2 


> (a1 — a2) oo (Q2k-1 —_ Gon)” 
2 (a1 + a2) 2 (dor—1 + G2) 
Terepb, UcloIb3ya HepaBeHcTso (8.4), moswy4uM 
(a1 — a2)” (@2k-1 — Gaon)” (@1 — G2 +...+Gar-1 - Gaon)” 
att fp OE > 
2 (ai + a2) 2 (G2k—1 + Gok) 2(a1 +a2+...+ a2z) 


‘Takum o6pa3om, 
(a1 —Qg+...+ G2k-1 — G2K)” 
a a dor. — 2k *h/a1 42... 02% > — 9(a,taot...tan) ~ 
ptagt+...+ arr 1 a2 2k 2 2 (a1 +a2+...+ ax) 


8.13. Mmeem 


1 1 n° 


aj) +...+(1+ an)’ 


n—-l= 


3amMeTuM, 4TO 


a1 An (Vai+...+ /an)* 
+...4 > YS vee 
1l+ay4 1+ dan nmtazyt...+tan 


nN 
CJI€ JOBATeJIbHO, 3" 


y) 


nm 
CJIEOBATeJIbHO, 5 = ajyag + ,fajag+...+ /an_1Q4n. 


3AQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


/loxa3aTb HepaBeHctTBa 1-19. 
nr 2 nr 
a; __ - 
1. Do ast ai = d% rHEe An4+1 = a1, Ai > 0 (2 = 1,2,...,n). 
— — 


‘ 1\? _ (n? +41) 
2. ) (ai + —) > ————, roe 41 + %+...+2%,=1, x4 > 0 
x n 


(¢=1, 2,...,n) 
2 2 2 2 2 2 3 3 3 
ai +b b“ +e a +e a b 6 
. < < —+ — 4+ — 
- ato+es 2c 2a 2b be ac ab? rae a, 6, 
Cc 
a,b, a2zbe nbn 


ats aat+be ~~ — — antbn 
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< (a1 +...+4n) (61 +...+6n) 
~ (ai t...+an) + (b1 +... +6n)’ 


rye aj,b; >0 (¢=1, 2,..., n); 
6) a1 + 61 Gn + bn 
ai + 6b; + aaib; — Gn + bn + aanbn a 3 


> 
“~ a(ait...+@n)+2n  a(bit...+bn)+2n’ 


rye aj,b; >0 (¢=1, 2,...,n), a>0; 


n n 
n dud bs 
< a=1 t=1 


4,6; . 
») So ie a 3 0, 1 30 (= 
i=l \/ a7 + b? (> ) y 2 
7 ‘ ‘ Qi +( bs) 
i=1 i=1 
= 1,2,...,n); 
a, + 61 4 An + bn 
di+bi1tnaibr  — aGntbnt+nanbn 
n aj,+...+4n b,+...+ 6, 
Sp Sb eee Tm eT Vs 
+5 (“eee bo Rg) Bm 
roe aj,b; >0 (¢=1,2,...,n); 
2 
C1 Cn n° (ci +...+€n) 
et OE > AE en , by 
a) az: by T T An: On — (ay +...+4n) (61 + ... + bn)’ rae ai, Oi, 
Qi; aj b; =») Lo, 
— — — ———-j< Lae . 
c; > 0, (* oY (S c, <0, 1,7 € {1,2,...,n} 
L1 L 2 Ln—-1 Ln, n 
. — Lae ———_— == = 
5 motes | ta+04 Ln + £1 gi +a,7 270 ™ 5 MIM 
n=6, 4; >0 @=1, 2,...,n) 


2 2 2 
6. (4S )(14 2). (4) > (1+a1)(1+a2)...(1+4an), 
a2 a3 Qi 


1 1 1 
b a+b—-—e bt+c-a at+e-— 06’ 
CTOPOHbI HEKOTOPOrO TpeyrOJIbHuKa. 


7 ++14+< 
a C 


a 6 Cc d 2 

8._ + —__ _ + ——_—_ ————- 2 oc, 

6+ 2c+ 3d c+2d+3a d+2a+36 a+ 26+ 3c 3 
a,b,c,d > 0. 
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L 4 1=1 
9 > ~—_,, rne ¢; > 0 (1 = 1, in) u Soa, =1, 
wl 1 x; 7 zl 
n>1 
vy x5 
10... __ +-_ NS OS 
l+a2+a3+...+an 1+ai+a3+...ban 
4 re 4 


Se t-  —_ © ——., 
ltajptarmet...+2n-1 3n — 2 
rye £1,%2,...,%2n >O MW 414+ %.4+...4+ 2%, = 2, n= 2. 


Wd. oP +aoh t+... +a > a t+aet... +a, me k EN u 
£10Q...Ln = 1; 4, >0 “= 1, 2,..., n). 


12. fay + Vagt...+ Van < ay taot+...+4n, roe a; > 0 
({=1,2,...,n) uw ayag...a, =1 


(a+ y)z Az 


13. a << —___ 
(a+ y)? + 2° ~ Ag+ 3a + 3y’ 


rye £,y,z > 0; 


6) (b+c-—a) (c+a-—b)° (a+b—c) s 3 
(b+c) +a (c+a)?+0? (a+b)? +e? ~ 38’ 
“Ly “2 Ln 
14, ——— 4+ > 1+... 4 OO 2 
Vtitr Vx2 Vt2+ V x3 Vint V1 
1 
2 5(Vtt--- + Ln), 


rie £1,42,-.--,%n > 0, nZ3. 


(a1 +...+4n)? a4 a2 4 ain 
2(aj+...+a%) ~ a2 + az aa+a4  at+ae 


Q2,..-,A4n >0, nZ= 3. 


15. 


2? + y° yo +2 Pig 
rept yp | ytypete| 4a te 
z>O un rcyz=1. 


16. 


_ y z 3 2 2 2 
17. < —_, e @& z+— 1. 
14+ 2’ 1+y? 1+ 2? A ry +Yy + 
a y” 3 3 
18. oor a we > “ 
(@+y)Q+z) G+a)(l+z) O+yG+a) 7 4 rHe L,Y; 


z>O un rcyz=1. 


a® b° °° a? + 67+ ¢? 


19. bide chda’ air. 3 


, rue a,b,c > 0. 
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20. Hattru HaumMenHpilee 3HadeHHe BbIPAxKeHHA 


ee 
totagt...+@n titagt...¢8n — #1 t+ h2+...+8n-1’ 
me n>3 Mu @,...,@, >0, e7t+...+ 22 =1. 
21. Jloxa3aTb, 4To 
2n 1 1 1 3n+1 
< I lt eee 
3n+1 ~n+1 n4+2~ + on S a+)’ 


roe n EN. 


§9. MCNOJIb3OBAHHE IPOM3BOJHONM WU MHTETPAJIA 


Ilycrb TpeOyeTca TOKa3aTb HEpaBeHCTBO 


f(a) 2 g(z) (9.1) 
BuHTeppase [a,b] = 7 unau [a,t+too)=J, rae dyxukuuu f(x) u g(x) 
OlpeeeHbI HM HEMpepbIBHB! B OOslacTu I. 


Teopema 9.1. Kcau dynxuuu f(x) u g(x) duddepenuupyemoi 6 
obaacmu I, f(a) > g(a) ue obsacmu I h'(x) > 0, 2de h(x) = f(a) - 
— g(x), moe I umeem mecmo nepaeencmeo (9.1). 

Jloxa3sateapcerso. Ecau B o6sactu I h'(x) > 0, To dyHKuna 
h(x) Bato oOmacTu He yOprBaeT u, CIeqOBaTembHO, h(x) > h(a) Bkaxyoi 
Touke x oosactu J, ve. f(x) — g(x) > f(a) — g(a) > 0, orxyza 
f(x) > g(2). 

SameuauHue. Ecuunsoosacru I h'(xz) >0 (4 4a), ronna cel 


uxz>a f(x)> g(x). 


IIpumep 9.1. Jloxa3arp Hepapencrso 271! > x42, xorga x > 1. 

JJoka3areabcrTso. Paccmorpum cbyxkunwo h(x) = 2*+'- 2-2 
Boosactu [1, +00). 

VUmeem h(1) = 1 u h’(x) = 2%*1 In 2-1. Oynkuna y = 2” Bospacraer 
Boosacru [1,+00), Torga na )>4In2-1>0. 

Cnegosaresbxo, Korga x > 1, umeem h(x) > A(1), unu 27t! > +3, 
nostomy 27+! > #42. 

Ilpumep 9.2. /Jloka3aTb HepaBeHCTBO 

kok 


D(X men) >° 


n=1 m= 


Jloka3aTeabcrTsBo. PaccmoTpum dyHKIHI0 
k ko» n 
L Am.ct a 
ha) = (a) 
m+n 
n=1 m=1 


BoOsactu [0,+00). Umeem 


th'(x y= 30 (Soe Am na”) = (way +++ + a%ax)? > 0, 


n=1 m=l1 


Ce HOBaTebHO, Aid xc > 0 h’'(x#) > 0, nosromy h(1) > h(0) = 0, ke. 
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Teopema 9.2. Ecau f(b) > g(b) ue6obsacmu I h'(x) < 0 (h(x) = 
= f(x) -—g(x)), moe I umeem mecmo nepasencmeo (9.1), 2de I = |a, b] 
unu I = (—oo,b 

Jloxa3sateapecrso. Ecau B o6sactu I h'(a) < 0, To dyHKuua 
h(a) B TOM OOacTH He BO3pacTaeT UM IpHHUMaeT CBOe HAaMMeHbIee 3Ha- 
yueHue B TOuKe x = b. Ho h(b) > 0, caegoBarenbuo, Ana m060r0 x 
u3 I h(x) > 0. 

To ecrb B oOmacru I f(x) — g(x) > 0, usnu, 4TO TO »*e CaMmoe, 
f(x) > g(2). 

Teopema 9.3. Ecau dra atobo2z0 x us obn2acmu I umeem mecmo 
nepasencmeo (9.1), mo umMeem mecmo maxosice HEepacencm6eo 


f(t)dt > fait) dt, (9.2) 


2de I =([a,b] uau I =l[a,+ oo). 

Jokxa3saTreabctT so. EKcum umeer MecTo HepaBeHCTBO Ss 1), TO uMe- 
eT MecTO uM HepaBeucTBO F(z) > G’(ax), rage F’(x) = f(x), G(x) = g(a) 
u F(a) = G(a) =0. 

Orciofa ciefyet, UTO Tak2ke UMeeT MecTO HepaBeHcTBO F'(x) > G(2), 


oTKyfa, upuHumaa F(z) = [r@) dt, G(x) = | e(t) dt, moszyuumM 
HepaBeHCcTBo (9.2). 


Ilpumep 9.3. /Jloka3aTb HepaBeHCTBO 


In(2sinz) > s(n —2)- _ , 


72 
Korma a € (7 5): 
A 6° 2 


TT 
Jloka3aTeuabctTBoO. PaccMoTpumM HepaBeHCTBO ctgx > ao; 
CIIpaBeJJIMBOCTb KOTOPOrO CJIeyeT U3 U3BeECTHOrO HEpaBeHCTBa tga > @ 


T . T 
O<a<g c 3aMeHOM Qa Ha aX): 
Unrerpupya paccMaTpuBaemMoe HepaBeHCTBO, MOJIly4uuM 


4 6 


| ctgtdt > | (5-1) dt, 


n /6 n/6 
OTK a In(sinw) —In= > me — rl (ny us 
ye 2~ \9 2 2° 6 2\6) / 
1 5 5 
In(2 sin x) > 5 t(m—a)— som , 
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YMPAMHEHUA 


/loxa3aTb HepaBeHctsa 9.1—9.22. 


9.1. 3a°+7b° > 9ab*, roe a,b > 0. 


9.2. 2°-!(2" + y") > (x+y)", roe z,y>0, nEN: 


2 3 
r , r 
a) cosz 21-5 6) sing >4—- 3; 
a” x a” x” 
B) cosa 21-3 + 7 r) sing 2a — +e; 


rye « > 0 (ucnomb3yiiTe cipaBeyIMBOe HepaBeHCTBO sina < 2). 


9.4. 2—sing <1—cosx < #,/2-sinz, rie O<a< 
9.5. tgxr+sing > 27, re 0O<a< = 
9.6 re 4 g2rtl 7 irr? 
2 3 2n+1 2n+2 ~ , ; 
4b 4b 
<Intl+a2)<¢- + > - 
roe x 20, nEeN 
on? 
9.7. In(cos x) < zy: tae O<aK< 


t 
9.9. tgx — S "<a, roe O<a< 


9.12. 
9.13. 


9.14. 


9.15. 


mia Mwla 


nm] > 


1 
(« + -] arcctgx >1, roe x > 0. 


1 1 


nail ’ond2 


+...4+ <In3, roe nm EN. 
on 


3COS & e sine 3 
1+ 2cos2z r 4—cos2x 


, rae 0<a<s. 


Pp sbt 1 1 
ab< Oo +, nye a,6,p,q > 0, ~+—-=1. 
P q P 

a® —b? — a” — Bb” 
>see a>b>d, p>n. 


aP + 6? a” +6”? 


(lt+at)/t_(1+at)/' <a, rye x >0, t>2. 


a 
* 
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9.16. ab < e* + b(Inb—1), rae 651 


(nay a —1 
9.17. (2+ Inz< =? bHe x >i. 


9.18. 28% 4 9057 > 3 re O< a < = 
n*tt 


9.19. kal 


<1*¥4+2F4.. 4nk< (1+—) 


9.20. a) @ <n!, roe neEN; 
n Tr 
6) ni<n(=) , me n> 7, NEN. 
9.21. (a® + b°)1/% > (a® + bF)'/8, re a,b >0, O<a< 8B. 
a\° b\° 
< (<) (5) , roe a,b,c,d > 0. 
Cc d 


1 1 


1 
Ba Be B08 


a+b 


9.22. (< + *) 


c+d 


9.23. Bprancaure westyio uacTb 4ucuia 


9.24. JlokaxaxuTe HepaBeHCTBO 


1 
= +o t+ 


32 4/3" (ntiyVvn 


< 2, 


roe nEeN, nZ 2. 
9.25. JlokasaxuTe HepaBeHCTBO bepHyJIn: 
a)(1+a2)* >l+ag, eam a>1, ¢>-1, «£0; 
6) (1+2)°<l+aa, eam 0<a<1, ¢>-1, c¢ #0. 


9.26. Ilycrp f(x) = aysinv+agsin2x+...+a,sinnz, roe ayj,... 
... Qn — AeHCTBUTeIbHbIe 4NCIa, aA MN — HaTypasbHOoe unc0. U3Becruo, 
uro |f(x)| < |sinz| gaa Bcex deiicrBuTembHbIx Uncen x. JloKaxKuTe, 4TO 
Jay + 2ag+...+na,| < 1. 


J/loxa>kutTe HepaBeHcTBa 9.27—9.32. 


9.27. 22 >(14+2)In*(1+<2), rye «> -1. 


9.28. nt/n +1 < Wn, re n>3, nEN. 


9.29. a,b} + a9b5 +... +a,6% > az,t...+4@n, Trae a;,b; > O, 


t4=1,2,...,n, bf'...b¢ =1, «a >0. 
9.30. x > a( 2 ) , roe — <2, a>QO. 
a+1 a 


9 H.M. Cegpaxan, A.M. ABosau 
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a a 1/a B B p 1/8 
9.31. (tat tan) > (S4e— =) rae ay, 
A2,---,4n >0, a2 B, a, BP #0. 


9.32. a) Jab <9 are rye a,b>0, a¥#b; 


Ina —Inb 2 
2x x(a + 2) 
6) 5 < Ina +1) < gay ay? Me x > 0; 
B) Ina s roe c >0, cF1; 


x—1 < Jr 
22+1 


2 
r) so <In(1 + = -)< 2Qa(x +1)’ rye x > 0; 


a) |x —y| < [Ina —Iny|, roe O< zy <1; 


1 Ina — | 
e) Inz ———#, rae O< y <a; 


2x) In (1+ =) < Bee, roe z,y>Ou e+yK<il. 


9.33. a) Jlokaxxure HepapencrBo 1 — x + — — —+...4+ 
roe k EN. 
6) Jloxaxure, uro ecm MHOrouseH n-i creneHu P(x) HeorputjaTeseH 


pu s060M 3HayeHuu x, TO P(x) + P'(x)+ P"(x)+...+ P(x) >0 


IIDW BCe€xX 3HAYVCHUAX WL. 


9.34. Jlokaxutre HepapeHcTBo a” — b" +c" > (a—6b+c)", rae aS 
SbSec lO nu rel. 


PELUEHUA 


9.1. Paccmorpum dyxuKunio h(a) = 3a° + 76° — 9ab? B obOnacTn 
(0, +00c). Becmyyae b> 0 
h(0) = 76° > 0, h'(a) = 9a? — 9b? = 9(a — b)(a +b). 


@Myukuua h(a) BoOsacru [0,6] yOpraet, a B [b,+00) Bo3pacraeT, u 
Tak Kak h(b) = 36° + 7b? — 9b? = b° > 0, To h(a) > 0 B o6sacru 
[(0, +00), ciegqoBparesmbHO, 3a° + 7b° > 9ab?. Bcsyuae b=0 ouesugno, 
yto 3a? + 7b? > 9ab?. 


9.2. Paccmorpum cdynxunio hA(y) = 2?~-'(2@"% + yy") —(x4+y)” B 
o6acru |[0,-+00). Mmeem 


h'(y) _ n2r—tynt _ n(x 4 y)—* _ n((2y)"—" _ (x 4 y)”—*); 
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h'(y)=0, eom y=a2, hA’(y)<0 opu O<y<a u A'(y)>O0 upu 
y > x. Oro o3Hayaet uto Ha [0,2] A(y) yOnrBaet, a Ha [ax, +00) 
Bo3pactTaeT, u TaK kak h(xz) = 0, ToBooOmacru [0,+00) h(y) > 0, Te. 
2a" + yl) > (a+ y)" 
9.3. a) Bocnomb3yemca HepaBeHCTBOM sin x < x, MHTerpupysA KOTOpoOe, 
L 


x 2 


x t? 
OJLY 4M [sine dt < | tae uu —cost £7 , Te. —cosz +1 < > 
, , 0 0 
WJIM oe 
cosa 21— >. (9.3) 


6) Cormacuo Teopeme 9.3 aa HepaBeHctsBa (9.3) umMeem 


| cost dt > | (1 - >| dt, 
0 


0 


OTKya cilesyeT CUpaBe/JIMBOCTh JAHHOrO HepaBeHCTBa. 
B) U3 HepaBexctpa 6) cormacHo Teopeme 9.3 MorxKeM HallucaTh 


4 6 


| sint dt > | (+ - 5) dt. 


0 0 
OTKya MU MOyuaercaA JAaHHOe HepaBeHCTBO. 
r) Jjoka3aTesbcTBO Hosy4aerca U3 1. B) M Teopemp! 9.3. 


9.4. OueHuM pa3sHocTb sinx —cosx. YunTpipad, uro sinxz +cosx2 = 
, 7 T 
= \/2sin x + q)}> HeTPYAHO 3aMeTHTb, ITO B Cilydae O<ca“K > "Me 


€T MeCTO HepaBeHcTBO 1 < sing +cosz% < /2, UHTerpupyA KOTOPOCE, 
NOJTy YUM 


xv xv xv 

[1 dt < | (cost +sint) dt <| V2 at, 

0 0 0 
oTKyJa HW nonlyuaem © < sing —cosx+1< 2@1/2. 


9.5. CormacHo HepapeuctBy (3.2) umeem 


1 1 1 
cos © + —5— 2 24/ cosx —,— = 2 > 2, 
COS & COS @& COS & 


a COrIacHO TeopeMe 9.3 UMeeT MECTO TAK2KE HEPaBeHCTBO 
xv 


| (cost + . ) at >| 2at, 
cos “ft ; 
0 


OTKya NOyuaeTCA JaHHOe HeEpaBeHCTBO. 


Q* 
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9.6. CHauasa n0Ka2keM, 4TO 


1 


<1- ef 07", (9. 
ine <1 L+2 +a°", (9.4) 


2 2 Intl 
l-atae—... ta" -— eT < 


roe «© > 0. 
Bocnoub30BaBIUNCb CopMy JON DJIA CyMMbI reoMerpuyueckol Mporpec- 
CMM, NOJTy4UMM 


= 2n+2 2n+1 
1-2 < 1 < 1+ 2 


—________ > 
l+ae ~l1l+ae™~* l14+2 ’ x20, 


umn 1—a?"t4<1<14 477"! 
M3 reopempi 9.3 u ABoiHOrO HepaBeHcTBa (9.3) Nouy4MM WaHHoe. 
2 / 

9.7. Ilockonpxy (In(cosa))’ = —tga, (-7] = —2Z, TO U3 Hepa- 
BeHCTBa —tgxr < —-2z (0 < a7 < >) Mu Teopempi 9.3 NOJIYYHM JaHHOe 
He€PaBeCHCTBO. 
xa(m — 2) 

2 

1 F 1 1 
0, a u dyHKuuio G(x) = F’(x2) = cosa +a — 5 B o61acTu 0, oI: 


9.8. Paccmotpum cdbyukuuio Fi(x2) = sing — B oOacTu 


Ilockonpky G’(x) > 0, ToBcmyyae x < _ umeem G(r) <G (=), MIM 


F'(a) = cosa +a — 4 <0, u tak kak z >0, To F(x) > F(0) = 0. 
xu(m — 2) 


5 = 0. 


‘TakuM oOpa30M, sin x — 
te” x T 
3B o6slacTu 0, 5) 


VUmeem f’(2) =1—(tgx)'+tg? x(tg x)’ = tg* x > 0, cnegzonarenpxo, 
3 


9.9. Paccmorpum dyuKkumro f(x) = x—-tg 2+ 


4 6 


f(z) > f(0)=0, ne. «x >tgar —- & 


9.10. Jloxaxxem, uTO B cryuae x > 0 umeem arcctg x > 


l+a7" 
Paccmotpum dyxKumio f(x) = arcctg x — ne BoOsactu (0, +00); 
x 
f(x) =- . 2 Jor = __*_. <0, 3HauutT, dbyHKuua f(x) 
1+2 (1+ 2°) (1+ 2°) 
BoOnactu (0,+00) yOprpaet, creyoBarembHo, f(x) > 0, lim f (x) =0. 
xv + 00 
9.11. MUmeem 
n+k n+k 
1 
| naktt< | ~ da, k=1, 2, , 2n, 
n+k—-I1 n+k-1 


oTKy1a 
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n+l n+2 3n 
1 1 1 1 1 1 
n n+l 3n—1 
3n 
1 3n 
= | Fae Ine = In3. 
L n 


Tr 
Tv 
9.12. CHauaa qoKa2KeM, 4TO B CIyuae 0< & < 3 


sin 2 3cos x 


x 1+ 2cosz’ 
us 


uu upu 0<2< 5 


tex +2sinz > 3a. 
JleiticrBuTesbHO, paccmorpum dyHKuuro f(x) = tgx + 2sing — 3x. 


Torna f (0) = 0, u npon3BoqHasa dyHKuMN B OOsacTH (0, >) MOJ102KH- 


1 
TebHa. Tak Kak cosx # s—, TO CorjiacHo HepaBeHCTBy 43 yup. 2.1 
COS @& 
! 1 1 
f (a) = —>z +2cosa2 —- 3 = —; +cosx+cosz—3> 
COS @& COS @& 


[cos x + cos x 
cos 2 


CueqopatesbHo, dbyHkuua f(x) BoOnacTu 0, >) Bo3pactaetT, OTKy 1a 
f (a) > f (0). 


sin 
HepapeHcTBo 


T 
—_ Bp ooOsacTu (0, >) IKBUBAJICHTHO 
4—cos2 2 


HepaBeHcTBy 4sinz — sinxcosx < 32, JVJIA DOKa3aTeIbCTBa KOTOPOro 
paccmotpum dyHKumo F(x) = 4sinaz — sinxcosx — 3x B 3amaHHO; 
oosmactu. Tak Kak 


F'(x) = 4cos a — cos 2x — 3 = 4cos 2 — 2cos*x — 2 = —2(cosx — 1)? < 0 
TV 
(0 <w< ar 


TO B oOjacTu 0, >) dyHkuua F' (a) yOptpaet, cneqoparenbuo, F' (xz) < 
< F (0) =0. 


p-1 52-1 


9.13. Paccmorpum cdbyuKuuto f(z) = 7 + B oOsmactu (0, +00): 
| p-2 52-1 P_ pa 
f(a) = 5 a = Tr cneyoBparembHo, f'(x) > 0 npu 


a> bi/P wy f'(x) <0 npu 0< 2 < b9/?, 
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Takum o6pa30m, B oOsacru (0, ba/ P| dyHkuua yOprpaet, a B OOsacTu 
[b7/P, +00) sBospacraet. CuegsonarenbHo, byukunaf (x) mupuHumacr cBoe 
HaMMeHbilee 3HAaYeHHe IPH LF = bd/P T.e. 


p-1 5a—} (p1/P)P-1 5a} 


r 1 4 

pb qz ~ pb gba!” a) 
x? b! 

WJM pt @ > 2b, orkyyqaBclyuae © = a NOUYIMM JaHHOe HEpaBeHCTBO. 


P_ pp 
9.14. Odo3sHaduM yepes c. BasTom cayyae c>1 u Pap = 
cP—-1 a”™—b"  c™-1 


ceP4+1? a® +b” e™41° 


3a-| a 


Paccmotpum dbyukunto f(x) = | BoOsactu (—oco, +00): f’(z) = 


2c" Ine . 
— (41) ry > 0, cneqopatenbHo, dyHKyua f(x) B paccmarpuBaemoii 
c 
c — 1 
o6ylacTu BO3pacTaeT, 3HAdUT, BCIy4Yae p> n f(p) > f(n), Te. Pui? 


ce” —1 


> . 
ce’ +1 
9.15. HerpyaHo foKa3aTb, UTO TaHHOe HepaBeHCTBO 9IKBUBAJICHTHO 
xt 1/n2?+A4 
Hepapeuctpy (1 + 2°)!/t < ——7—) AokazaresbcrBo KOTOpOro cule- 


2 
ayer “3 yup. 9.21 u Hepapeucrsa (1+ 22)!/2 < orvere 
9.16. Paccmorpum dyuxumio f(x) = e® + b(Inb—1)— 2b B o6nacTu 
(—oo, +00): f’(x) = e® — b, cnegzoBarenbHo, dyHKuua f(x) B OOnacTu 
[Inb,-+oo) Bo3pactaet, a B o6acru (—oo,Inb] yO6prpaer. Ilostomy B 
cryyae xc = Inb dyHKiua opumer cBoe HaMMeHbIlee 3HAYeHHE, T.e. 
f(z) > f(inb), orxyga f(a) > el’ + b(Inb—1) — blnb=0. 


xr —l In? x 


9.17. Paccmorpum dyukunto f(x) = —2|Inxz—- B oOacTu 
[1, +00). Wmeem 
oy 1 2  In*ex  (#-1)* In’a 
fi(z)=1+ OS tte 7 
JIua BbInCHeHuA 3HaKa dbyHKuMUu f’(2) paccmMoTpuM 3Hak dbyHKUMu 
— 41) 
g(x) = (e—t —In* a B 3aqaHHoit o6nacTu: 
2 
22 — 
— 2] 
e"(x) = @ 1 2me _ oe _ 
2” x 22 


2? —1 


Tenepb paccmorpum dbyxukuno F(z) = —2Inz Bo6osacru |1, +00). 
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2 2 
1 2 —1l 
Mockonpxy F’(x) = = + 2 (w@=ay >0, rospcnyyae x > 1 
6 


6 
F(a) > F(1) =0, caegopatenbuo, g’(xz) > 0, orkyga g(x) > g(1) = 0, 
u, Hakone, f’(z) >0, re. f(x) > f(1) =0. 


( 
9.18. Paccmorpum cbynxuuro f(r) = 257 + 2°S* _ 3 B o6nactn 


0.4 


~Vimeem f(x) = 2°°* cos x In2(28""—°* — tex) > 0, vTaK Kak 
gsin £—cos % _ te x > 0. 
JleiicrBuresbHO, paccMaTpuBas dbyHKuMio §=F'(x2) = sing — cosx — 


—log,tgz B oonacTu (0, 4 , OJIy4aumM 


1 
sin 2 cos z In 2 


! (2 sin (« + *) sin 2x2 — 


sin 2 COS 2 2 


F'(x) =cosxz+sinz — 
1 =3) < 


2 
staal ‘2 s) <° 


In 
< 
sin £ COS & 


cleyoBaTebHo, F'(a#) > F ) = 0, wim 287 %-Cos® _toy > 0. 
, 3sHauut, f(x) > f(0) = 0. 


TT TT 
B caryuae A <a<. f (= — x) > 0; BOCTIOUb30BaBIUMCb TO*KTe- 


crpom f(x) =f (= — x), noryuum f(x) > 0. 


9.19. Ameem 


Takum o6pa3om, f’(z) 
Tv 


2 3 n+l n+l 
+24... +n* <[akde+|atda +... + | e* dx = | e* dx = 
1 2 n 1 
_ ah ett (nti < a _ ( Ly 
k+11 k+1 


k+1 
ht 


k+1 k+l k+1 


AHasIOrH4uHO “UMeemM 


w+oa%+...4n*® > wkde + | akde +... + | 


oH 


rn 
e* dr = | ode = 
1 0 
pktl yn 


~ k+11o 
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9.20. a) Umeem 


In2+In3+...+Inn> 


2 3 n n 
> [Inade+|Inede+...+ | Ine dx = | Ine de = 
1 2 n—1 1 


Tr 


=(rlnxz—2z)} =nlnn-—n+1>nInn—-n, 
1 


n Tr 
cleqOBaTesbHO, n! > (=) ; 
7 7 
6) Herpyauo mpopeputs, uro 7! < 7(<) . Ilycrb n > 8. Umeem 


9 n+1 
In2+In3+...+Inn <In7!+ {Ine da +... + | Inz dx =In7! + 
8 n 


n+1 


n+1 
+ | Ina dx = In7!+ (alnz — z) <(n+1)(In(n+1)-1)- 
8 
8 


— 8(In8—-1)+8In7—-7< (n+1)Inn—-n, 
uu ni<n (=) (cm. yup. 3.16,6)). 


9.21. Paccmorpum cdbyukumo f(x) = (a®+b7)!/* Bo6nacru (0, +00). 
Vimeem 
7 Ina® +b’ Inb® — In(a® +67)? +? 
/ — (7X bz 1/x @ 
f (x) (a + ) a*(a” 4 b”) 
Paccmotpum dyxxumo F(t) = tint+clnc—(t+c)In(t+c) B o6nacTu 
(0,c], rae c> 0: 


4) 4a _ t ) _ 
F'(t)=1+Int-1 In(¢ +e) =In (=~ <In1l=0, 
cneyoBparembHo, F(t) < F(c) = 2clnc — 2cIn 2c < 0. 
Ilyctp a®” > 6%. Iipunap c = a*, t = 6*, nonyaum a” Ina® + 


+ b” In b® — (a® + 6”) In(a® + 6”) < 0, cnenoBatenbuo, f’(x) < 0, Te. 
dyuKuna f(x) BoOnactu (0,+00) yOnrpaet, cneqoBaTesbHO, B Clyuae 
B>a>d 


(a® + b°)1/% > (a® + b8)1/8, 


a 


Gia B ooslacTu (0, +00). 
4b 


9.22. Paccmorpum dyxKunro f(x) = 


a—1 
Umeem f’ (x) = ———— (ad — bx), cnegosarenpuo, ecm 0 < x < 


(x 4 d)atort 
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ad F ad / 
<> TO f'(z) > 0, axorga x > —, to f’(x) < 0. Takum o6pa3oom, 
ad 
pb? 
yOpiBaeT. CuleqOBaTeJIbHO, B TOUKe & = - dbyHKUMA TpwHuMaeT CBOe 


ad 
HanOoubilee 3HaueHue. Takum o6pa30m, f(r) < f (<) , CICOBATeIbHO, 


dyukuua f(x) B oOnacTu (0, < BO3pacTaeT, a B OOJIACTH +00} 


_ < —b7 
(c+ aor (a+) 


(ene (ayr(ny! ‘ 


OTKY Ja WOJLYIaeM 


flo) < (=), WJM 


9.23. MAmeem 
4 5 10° 
+4 44..44 < | ge de + | Jo ae + + | —_ de = 
V4 W5 —-¥/108 Va Va _ Va 
3 4 106-1 
10° 
1 1 
— | + de = 2 3/0? — 2 3/9 = 14997 4+ 3(1- 5 7/9) < 14997. 
e/a 2 2 2 
3 
AnHaJIOTM4UHO MMeeM TakK>Ke 
5 6 10°41 


We da = 5 ¥/(08 +1)? — 5 16 > 5 ¥/108 — = 16 = 
4b 
4 


_ 3 
_ : 104 — : 3/16 = 1500 — : 3/16 = 14996 + av v1 S 14996. 


Takum oOpa30m, 14996 < +...4+ Ve < 14997, cneqoBaTesbHO, 


3/4 3 
yelad WacTb JaHHOrTO uncia paBHa 14996. 
9.24. MUmeem 
Py iti 4 ty + . < 
2 3,/2 4/3 (n +1) Jn 
1 1 1 1 1 1 1 
<2 4+ +7 H+ 7H t+ Te Tt Te + < 
2° 8/2 4/3 5/4 5/5 6,6 na/n 
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1 ee er, 
2 10 3/2 4/3 Jn 
1 2/24+ f/3 — 2-1,541,8 


1 
Tak KaK —— + —= = —_—< (),4. 
3 4/2 44/3 12 12 ’ 
Ce qOBaTeJIbHO Py it + ~~} <2 
520 3872 (n+ 1)f/n 


9.25. a) Paccmotpum dbyHKIHt0 
f(a) =(1+2)*-1l-az 
B o6sactu (—1,+00). Hocxonpxy f'(x) = a(1+2)*'-a u a>, 
To Bcmyyae —l1<a<0 f’(x) <0, cnenopatenbuo, f(x) > f(0) = 0, 
uBpcenyuae x >0 f'(x) > 0, cnenoparenbuo, f(x) > f(0) = 0. 
6) Cm. pemienne 1. a). 


9.26. Umeem —|sina| < f(x) < |sing]. 
Korma O<a< - umeem —sina < f(x) <sinz, orkyga 


_ sing < f(x) ~ sina 


™ < ’] 
r r r 
CIC OBaTeJIbHO, 
. sing _ ,. r . sing 
—1=-lim < lim I ) < lim =1 (a>0). 
r>0 & z>0 z>0 


C apyroi CTOpOoHBI, 


lim 2&2) — lim 2) FO) _ 919) = a, 4 20g +... En ay. 


x0 @& x—0 x —O0 


Takum o6pa30mM, nomryuusu, aro —1 < ay + 2ag+...+7n- ay <1. 


9.27. Korga x > 0, ZaHHOoe HEepaBeHCTBO IKBUBAJICHTHO HeEpaBeHCTBYy 


4 
7 > In(1+2), qa J0Kka3aTesIbCTBa KOTOpOrO paccMOTpPUM PyHKIHIO 
L + 
f(x) = —— -In(1 +2) so6sacru (—1, +00). 


VY1l+2 
J/x+1—1)° 
Ilocxonpxy f'(x) = (yeti 
2V«“+1(#+1) 
2 f(0) =0. 
Korga —1 < x <0, aHHOoe HepaBeHCTBO 9KBUBAJICHTHO H€paBeHCTBY 


f (x) < f (0) =0. 


>0, ropcnyyae c>0 f(r) > 
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l 
9.28. Paccmorpum dyxxumo f(x) = — B oOnactu (0, +00). 
1-1] 
Ilockonpxy f’(x) = —, TO B oOsacru (e,+oo) dyHKuua f(z) 
r 


yObIBacT, CIEOBaTeIbHO, BCIyyae Nn+1>n>3 f(n+1)< f(n), uau 
In(n + 1) Inn 41 
nal < Th oTKkyna "A/nt+t1l< t/n. 


9.29. CHayana qoKaxem, uroupu 2 >0 f(x) = b*-—1-—alnb>0, 
Tak Kak f’(z) = 1Inb(b® —1). Korga b>1, tro Inb>O0O u b*-120, 
cnefopatembHo, f’(z) > 0. Koraa 0< 6 < 1, ro Inb< 0 u b? - 
—1< 0, cnegonatenbuo, f’(x) > 0. Takum o6pa30m, nory4usu, 4TO 
f'(a) > 0, ve. f(x) > f(0), raxum o6pa3om, b” >1+2I1nb, orkyga 
MO?KEM MOJLYAUTb 


a,b; +aob5 +... +467, = 
>ay(14+a1nb;)+a2.(14+aInbg)+...+a,(114+2Inb,) = 
=a, +agt+...+ 4, + In(bj1b5?...b8") =a, t+agt...+ an. 


9.30. JlaHHoe HepaBeHCTBO IKBUBaJICHTHO HepaBeHCTBYy 


c+] 
ziInx > Ina + (@+1)In7—. 
PaccmoTpuM dyHKILHIo 
c+] 


f(z)=alng—Ina—(#+1)In7— 
a+1) 


1 . fl _ 1, 24 
B OO/1IaCTH |, +00 : f'(2) = In oad 


BaTe@JIbHO, PYHKUMA f(a) B 3aJaHHOM OOsIacTH BO3SpacTaeT, 3HAaUMT, UpU 
] ] 
— —)=0. 

x > 7 f(x) > f (—} 


9.31. Paccmotpum cdyHKI{Hto 


1 
> 0, korga x > {7 Culeao- 


B OOsacTax (—oo,0) u (0,+00). Umeem 


aj Inai+...+@,Inan apts. tan 
1 aj+...+az n n 
Lr) = ———-WHo-_-_HH SS, = SS 
P(#) a” a* (aj +...+a%) 
x x x x ax x x x 
| a | a a 
«(4 na; + + An NG@n a+ Tan 1, Tf) 50, 
n n 


Tak kak dyuKuua f(t) =tlnt Boonactru (0;+00) BpmyKaaa. JleiicrBu- 


TembHo, f’(t)=Int+1u f"(t)= : > 0. 
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CregqopaTebHo, korga aA > Gb > 0 unu 0>as> 6B, umMeem 
a a 1 
(gitasbany" (tte) IP 
O1 VT On > [Se Tn 
nN nN 


A xorga a >0> 6, umeem 


a ay 1/a 1/a 
a; +...+a 
(atts anys (r/ag aa) = Yarn, 


(ait san? < (a/o8 BV le 0 
“2 a er) TL 
nT 


(ait tary (tit tae vay 
CJIEOBaTeJIbHO, — = 


9.32. a) bes orpaHuueHua oOMIHOCTH MoxKeM IIPHHATH, UTO a > Db. 
B 9ToM ciy4uae JaHHbIe HeEpaBeHCTBAa IKBUBAJICHTHbI HepaBeCHCTBAM 


a 
2(>-1)  y i ‘D 
Ab Fey fe s/f _,/F. 
ay b b a 
b 
x—1 
+1 


6 
> 0 (a > 1), cnegopatenbHo, B obmacTH 


Uccnenzyem dyxuxunio f(x) = Ina —-2- B oobsmactu [1, +00). 


Umeem f!(x) = (e=1)* 
a(x +1)? 
[1, +00) myHkuua f(x) Bo3pacraerunpu «>1 f(r) > f(1)= 
2(= —1) 
b a 
NOJIYYMM HepaBeHCTBO —-——— < In rm Jina qoKa3a- 
b +1 


a 
B3aB x = B 


a 
TeJIbCTBa BTOPOro HepaBeHCTBa 0003HatuM \/2 = x uBoobsactu [1,+00) 


1 
ucculeylyem clesryrouly1o dbyHKuuto: g(x2) = 2lIneg — a + o 


2 
VUmeem g’(x) = _(@- Vy <0 (a > 1), cnegopatenbHo, dyHKuua 
r 
g(x) BoOnactu [1,+00) yOnrpaet: g(x) < g(1) =0, Te. In < io 


- 2 


6) Bo3bmem a= 2+1 u 6=1. Bocnonb30BaBlINch HepaBeHCTBOM 
u3 yup. 9.32,a), umeem 


7 < In(x +1) < —2 
z+ 2 iP +1 1 
2 
OctTaeTca 3aMeTUTb, 4TO i ¢ x(x + 2) 


V/xex+) 2(@ +1) 
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B) B3as a= 2, b= 1 uw BocTORb30BaBIIMCh HepaBeHCTBOM Jab < 
a—b x—1l In a 1 
Inga Inb? MUMeeM L< Tne” oTkyjja oant < Ve 
r) Bap a=a2+1, 6=2 4 BoCTOMb30BaBIIMCh HepaBeHCTBOM U3 
yup. 9.32, a), umeem 


1 x+(a2+1) 
tet < Tyr S a 
In 
r 
2 1 1 
<In~ + 
22 +1 x(x +1) 
1 22+ 1 
OctraeTca 3aMeTUTb, 4TO ——___—_ 
) HanucaB HepaBeHcTBO a7) < at a uvcel x Uu u 
‘- P Ina—Inb 2 a ” J 
—b 
IIPHHAB BO BHUMAaHHe, UTO “7 _s 0, mmMeem 
Ina —Inb 


L_Y L+ry 
aenhl < » FY; 


WJIM 


2 
Ina —Iny| > 2 |e — yl 2 |e — yl, 


Tak Kak 0< 2,y <1, a ©=y; NonyuuM cupaBegiuBoe HepaBeHCTBO. 
e) Tycrp J = (0,1), 1 =y, to = 2, v3 =1 au f(x) =—Inz. Torga 
“3 HepaBeHcTsBa u3 yp. 7.12, a) ciezyer, 4TO 


eIny—Iny >ylnx—-—Inez> ylny—Ingz. 


2) CorjlacHo HepaBeHCTBy 43 yp. 9.25,6) umeem 


Y 
1 Ina —Iny 
OTKYJa TlolyuaemM In(1 + | < 
Y vy 
9.33. a) OOo3HaduM 
x 2k 
pa(w)=l-@+ op —-- + Topsy k = 0, 1, 2, 


Korga « <0, umeem pz(x) > 0. 

Tenepb 0Ka2keM, 4TO Kkorga x > 0, umeem p;,(x)—e * > 0. Ipu 
k = 0 umeem cnpapessiuBoe HepaBeHCTBO po(z) —e * = 1—e * > 0. 
IIpeqnonoxum, ato npn k = n (Korga x > 0) HepaBeHcTBO p,(x) — 
—e “~ > 0 cmrpapeainuBo, 4 1OKa2KeM, UTO OHO CUpaBeJIMBO UW B CiTydae 
k =n+1. (To ecrb umeer MecTo HepaBeHCTBO Pyn+i(x) — e* > 0.) 
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eHCTBUTeJIbHO, IycTh f(x) = pnii(x)—e 7; B9TOM CJIy4ae x)= 
Jlen f +4 * f" 


= pr(x)—e-* > 0, Kxorga x > 0. Caegosarenpuo, f’(a2) > f’(0) = 
3HadUuT, B cryyae x > 0 f(x) > f(0) = 0. Takum o6pa30m, nomyunan, 
4uTO pr(x) > e~*, Korga x > 0. CmregopatenbHo, mpu x« > 0 uMeem 
pr(x) > 0. 

6) TlockompKy asta Bcex x p(x) > 0, TO n — 4erTHoe uucso. C Apyroi 
cropoubl, MHorowien F(x) = P(x)+P!(a)+...+P (ax) umeer crenenp 
n. Herpy Ho oKa3aTb, uro F(a) wumeerT Haumenbinee 3HayeHue. Ilycrb 


min (2) = F'(ao), B Takom cryyae F’(29) = 0. Takum o6pa3om, 
—oo,+0o 


F'(xo) = P'(ao) + P" (ao) +... + P™ (a9) + Pt? (x9) = 
= P'(xo) + P" (ao) +... + P™ (xo) = 0, 


a F(a) = P(xo) + P’(ao) + P" (xo) +... + P™ (xo) = P(xo) > 9, 
clleqoBaTesbHo, F(x ) > F(a) >0, tre. F(x) > 0 aus Bcex 3HayeHni x. 


B3an P(x) = aa 


noslyaaemM 


(ymp. 9.33, a)). 
9.34. Paccmotpum dyHKIHIo 
f(x) =a" —b’ +2" -—(a-b+a)" 


Boosactu [0, 5]: 


_ r—l 
f(a) = ra"! — ra b+ a)! = ra? (1 — (1+ a—6 ) < 0, 


Tak Kak —— b] dynKuua 


r y) 
f(a) He Bo3pactaet, nostomy f(z) > f(b) = 0, re. f(c) > 0 ua 
a” —b" +c" > (a-—b+c)". 


>0 ur-—-120, 4, 3Hauut, B OOacTu [0 


Z3AHAUU AIA CAMOCTOATEJIbBHOTO PELLIEHUA 
Jloka3aTb HepaBeHcTBa 1-13, 16-18. 
. WT WT T 
1. 2sinz > at (x - =) cosxz, roe 0O<a2< 2 


ez? —1 et? —1 
—— > 


, rage p>q> ZV. 


3. Jit f/2+...4+ n> =n n, rge nEN. 
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4. e* >2°, roe x > 0. 


2 


ray T 
>1l--, rae O<a<>Z- 


Tv 


6. 2sina+tga > 3a, rye 0O<a< 5 


sin 27 sin 32 


7. sing + 5 5 >0O, roe O< a2< 7. 
a+1\ot1 a\? 
={— . 
(— > (F) , rae a,b>0 
ee —e* — e°—1 
9. (b+a)+1, re O<a<bKe. 
b-—a 2c 
10. yey re 0<a<B< fF. 
5) Bo. BP Le Oca<Bp< 
Q B’ 20 
2 . 1 
Il. ~x<sina <a, rae O<U< 5. 


. 4 
12. (sinz)-*< 2 7+1--—4, me 0<a2< = 


3 
13. a) tga >at—, rye 0<a< it; 


6) xcosx < 0,6, rae O< a< -. 
sina \° 1 
B) (S*) >cosx, rye 0< a< * 


4 6 


14. pn U Qn ABJIAIOTCH N€PUMeTpaMU TpaBWJIbHbIX N-yOJIbHUKOB, 
COOTBETCTBEHHO BITMCaHHbIX UW OMMCAHHbIX OTHOCUTeJIbHO OKpPy2KHOCTH 


1 
pagMycom 5. Pa3qenumM mpomexyToK (Pn,gn) Ha Tp paBHble yacTu. 
B xakoi "actu HaxOoauTca 4ucio 7? 


15. Haiigure takue JelicTBUTeJIbHbIe 3HAYCHHA XL, WP KOTOpPbIxX a” > 


2ax°*, roe e200 un asl. 
at b a+e 2(6+ 1)(c +1) 
16. a) at+6b+2ab atc+27 26b¢+3b4+c4+2’ re a,b,c > 0; 
b d bid 
yer? 4, ere 4, are | OF so rae a, b, ¢, 


a+6+ 2ab c+d+2cd at+e+2 b+d+2 
d > 0. 
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17. cP? +a -P +2? <(x+a')jP+2, re cr >0 u p>2. 


3(x° — 1) 


18. a) Inz > > 5 
x +4a2+1 


a—b 1 a+b 
6) S$ < (2 ab + 9 ), rye a>0O, 6>0, a¥b. 


§10. METO] UMCHOJIb30OBAHUA CBOUCTB ®YHKIMMU 


Ilycrb TpeOyeTca TOKa3aTb HeEpaBeHCTBO 


f (x1, 22,---,Un > g(@1, 2,.--, Ln) 


IIpPH HEKOTOPbIX 3HAYCHHAX Ie@PCMCHHDIX 1, %2,...,2Ln- 
I]peo6pa30BaB 3TO HeEpaBeHCTBO K BUY 


f (x1, 22,---,;Un) — g(@1, £2,---, Ln) > O, 
uccylezyem 3aBucumocTb or x; (1 <i<n) dyHKuun 
F(a;) = f(a1, 22,-.--, tn) — g(@1, ©2,---, Ln) 


(TlepeMeHHbIe 21, 22,.--,2j-1, Li41,---,Ln PacCCMaTpMBaIOTCA Kak TO- 
CTOAHHBIe). 


IlIpumep 10.1. Jloka3aTb HepaBeHCTBO 


Tv 
(aj + wy +... + 2) cos — 7 > 21tot+ eotg +... + Ln_12n, 
roe neN, nZ=2. 


Jloka3aTeabcrTsBo. PaccmoTpum dyHKIHIo 


7 2 2 2 
F (a1) = cos i — for, +(a54+...+ 22) cos — 
( 1) n+1 1 241 ( 2 n) n+1 
— ©9323 — ... ~Un-1Tn- 
L2 
Oua IIpwHuMaeT CBOe HaMMeHbIUee 3HAYeEHHE MPH x1, = ———., cue- 
2 COs 
n+l 
NOBAaTeJIbHO, 
F'(2x1) = 
2 2 2 7 2 
= (aj +a5t+...+27,) cos —%1%2—...-Xn_14¥y > F 
n+1 
2 COs 
n+l 
HerpyHO 2OKa3aTb, ITO 
sin 
L2 n+1 a 
F = + get ot + + x7 | cos — 
m , 3 " n+1 
2 COs 2sin cos 
n n+ n+l 
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PaccmMoTpuM KBagparuunyro dbyHKuMIo G(r.) = F' | ———— ], no- 
2cos 
Jty 4M n+1 
. . TV 
sin sin 
n+1 _ nm+1 2 2 
sin 2sin cos 
7 
x COS 7 7 tata — ++. — En 0p. 

IIpopeya aHasIOrM4Hble paccy2kJeHuA JIA MepCMeHHbIX 23,...,2n, HWO- 
Jty 4M 

. 1 

sin (n+ Dn 7 
n+1 2 
F(x 1) > G(a2) > > By COS = 0, 
2sin cos 

n n+l 
CIE OBAaTeJIbHO, 

7 

(aj + a+... +a) cos > eyo 4+... + Ln-12n. 


IIpu foKa3aTesbcTBe HeEKOTOPbIX HepaBCHCTB MO?KHO HCIIOJIb30BaTb 
clenyrouuwe CBOHCTBA MDYHKUA iH. 

1°. Ecau dyuxuua f(x) onpenenena B oOmactru [a,b] u yOprpaer 
B oOsactu [a,c], a B o6Onactu [c,b| Bo3pactaeT, Torga B o6macTu [d, e| 
dyHkuua f(x) mpuHumaert cBoe Hanbombilee 3HadeHHe B OFHOM 43 rpa- 
HM4HBIX TOUeK OOsacTtu [d,e] (a<d<e< Db). 

2°. Ecam dyuxuua f(x) onpegenena B o6nactu [a,b] u B obmacTu 
[a, c] BospactTaeT, a B o6sacru [c, b] yOprBaet, TO B oOnacTu [d, e] dyHKuuA 
f(a) mpuHumaer cBoe HaMMeHbilice 3HadeHHe B OAHOM U3 TpaHMIHbIX TOUCK 
o6macru [d,e] (a<d<e<b). 


HerpyaqHo 3ameTuTp, uro ecau dyHKuua f’(x2) B o6macru fa, )] 
Bo3pactaet, TO dbyHKuua f (x) BoOnactru [a,b] mpuHumaer HanOomputee 
3HaueHve B TOUKaX a usu 6b, aecau f’(x) yOprBaer B oOmacTu [a, 5], 
To dyHkuua f(x) BoOsnacru [a,b] mpaHumMaeT HamMeHbIce 3HadeHHe B 
Touke a umn Ob. 

Oru cBolicrBa dyHKUMM MO2XKHO HCHOJIb30BaTb IPH JOKa3aTeJIbCTBe 
HEKOTOPbIX HepaBeHCTB. 


IIpumep 10.2. Jloka3aTb HepaBeHCTBO 
a*+b6*4+c% < a7b4+b2e4+ Cat, 


roe O0< a,b,c <1. 
Jloka3areabcrso. Paccmorpum cbyxkunt f (a) = a*(1 — b) — 
—c*a+b? +c? — bc* —1 8B o6nacru [0,1]. 
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Ecm 641, to f(a) aBaaeTca KBaypaTHbIM Tpex4JICHOM 10 a, BeTBH 
rpadbuka KoTOporo HalpaBJIeHbI BBepx. CyleqoBaTesbHO, dbyHKuua f(a) 
IIpwHuMaeT HanboubMee 3HAYeHHe B OJHOM “3 TOUeK Ha KOHWAaX OTpPe3Ka 
[0,1]. Mockompxy 


f(0)=b? +e —b?e—-1=(1—c)(b?—-(1+4+c)) <9, 
fQ)=1-b-24b? 4+ —b*e-1=b(b—-1)—b%e <0, 


To Ha orpe3ke [0,1] f(a) >0, uro u TpeboBasocb AOKa3aTb. 
Ecnu 6=1, TO ZOKa3aTeIbCTBO IPOBOJMTCA aHAJIOPMYHO. 


IlIpumep 10.3. Jloka3aTb HepaBeHCTBO 
Ly + Lo+ ©3—- @1 XQ — LoXZ — @3X1 <1, 


roe O< a; <1, 72=1,2,3. 
Joka3saTeJbCTBO. PaccMOTPHM MOHOTOHHY!O (YHKIMIO 


f(x) = e@+29+%3-2%2-—%2%3—-— 223 = 11-22-23) +2%24+ 23-2322, 


KOTOpad MpHHUMaerT HanOobiUee 3HAYCHHE B OJHOM KpatiHux TOUeK OTpPe3- 


Ka [0,1]: 


f (0) = 224+ 43 — #243 = 14+ (1 — 23) (42-1) <1, 
fQ)=1-243 —#24+ 424+ 43 — 4943 = 1—22%3 <1. 


CueyosaresmbHo, Ha orpe3ke [0,1] f(x) <1 unmu xe f(a) =a, +42+ 
+ X23 — 212 — LoX3 — 3X1 < 1. 


YMPAMHEHUA 


J/loxa3aTb HepaBeHctTBa 10.2—10.10. 


10.1. Jlokaxure, 4ro ecmm HepapencrsBo |axv*+bx2+c| < 1 umeer 
MeCTO Jit BCex 4NCeI OTpeska [—1,1], TO ama 9TMx ZL UMeeT MeCTO 
Tak2ke HepapeHcTBo |cx* — bx + al < 2. 


10.2. (at+b+c)* < 4(ab+be+ac), rae a, b uw c— croponbi 
HEKOTOPOrO TpeyroJIbHuKa. 


a b C 
3. ——_ 4. — 7 _ 4 — © _4(1~-a)(1—b)(1—) < 
10.3 Duenkitconanitanbal (l1—a)(1—6)(1-—c) <1, rae 


O<a,b,c<l. 


10.4. (a+b-+e+d-+e) (= +542 += a ) < 2546 (/2- 2). 


rye O<p<a,b,c,d,e< q. 


10* 
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10.5. a) (>. mas) (>. mibi < So maid; (HepaBeHCTBO Yebdpr- 
t=1 t=1 t=1 


Tr 
mesa), rye a; < dg <...< an, 01 SK bo <... < by, Som =1, m; > 
i=1 


>0, 7=1, ,n; 
6) (So mias) (35 mits) 2 So miaidi, mye a; < dg <<... < an, 
i=1 i=1 i=1 
by > bo >... > bn, Somi=l, mi > 0, i=1,...,n. 
i=1 
10.6. (1+ a,)(1+ a2)... +an) >l+azy+ag+...+4@n, rae ay, 
Q2,...,4n > —2 wuncna a1,Q2,...,QAn OMHOTO 3Haka. 
1 1 ° 
10.7. (a +... + an) (<— +...4+—] < (a+b) 2 rye @4,... 
L Ln 4ab 


.,tn € [a,b], 0<a<b. 
(1 — a) (1 — 5b) S (1—c)1-—a-—6b+c) 


.o. SEE a aE < < 
10.8 ab > c(atb—c) , rye O< acc b, 
a+6< 1. 
1 1 1 1 
9. ——_ = ———- . 
10.9 Isat 1+b71+m~ |, ab ryoee l<a<m<ob 
m 
1 1 
10.10. abe < 5 (pat+qb+re), roe a,b,c >0, p,q,r€ 0, 5), a+ 


+b+ce=pt+qtr=l. 


PELUEHUA 


10.1. MUmMeem 


lex* — ba +a] < |ex* —e| + |e -— bx +a] = 
= |e|(1 — x7) + |e — bx +a] < Je] + le— bx + al. 
Ecau 2 = 0, Tro u3 Hepasencrsa |ax*+bx+c| <1 cnegyer, yro |c| < 1. 
Takum o6pa3som, |cx? — br + al <1+ |ce— bx +al. 
Ocraerca 3ameTuTp, 4ro dyHKuua f (x) = |c— bx+a| Ha orpesKe 


[—1,1] mpuHumaer HanOonpiee 3HadeHVve B OAHOM “3 KpaiiHux TOUeK. 
CeqOBaTeJIbHO, 


f (a) < max (f (-—1), f (1)) = max (|ce+ b+ a|,|c —b+a)) <1, 
re. lex? — bx +al\<1+1=2. 


Pewenuwa 149 


10.2. Ilockombky a, b uw c — cTropoHb TpeyroubHuKa, TO |b—c| < 
<a<b+c. bes orpaHwyeHua OOWIHOCTH MO2KEM CUUTATb, UTO J > c. 

Paccmorpum dynxumo f(a) = (a+b+c)* —4(ab+be+ac) B 
o6mactu [b—c,b+ cl. 

VUmeem f (a) = a*—2a (b+ c)+b7+c*—2bc. Ppacduxom sto# byxKkuun 
ABIIAeCTCA Tapadosla C BETBAMM HallpaBJICHHbIMH BBepx. Cueq0BaTeJIbHO, B 
3ayaHHol o6acru f(a) mpuHumaer cBoe HanOosIbIee 3HadeHHe B OJHO! 
u3 Touek b—c, b+ c: 


f(b-—c) =4c(c— 6) <0, f (6+ c) = —4be < 0. 
Takum o6pa3om, B oOsacru (b—c,b+c) f(a) <0. 
10.3. PaccmoTtpum cdbyHKIHI0 


a b 6 


I) = syegi t opati taper TUM) 
B oOsactu [0,1]. OveBugHo, 4To mpou3BOqHaA 
/ 1 b Cc 
= | — —_. _ (1 - dp (1 - 
fi (a) b+et+l1 (e+a+1)’ (a+b+1)? ( )( c) 


Boosacru [0,1] Bo3pactaet, c1eqOBaTesbHO, OHA OOsIagzaeT cBOiicTBOM 1°, 
t.e. f(a) mpwHHumaer HanOompbiiee 3HaueHHe B OJHO “3 TOUeK 0 usu 1. 

Mp cdbaxtuyecku JoKa3au, uTo dyHkuua f(a) mpHHumaer Hanbosb- 
iuee 3HaveHHe B OJHOM 43 TOUeK a= 0, a= 1. Samenus a Ha O usu 1 u 
asiee pacCMaTpUuBad NOJIy4YeHHy!O (YHKUMIO Kak CbyHKuUMIO b, nomyuuM, 
4TO OHA TO2Ke IPHHAMaeT HahOoIbllee 3HAUCHHE B OHO “U3 TOUeK b= 0, 
6 = 1 cooTBeTcTBeHHO. 

Ilockombky paccMaTpuBaeMoe HEpaBeHCTBO CHMMeCTPH4HO OTHOCHTEJIb- 
HO a,b u c, TO HOuy4MM, ITO BbIParxkKeHHe B JIEBOM WaCTH HepaBeHCTBa IIpH- 
MeT HavOouIbilee 3HAYeHHE B CIy4ae OJHOrO U3 Tpoek (0, 0, 0), (0, 0, 1), 
(0, 1,1), (1,1, 1). Bo scex cryyaax meBaa uacTb JaHHOrO HepaBeHCTBAa 
paBHa 1. 


10.4. Paccmotpum dyHKIHIO 


1 1 1 1 1 
f(a)=(atb+e+d+e)(—+5 +24 54>), 


b c ad 
B 11,11 
usm f (a) = Aa+— +AB+1, rye A= pratgqteo B=b+c+d+e. 


B 
Ilockonpxy f’(a) = A—-3 (B> 0), ro f(a) Bospacraer B obmacTu 
a 
[p,q], CuleqOBaTesIbHO, OHa IIpHHUMaeT HavOosbIee 3HAadeHHeE B OAHOM U3 
Touek p, g. W3 cxa3aHHoro acuo, uro f (a) < max(f (p), f (q)). 
Tenepb paccMoTpuM dyHKIIHIo 
1 1 1 1 ) 


1 
g(b)=(ptbte+dte)(C + p+ tat 
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1 1,111 
umu h(b)=(q+b+c+d-+e) (ta tctats) Ha oTpe3ke [p,q]. 


AHaJIOrM4HO TOJy4uM, ITO 


g(b) < max(g(p),g(q)) uu h(b) < max(h(p), h(q)). 


IIpofomKad 9TU paccy2K CHA OTHOCHTeJIbHO TepeMeHHbIX Cc, d Ue, 

HOJIY4YMM, UTO BbIParxKeHve IPMHUMAaeT CBOe HanOoIbilee 3HAYeCHHE B TOM 

cilyuae, KOra HeEKOTOpble M3 MePCMeCHHbIX PABHbI Pp, a OCTAJIbHbIe — q. 
‘Takum o6pa3om, 


1 1 1 1 1 
f(a) =(a+b+e+d+e)(~ +5 4+54+54-] < 


< (mp + nq) (m= +n-), 
Pp qd 


rye m,n 20, m+n=d5, M,NnE Z. 
‘Tenepb JOKa2KeM HepaBeHCTBO 


(mp + nq) (™ +7 )<as+0(/2-/2) | 


JleiicTBUTeJIbHO, 


m4on24 00P ; —+t—=< <25+6(/2+ /2). 


(m+n)?-+mn (2 + 4-2) <25+6(2+ 2-2), 
qd Pp qd Pp 
25-+mn(P +2 —2) <25+6(2 + 2-2), 
qd Pp qd Pp 


Tak KaK HETPYJHO 3aMeTHUTb, UTO mn < 6. 


SameuauHnue. Hepapeucrso u3 yup. 10.4 ob06mjaerca crenyrouluM 
o6pa3som. 


Jloka>kuTe, 4uTO ecm O < p < 41, 42,...,@n < q, TO WMeeT MECTO 

HepaBeHCTBO 

(ay tag +...+4n)(—+—4+...4 —) <n? +y(n (2 - 2). 
al a2 an 

rye 
n2 
a” n= 2k (k = 1,2, ), 

Y=) Ory 

yo n=2k+1 (k=0,1,2,...). 


CHayasia O3HaKOMbTeCb C yp. 10.7. 
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10.5. a) Paccmorpum cbyHKn10 


f(x) = (mae + > mia (> mibi) — > m,;a;b; — Morbo 
i=1 


i=1;i42 i=1,iA2 


B oOmactu [a,,a3]. Tlockonpxy f(x) — auneituaa cdyHKuMa, TO OHA CBOe 
HavOolbliee 3HadeHHe IPHHUMAECT B OHO U3 TOUeK a1, a3. B BbIpaxkeHuu 
M = f(az2) 3ameHumM a2 Ha @1 UM G3 UM B NOJy4eHHOM BbIparKeHun 
3AMeCHUM Q3 Ha Z WM aHasIOrM4HO OKa2xKeM, 4TO ITO BbIPaKeHHe MpH- 
HMMaeT HanOoulbliiee 3HaYeHHe B OHO “3 TOUeK a1, a4. IlpogzomKaa aru 
paccy2 CHA WIA UMCeJI a4,...,An—1, 502, 63,..., 6,1, Mouwy4uuM 


M < (aa, + Ban) (ybi + bby) — kayby — (a — k)ayby — 
—(6-at+k)anb, —-(B+a-—6-k)anbi, 
rye a(y) —cyMMa Tex m;, COOTBeETCTBytOlHe KOTOpbIM a, (b;) 3aMeHHJIN 
Ha a; (b)) un a+G=1, y+6=1, k=min(a,7). 
Vimeem 
M < ayay,b, + (ad — a) aybn + (BY — 8B —a4+ 6) andi + 
+ (86 -6+ a) anbn — kayb, + kayb, + kanby — kanby = 
= aya,by — ayaybyn — ayanby + aYAnbyn — k (ay — ay) (61 — bn) = 
= (ay — k) (a1 — an) (b1 — bn) < 9, 


Tak Kak kK=a umm k=y u O0O<a,y<il. 
6) Sanuuiem HepaBeHcTBO a) 3TOrO yMpaxkHeHuA Ia duce ay < 
<ag<...< an UW —b, < -—bg <... < —b,. Honyaum 


(s mas) (x mi (-»,)) < Yom (—b:); 


YMHOKUB OOe 4YaCTH HocieqHero Ha —l, NOy4auM paccMaTpuBaemMoe 
He€PaBeHCTBO. 
10.6. Ecuu a1,a2,...,Q@, > 0, TO B 9TOM CIy4ae BOCTAaTOUHO pac- 
KPbITb CKOOKH B JICBOM YaCTH HeEpaBeHCTBA. 
Ecmm —2 < ay,@2,...@n <0, paccmotpum cbyHKITHIO 
f(a) =(A1+a)1+a2q)...dl+a,)-l-x-ag-...-—ay 


Ha oTpeske |—2,0]. [lockompky 3To .uHeiHad CbyHKIIMA, TO OHa IPHHUMaer 
CBoe HaMMeHbIUece 3HAYCHHE B OOIACTH B OHO “U3 TOUeK —2, 0. 
HerpyaHo yOeaquTbca, UTO M3 yKa3aHHbIxX CbakTOB CuleyyeT, UTO BbI- 


paxenve (1+ a,)...(1+a@,) —1—- a, — a. —-—...—G, UpuwHumaer 
HaMMeHbIIee 3HAYCHHE B TOM CJIyuae, KOra HeCKOTOPbIe 43 UMCeJI PaBHbl 
—2, a ocTasbHbie — Q. ‘Takum o6pa30m, korga a, =... = a, = OD, 
uMeem 


(1+ a,)...(l+an)-1-—a,-—ag-—...-a,=1-1=0. 
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Ecam He€KOTOpbIe 43 UNCeJ PaBHbI —2, NOWyaMuM 
(l+a,)...(l1+a,)-—1—a,—a,—...—an = (—1)* —14+2k 50, 
roe k — kouuuectBo —2. 


10.7. Paccmotpum dyHKIHI0 
1 1 1 
f(a) =(@+a4o+...+2n) (j+5+--+5) 


Boosactu [a,b]. Sry cdyHKUMIO MoxKHO 3anucaTb B Bue 
f(v)=1+54Br+ AB, 
1 1 
ree A=awgt+...+a,, B= —+...4+—. 
£2 Ln 
Ilockonpxy f' (2) = B—-—, (B> 0), to f’(x) Bospacraer ua |a, 5], 
x 


Cl€OBaTeJIbHO, OHA IIpHHuMaer HavOosbUIee 3HayYeHve B OJHO U3 TO- 
yek a,b. Orcroga f(x1) < max(f(a), f(d)). 


AHaJIOrH4HO, paccMaTpuBad CbyHKILMI0 
1 1,1 1 
g(x) =(b+a%+a3+...+2n) G+etatete) 
WJIU 
1 1, 1 1 
g(x) =(at+tae+a3+...+2n) (-+-+—+...+=) 
a L L3 
Boosactu [a,b], nomyuum g(x2) < max(g(a), g(b)). 
Ilopropsa TO 2»Ke CaMOe JIA NM@PCMeHHbIX 3,...,2%n, MOJIYIMM, ATO 


1 1 
BbIpaxkenue (21 +...+ 2p) (— +... —) lipumMet HanOoslbulee 3Ha- 
1 n 


yeHHve, KOra YaCTb MePeCMeHHbIX OyeT paBHa Q, a OCTaJIbHad WacTb — b. 
Hpumem 71 =...=@%, =Q, Tey=.-.- =p =O. 


2 
Ocraetca qoKa3aTb, To (ka+(n— k)b) (= 4" 5 =) < (ety n?, 


CnpaBeJIMBOCTb MNOCJICTHETO BbITeKAaeT U3 IKBUBAJICHTHOTO CMY HepaBeH- 


crpa ((n — 2k)a — (n— 2k)b)? > 0. 
10.8. Paccmorpum dyxKunto f(x) = 


(1—-2)(1-—a-—b+2) 


r(a+b—2) B OOIaCTU 


[a,b]. Herpyauo yOequteca, 4TO 


pee)=(gty-1) (+ aghg) +t 
1 


22x b)) 
VUmeem f’ (x) = Sepa (g -1), CJIeJOBATeJIbHO, 
(a+b—2z) +b 
b 
cdyukuua f(x) yOprBaer B oOnacTu ja,“ ar | a B OOsIacTu “ 6 
Bo3pactaeT. Dro osHayaeT, uTo B oOmacTru [a,b] f(x) mpuHumaer Han- 


OouIbUIee 3HAUeHHEe B OHO M3 TOUeK a, OD. 
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Ilockonpxy f (a) = f (6b) = Goat) TO 


f(x) < C909) 


rae, WPMUHAB FY — Cc, NOJIYAIMM 3adJaHHOe HeCPaBeCHCTBO. 
’ ’ 


10.9. Paccmotpum dyHKIHI0 


f (x) = 


ite’), ite ztab 


B oOnactu [a, b}. 
Tak kak f’ (x) = Sama) 1a nary y ab) To Boosactu [a, ,/ab] 
cdyHkuua f(x) yOprpaet, as [./ab, b] Bospacraet, cleqOBaTesbHO, 


f(#) < max (f(a), f(6)). 


1 1 
+ — yA axc<m<b, TO f(m)< 


Ilockonpxy f (a) = f (b) = l+al1+b 


1 1 
< —.. 
~ l+a 1+ 


1 1 
10.10. Samerum, TO 37 49 <pes 3g) TOrma AA dyHkuuu f(p) = 
= pa+qb+(1—p-—q)c umeem 


f(p) > min if (5 - a); f (5) _ 


> (5 ai ai 1 +56) 
2min{5a+ 56 5 5445 
. 1 1 1 1 1 1 1 
ote min (5 a+ 3 C; 3 b+ 3 C; 3 a+ 3 b) =5 (a+ c), CileqOBaTesIb- 
1 
pat+qb+re> (ate) 2 (atec)2(ate)—(ate))= 
=2(a+c)’ b> 8abe. 


3AQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


J/lokaxxuTe HepaBeHcTBa 2-13, 15-20. 


1. Usspectuo, uo O< p< 1, O<r<til UU 4TO Tak>xKe UMeeT MecTO 
Toxyectpo (pxr+(1—p)y)\(r2+(1—-r)y) = axr?2+bry+cy?. Jloxaxure, 


4 
4TO OHO M3 UNce a,b,c He MeHbIe -. 
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n 
2. 27+... + yn — ©1020 —%9%3—-... — Un_-1en — Ent < S|. rae 
O<a;<1l,71=1,....nun23, nEN. 


8. (ai taet...+an4+1)? > A(xi+...+22), rue @1,...,2%n € [0,1]. 
Ee (He) (Ee) [AB [ab 
A, Viab VAB AB 


debe eB. a7=1,...,n. 


, roe O< aKa; <A, 


1 
5. ab? + b2c* + c2a* > 5 (a" + b* + c*), rae a, b, c — croponsi 
HEKOTOPOrO TpeyroJIbHUKa. 


3 
6. a) a? +y?+2" bay tyztzaretytzt+, 2 0; 
6) ey —z)+yz(1—2)+az(1-—y) <1, re 0<a,y,z< 1. 


7. 2" > tan). ..(1+a@n)+(1-a1)...(1-a,) > 2, rae O< a; <1, 
=1,. 


8. yet! + Qote 4 ge+a < ,4Qgatbtetl one a,b,c > 0. 


2 2 2 
9. min[(a — b)*,(b —c)?,(a—c)*] < aro 


10. a*+ab+4+ b? > 4a7b+4+ ab, roe a,b > 0. 


11. aB+bC+cA < k?, rae a,b,c, A,B,C >0uatA=b+B= 
=c+C=k. 


12. (l—aixe...%,)"™ + (1-—y7")...d—-—y™) 21, roe 0< ai, yi, 
ei, ty;=1, 7=1,2,...,n, mEN. 


a b Cc 
+ 


18. be +1 ca+1 ab+1 


< 2, rae a,b,c € [0,1]. 


14. JlJokaxutTe, 4To nepumMetrp sr060ro0 4eTbIPeXyrOJIbHOrO Ce4eHHA 
[IpaBMJIbHOrO TeTpazdapa C peOpoM a MeHbIe 3a. 


Yad) 


o ei <1 ( [He [BY we cst > Om 


O<m<a,<M, 1=1,...,n. 
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16. 8ac+ 8bd < 3a? + 3b? + 3c? + 3d* +.ab4+ be + cd+ da, rae 
O<ax<b<cKcd. 


e+e e 
sabre Satb-2, rye 2<a,b,c <3; 


2 2 2 2 2 2 
) HT 2 ~ 45 a5 +a3—- a4 


17. a) 
2 2 2 
Ayn + a, — ao 

™ 
An + @1 — G2 


< 2a; + 2ag+...+2ay, — 2n, 


a, + a2 — ag a2 +a3— a4 


1 . a(ec—d)+2d 
- >< 7 XS < < 4. 
18 2 < Wdae)h2e <* roe 1 <a,b,c,d <2 


19. ay — B* <0, me ay—2b8+ca=0 u ac—b*>0. 
20. (a, t+ag+...+@n — 01 —b2—...—bn)* + 
+ 2|a1b2 — azb1| + 2|a1b3 — a3b1| +... + 2\an—10n — Anby—1| < 
< Jay — bf | + Jag — b5| +... + ae — bo) + 
+ 2)a,a2 — b1b2| + 2|aza3 — by b3| +... + 2|an—1an — bn by], 


rye A 1,02,...,4n,61,,62,...,b, >O0O u neZ 2. 


§11. METOJ. IPAMEHEHUS HEPABEHCTBA MEHCEHA 


Teopema 11.1*). Ecau umeem mecmo nepasencmeo 


Fa +F00) 5 5 (046) aa 
2 2 
| coomeememaenno La + FO) <f (“<*) (11.2) 
dna Aobnxz wucern a ub uz o6bsacmu D(f)= 1, mo dra nr0b6ox a4,... 
»,An € Qi, 20€e ay t+... + Qn = 1, U anboix wucern %1,...,0n € 1 
UMeEM MECMO HEpacencméeo  ) 
arf (a1) +...+OQnf (an) > f (arti t+... + Aantn) (11.3) 
[coomeemcmeenno a ,f (41) +... +Anf (tn) < f(aiai +...+ anZn)}- 
(11.4) 
IlIpumep 11.1. Jloxa3aTb HepaBeHcTBO 
COS T1 +... +COSZn (Se) 
—_——_—__—— _ < cos {| ——————_ ] , 
n n 
re £1,...,2n € 0, a 


Joka3sareabcrTsBo. JloKaxkem, 4TO Id mOObIxX Uncen a,b E€ 


E 0, | uMeeT Mecro ycoBue (11.2) Teopempr (11.1), T.e. 


cosa + cos b a+b 
>_< €0s 
. cosa + cos b a+b a—b a+b 
JlevicTBUTeJIbHO, 7 = 608 —— cos — < cos . Cun- 
1 
Tad, ITO Q, =... = An = —, HM BOCNOJb30BaBIIIMCb HepaBeHcTBom (11.4), 
n 
nosy 4uM 
1 Hit...+2 
—(cos#1 +... +cos%,) < cos (Se) ; 
n n 


2K 2K 2K 
Teopema 11.2). Ecau daa mobuir wucern a ub us unmepeana 
D(f) = 1 u anobux a, B maxux, umo a,b >0, a+B=1, umeem 
MECMO HEPABEHCMNEO 


af (a) + Bf (b) 2 f (aa + Bb) (11.5) 


*) Tloxa3aTeIbCTBO CM. B ymp. 7.8. 
*K os 

) Dro HepaBeHCTBO Ha3bIBaeTCa HepaBeHCTBOM Veuceua. 
2K 2c > 

) Hoxa3arespcrso cM. B ymp. 7.9. 
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[coomeemcmeenno af (a) + Bf (b) < f (aa+t Bb)], (11.6) 
MO OAA AOE A1,...,An, L1,---,Ln WMeem mecmo Hepasencmé6o 
arf (a1) +...+OQnf (an) > f (arti t+... + Aantn) (11.7) 
[coomeemcmeenno aif (v1) +... + anf (fn) < f(aigi +... + Qnzn)], 
(11.8) 
20€ Q1,..-,An 20, ai t...+a,=1, axj,...,t, € I. 


SametTuM, 4TO ecm B O6acru I dyHKyua f(x) yaoBnerBopser ycu0- 
puro (11.5), To 6yqem roBopuTb 4TO OHA B ITO OOMACTH BbITyKJad, a ecu 
yHoBleTBOpser ycnoButo (11.6), To 6yqem ropopuTh, ITO (yHKIMA BOrHy- 
Tas. 


Teopema 11.3. Ecau daa f(x) gdynkyuu 6 o6bs2acmu D(f) = I 
UMEEM MECMO YCAOBUE 


f" (x) 20 (11.9) 


[coomeemcmeenno f" (x) < OI, (11.10) 


mo umMeem mecmo maxaice ycaoeue (11.7) |[coomeemcmeenno (11.8)]. 
Jloxa3atveapcrso. Ilycrh umeer mecto ycnosue (11.9). CHagyana 
jjoka2KeM, 4TO uMeeT mecTo (11.5). 
JleiicTBUTesIbHO, BOCIOIb30BaBUIMCh CbopMysioH KOHeYHBIx Mpupaltie- 
HUM HaxOJUM, 4TO 


af (v1) + Bf (2) — f (ar1 + Bre) = 
=a(f (#1) — f (av, + Bxe2)) + B(f (te) — f (at1 + Bx2)) = 
= af" (e1) (t1 — ax — Bre) + Bf" (c2) (2 — a1 — Bae) = 
= af (f' (cz) — f’ (e1)) (2 — #1) = aB fF" (ec) (c2 — €1) (2 — 21), 
rye @1 < cy < av, + 62r2q < cg < 4%. MU C1 <CK< Co. 
CuefopatesIbHO, 3Hak JIeBoi uacTH CoBlagaeT co 3HaKoM f” (c), 4TO 


o3Hayaet, 4To (11.5) cnpaBeamuBo. 
Corsacuo Teopeme 11.2 cnpaBpegimBo Take (11.7). 


IIpumep 11.2. Jloka3aTb HepaBeHCTBO 
n n k-1 n k 
(Soat)(Set) > (Mae) 
i=1 i=1 i=1 


rye aj,c; > 0, t=1,...,n u k € (0,1). 
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JlokasatreabctTso. Paccmorpum dyukumo f(z) = x” Bobsactn 
(0,00). Tocxonpxy f(x) = k(k—-—1)x2*~-* > 0, To, npunaB a; = 
ce Qi . 
- , r= (=) , roe 2 = 1,...,, CormacHo Teopeme 11.3 nonyaum 


k 
C5 
j=l 


k 
rm rm 
6 Cj Qa, Cj; 
» (=) n 2 a ’ 
t=1 cs t=1 ; 
j=l j=l 
OTKYAa UW NOyuaeTcCA DTaHHOe HEPpaBeHCTBO. 
YITIPAMHEHUA 
J/loxaxkute HepaBeHcTBa 11.1—11.21. 
11.1. mea < sin oan me 24, In € 


€ [0, a]. 
11.2. avbyte < at/(atbte) . pb/(atbte) . gc/(atbte) < a* +b? +e? 


3 at+bt+e ’ 
rye a,b,cEN. 


11.3. (1+ -—*) (14254) (1+ %—*) <1, rae a,b,c— 


CTOPOHbI HEKOTOPOrO TpeyroJibHuka u a,b,c € Q. 


11.4. a7b(a — b)+-b*c(b—c)+c*a(c— a) > 0, rae a, b, c— croponsi 
HEKOTOPOrO TpeyroJIbHUKa. 


11.5. a®b+ b’c+c%a > a*bce+ b?ca+ c7ab, roe a,b,c > 0. 
11.6. (1+—) (1+-) (1+ =) > 64, rye v,y,z >On e+ytz= 
12 
ver Vie Ver va Yarve* Jarvat Jar vat 
rye a,b,c,d > 0. 
tet Vex vat Jen ve 


m? n? 
11.8. — +72 mn, rae m,n,p,q>0 Ww —+- = 1. 


11.9. a(atec—b)+ Jb(at+b—c)+ Jc(b+c-a)< 


< J/( +0? +0?) (a+b+o), 


Y NPAHCHEHUA 
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rye a,b uw c— CTOPOHbI He€KOTOPOrO TpeyrouIbHiKa. 
nm nm n 2 
11.10. (> 0?) (> c) > (> ac] . 
i=1 i=1 i=1 
n n k-1 n k 
11.11. (> at) e ct) < e act") , we aj,Q9,... 
i=1 i=1 i=1 
-3On,C1,---,€, >OU O<k<l. 
n 1/p n 1/q n 
11.12 (> a?) (> it) > So aibi, rae a1,..., An, 61, 
wl i=1 i=l 
1 1 
,bn > 0, p,q > 0, pt qv 
at a2 
11.13... —-22—_—- _ +} —_——§— 
—ai1+a2+...+4n + ai1—a2+...+4n + 
An 2 
Qi, t+ao+...ta@n_-1—-aAn~ n—2’ 
re G1, 02,..., QA, — CTOPOHbI HEKOTOPOTO N-yrOJIbHukKa. 
dd Db (didi ™ 
11.14. ——_=_ > ——— , re dy,...,dn,61,.--,bn > 0 
ums 2 
11.15. a) —+— + —?— = 


3 

————_ > — e 0: 

matey | e+e, Bi +a3 7 2 Mae 21, %2,%3 > Vs 
L1 L2 Ln—-1 Ln 

6 eb a FO _ 2 en>4 

ata tetai + ont @n 22) Bib en * 9 THE Be 


L1,-.-,Ln > 0. 


16. |\2+%44-%_4_% 
Yy z 


<2(1- 
™ 


2 2 2 ) , Pe L,Y; 
ct+y +2 
Z — CTOPOHbI HEKOTOPOrO TpeyroJIbHikKa. 


a b Cc d A 

17. a ae 
11.17. a) bhetd atetd’ atbid* atbte 7 37 Te 

a,b,c,d > 0; 
a1 a2 

6) ——_ Sr 

) bast. ban +m taste t 

An n 


rye n>, ay,aq,...,an, > 0. 
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a b Cc d 


+ + + 


11.18. b+e c+d a+d a+b 


> 2, rue a,b,c,d > 0. 


a” +b” be +e co tae a® b° Cc 


LY. < _ a a 
11.19. a+o+es 2c + 2a + 2b S bet ca + ab? rate 
a,b,c > 0. 
3 3 3 
a b Cc a+b+e 
11.20. —————,, +. = sats SOO SC ?——— e€ 
a? +ab+b’ b?7 + be +e eteta’ 3 veh 
a,b,c > 0. 
a+b a+b a a b b 
omit. < _ "|G , »U,L, . 
11.21 (—) (<) (;) rae a,b,c,d>0 


11.22. PaccmoTpute nocieqOBaTeJIbHOCTb C MOJIOAKUTEJIbHbIX GWICHAaMU 
(2,), B KoTOopot# l= a >a, > 42>... > 4, >... Noxarxute, uto 
cylljecTByeT Takoe n, 4TO Aa W000 TaKO MOCIesOBaTeIbHOCTH (2p) 


6 6 6 
0 1 n—1 


L1 L2 In 


> 3,999. 


11.23. M3 pHyrpenHeit rouxu M tpeyroiupyuka ABC mpopeyeHpt 
nepneHaukyiappr MA,, MB,, MC, x cropouam BC, CA u AB 
COOTBETCTBeEHHO. J]ia Kako TouKu M tpeyrompHuxa ABC’ sBenuunna 


BC CA 4 AB ; 
MA, MB, MC, IpuMeT HavMeHbIIee 3HAdeHHE! 


11.24. Ilycrb aj,...,@n,61,...,6, >O u JC {1,...,n}. Wspecr- 
mM 
HO, UTO Aa sHOG0r0 J Ss" b; > (> ai , rae MEN. Jloxaxute, uTo 
iE J iE J 
n 2 n m+1 


PELUEHUA 


11.1. J]na mro6prx uncen a,b € [0,7] umeer mecTo ycnoBue 


sina + sinb _ . at+db 


sin 
2 ~ 2 
. sina + sinb . atb a—b . atb 
JJeicrsurenbHo, ——~——— = sin cos ——— < sin ——. Bs3an 
2 2 2 2 

1 

Q, =... = QA, = — MW BOCMOMb30BaBLUIMCh HepaBeHcTBom (11.4), mosmy- 
n 


1,. ; _ o£ .. $2 
4uM ~ (sing, +...+sing,) <sin 2b Tt * 
n 
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11.2. [lockonbKy Aa nr0Obrx uncer a, b > 0 uMeeT MecTO HepaBeHCTBO 


lea +166 < | a+ TO, B3AB ay = ———, a = a a3 = 
9 S185” 1 orb te! Gta’? BB 
Cc 


= Fab ae? CoriacHo HepaBbeHcTBy (11.4) umeem aylga+ aglgb + 


+aglgc < lg(aja+aeb+a3c), orkyfa 


2 2, 2 
gt/(atbte) p6/(atbte) .c/(atb+e) < a” + bo +c 
~ atbt+e 


Tenepb paccmotpum dyuKuuro f(z) = einz B obmacru (0, +00). 


Ilockonpxy f” (x) = - > 0, To aaa dbyxHKyuu f (x) umeet mecto (11.7). 


1 
B3aB QQ] = Q2 = a3 = 3° uMeemM 


1 1 
3 (alna+ blnb + clne) > s(atb+c)InStore 
at+tb+te 
orkyya at bee > (<75=**) , WJM 


g2/(atb+e) p6/(atb+e) ,e/(atb+e) 5, a+ b+e 


3 
b — _ 
11.3. Ilycrs f (x) = Iga, my =1+—~, ra =1+—, v3=1+ 
4a? a —~_% _ a ~~) a —_* _. noJlyuumM 
c UO f hUmamlUtthbdtee’ OO * CO at bt’ Oa t+ bse’ ny 
1 


falg (1+ 7—*) + big (1+ >") +elg(1+ —)| < 


a b—ec b c—a 
< — ee 
< Ig | (1+ a \+ a (+ b )+ 


a+b+e 


_ a _ b _ c 
aoan (14 2)" (165A) (V4 tet) 


11.4. Paccmorpum dyuxuuto f (x) = 27. Herpyguo nposeputs, 4To 


J J1 41 OObIX UNCeI mM WM nN WMeeT MECTO He€paBeHCTBO 


af (m)+8f(n)>f(am+ Bn), rae 0,8 >0,a+8=1, 


CorjacHo Teopeme 11.2 umeer mecTo HepaBeHcTso (11.7), rae, B34B 21 = 


_—¢ m=b re=aa _ ate—b _ b+c-—a _ atb—-e 
ON a tbe’ *”)0—hlUatbe CO t+ bt cc’ 
NOJly 4M 

9a+te—b 9b6+c—a 9a+b—-—e 

c ahbhe te? atbie% atb+ce~ 


11 H.M. Cegpaxan, A.M. AsoasxH 
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_ act+¢ —bc4+6? + be —abt+a’?+ab—ac ° 
- a+b+e ’ 


oTKya 


c* ((a +c) — b*) + 6? ((b+c) —a?) +a? ((a+b) —c*) > 
> (a2 +024 2), 
uu a*b(a— b)+b2c(b—c)+c*a(c—a) > 0. 
2 


11.5. Vxa3aune. [Ipunarp fe )=2°, 4, =a+b-c, t2=at 
b Cc 


+e-—6b, 3 =b+c-—a, ay = ——, ag = —— , 03 = bade 


akbee at+tb+e 
Bropowk cunocoo. 3amerum, uTo 
a°b + b°c+ ca — (a*be + b?ca + c*ab) = 
= ab(a—c)’ +bce(b—a)* + ac(b—c) > 0. 


11.6. Paccmorpum cdbyuKuuto f (t) = In (1 + *) B oOsactu (0, +00). 
1 1 


Ilocxonpxy f” (t) = 2 +12 > 0, TO uMeeT MECTO HEpaBeHCTBO 
1 
(11.7). B3aB QQ, = A = @& = 3? ty =, to = ¥; t3 = £2, NOUYAIMM 


1 1 1 1 3 
= = = -~\ls Pe 
3 in(1+-)+in(i+7) +mn(1+-)) >In(l+ 5), 


OTKYy1a, IPHHAB BO BHMMaHHe, YTO FT +y+2=1, NoTyanumM 
3 


1 1 1 3 
(1+ =) (i+) (1+) 7 (+s 55) = 64. 


11.7. Paccmorpum dyuKxuno f (xz) = - 2 o6mactu (0,+00). THo- 


1/1 
CKOJIbKY HM€CT ME€CTO HepaBeHCTBO 5 | — 


a 
Teopeme |, B3aB t1 = Vat v/b, ty = Jat Je, t= vat vd, 
ta = b+ r/c, t5 = /b+ Vd, te = e+ Jd; Q, = a2. |= 06 = 5, 


NOJTYAUMM JaHHOeC HEPpaBCHCTBO. 


4! 2 
+5] = a4? TO COrjlacHo 


11.8. Paccmorpum dyuKxuuro f(x) = Ina Boobsacru (0,+00). [o- 


1 
ckompky f(x) = —-5 < 0, To umeer mecro (11.6) HepaBexHctTBo, rae, 
4 6 


1 1 
B3AB @=-—, B=-, a=m?, b=Nn%1, Tonwy4auM DaHHOe HEpaBeHCTBO. 
qd 


11.9. Paccmorpum dynkuuio f(x) = \/x Bob6nacru (0,+00). He- 
TPyJHO IpoBepuTb, ITO Aa dyHKuuu f (x2) uMeeT mecTo ycuoBue (11.10). 
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a+e—b a+b—e c+b-a 
atbt+e 7 atbte ~ atbt+e’ 
£3 = C, WpuBeyem Hepasexctso (11.8) k qaHHOMy BHAy. 

SameuadHne. lIipu a=9, b=4, c=1 HepaBeHcTBO HeBepHoO. 


B3aB a, = L, =a, t2=— 6, 


11.10. Hycrp c? +...+c*% #0. Paccmorpum cdynkuur f (x) = 2?. 
2 
C; ay 
Ilocxonpxy f(x) > 0, To, B34B a; = ———7z, 4 = (=) , rae 
Cy +...+ Cy Ci 
1=1,...,n, corjjiacHo Teopeme 11.3 noswyuum 
nm 2 2 Tr 2 2 
ay C; S ay C; 
S } CG 2 2 5 Ce 2 ’ 
— i Cj +...+ Cy, —“ Ci Cy +... + Cp 
i=l t=1 
OTKyJa MU NOyuaeTCcA TaHHOe HeEpaBeHCTBO. 
Korga cy = Cg =...= Cy = 0, TOWyY4MM OUeBUAHOe HEPaBeHCTBO. 


11.11. JJoka3aTenbcTBO aHasIOrM4HoO Mpumepy 11.2 c yaeTrom Toro, 4TO 
f" (a) < 0. 

11.12. Jloka3arenbcTBo aHasIoru4Ho upumepy 11.2 c 3ameHot k Ha p 
uc; Ha pt! P 

11.13. Paccmorpum dyuKuuto f (x2) = - BoOsmactu (0,+00). 


a; 


B3ap 4; =a, +...+aj;-1-—aj;+...+a,, a; = ———————., 
ai+...+@€n 


rae 


i=1,...,n (11.7), nonyaum 


1 Qi 
So a 
Bo US oS - 


1=1 


1 
> (a1 +... + QQ) 


Sai (a1 +... + a1 — a4 +... + Gn) 
1=1 


oTKya 


Tr 


ai 
pL ban aa 
ai +...+a@;-1—aj+...+4n 


a | 
1 n 


2 
> (a, +... + a,)° —_.,—_ > = 
2 (a1 n) (a1 +...+an)? —2(aj+...+a2%) ~ n-2? 


Tak kak n(a2+...+a2) > (a, +...+4n)* (cm. ynp. 2.2). 


11.14. B HepaBencTBe npumepa 11.2, npuHaB c; = 1, nomyauM 


n n k 1 n 1 n k 
k-1 k k 
n ) a; 2 (3 a] ; WJM —» a; 2 (: a | ; 
i i=1 i=1 


11* 
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n n m/2 
m 2 1 1 2 
oTKya, BAB k = a? i= d:, moJLly4aumM > D d,” > (; > i?) ; 
— — 


Tr 


1 1 n m/2 
AHaJIOPM4HO NOJY4YMM Tak?Ke HEpaBeHCTBO — ) b,” > (: ) i) ; 
n n 
i=1 


4 —— 
1=1 


IlousleHHo NepeMHO?KaA NOY IeEHHbIe HEPaBEHCTBA UM BOCHOJIb3OBaBUIMCb 
HepaBeHCTBOM 43 yup. 11.10, nomwyaum 


Soon Sra? Sen a m/2 bid, 
i=1 1=1 > i=1 1=1 > 1=1 
n n ~~ n? - n 


1 
11.15. Paccmorpum dyuKunto f (x) = ; B o6actu (0, +00). 
Ly 


a) B3aB a; = —————— 
t1+%2+ £3 


, 2=1,2,3, umeem 
“1 1 4 “£2 1 4 L383 1 
tite@etas¢%2+%73 t1+%.+%371+2%3 FT1t+%2+%3 21+ 22 ~ 
1 
> 


= (v2 + @3) + =? (v1 + #3) + 


£3 ? 
1 +%2+ 23 1 +%2+ 23 1 +%2+ 23 


(v1 + x2) 


2 
orkyna —22— 4 —®2 3 (v1 + %2 + x3) 
t2+@g3 t1+%3 1+. ~ 2(a1¢@2+ a2%3+ 2123) 


2 2 2 2 
4,+45+2 4,+%4%,+2 
1 ji i> (4 i 2) mam xn? + 


+ x + v3 = 21%2+%9%3 +7123, UMEeM 


CormacHo HepaBeHCTBy 


(a1 +22 +23)” _il ai + 234+ 23 1>?2 
2 (2122 + ©2%3 + 2123) 2%1%2+%2%3 +2173 ~ 2? 
LY LQ L3 3 
orkyya —~— + —?— + —“3_ >= 
va tote3 *1+%73 @1+22~ 2 
L 4 . 
6) B3 Qa; = ———————., i= ]l.....n ee 
) Baas ay (1+... +24)’ py MEM 
ns 2 yi ny 
Yit...+a@ntote@n Mit... +¢eantitaz  ai+...+2n 
1 1 
ee 
214+ 2n-1 v1 (2+ an) + 42 (43 +21) +...+2n (41 + En-1) 
ay+...+ Zn 
orkya 


LI “2 Lin 
—“i}_4_"* _4...4_ _» 
T2+%n 14+ 23 i+ En-1 ~ 
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(a1 +... + an)? 


= — 
1102 + €18n + 00%3 4+ H9%1+...+ an (41 + Bn-1) 
(a1 +...+an)° 
= i 41mH_ ——_ 5 2 
2(#1%24+ o%3+...+%n-1%n + 2n21) 


(cm. pemieHue yup. 7.6). 
LI “2 Ln 


CueqopaTesibHo, ————— + ——— +... + ——— > 
2+ Ln Li + £3 Ti+ n-1 


11.16. Ilyctp A = 7 + 42 2 ; . > 0. Paccmorpum cdbyHKUHIO 


f(z)= - B oOsactu (0,+00). Bospmem 


ytz-2 y+ru—-—Zz z+x-y 
a=; a2= 3 =: 
y+tz+2 yt+tz+2 yt+tz+2 
B 9ToM colydae 
1 ytz2—-H2%  at+y-2z oe 1 
(0 _ 
save ( y + x + Zz e+ y*%+ 27” 
r+yt2Zz 
2 
WIM 3- A> oTkyja 
(2 +y+z2) rytezt+yz 
A<3— 2 (- ). 
Lory +z L+ry +z 


Her 1? 4 2 
PYAHO NOKa3satTb, UTO Ty +trez7+ yz > 5 (x +y~ +2 ), CIE OBA 
TeJIbHO, A < l. 


11.17. 6) Umeem 


mF 
Qi+...+@nQ@o2+...+4n 
3) 1 An 1 
- A —__________ +. ,,,,  —_—*___ _—_______ 5 
Qi +...-+@na1,+ag+...+ an aj,+...+ana1+...+adn_-1 ~ 
S 1 
“~ ai(ag+...+@n)+a2(a1 tag+...+an)+...+@n(ai+...+4n-1)’ 
aj +...+@n 

oTKya 

a1 an 
—————————— + ... + ——_- = 
ag +...+dn ay+...+@n_-1~ 

(a1 +...+4n)? Tm 
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11.18. Mmeem 


a 1 b 1 6 1 
aibbetdbic’ atbbetdetd’?atbieiddta 
Fe 
atbt+cetdatbh™ albte)tblctd) +e(d+a)td(at 6)’ 
a+b+ece+d 


+ 


oTKya 


a b C d (a+b+ec+d) 
—— £§ 5 NT TET YS 
b+e'e+d dta a+b ~ abtact+bcet+bdtcdtact+ad+db 2 2, 


MOCKOJIbKYy 


(a+b+c+d)* —2(ab+ac+ be + bd+cd+ac+ ad + bd) = 
=(a—c)’+(b-d)* >0. 


1 
11.19. Paccmorpum dyxxunto f (x) = ; B o6actu (0,+00). Baas 


Q 
o 


C1 = 06 = 2(a+b+c)’ C2 = O38 = 2(a+b+c)’ 4 = 05 = 
_ c ~f yf 2-4 4 -% g 8 4? 
2(a+b+c)’ 1 a’ 2 p? 3 BH? 4 e? 5 A? 6 Gy? 
NOJly 4M 
a b 1 b 1 C jy 
2(a+b+c) ¢ 2(a+b+e) ¢ 2(a+b+c) @ 2(a+b+c) a 
a b b 
C 1 a 1 1 
—— —_ > — — =]. 
2(a+b+c) 6 + o(a+b +e) 6 = 2+ 2a + 2b 
Cc a 2(a+b+c) 


a bw ce  1f 91 52! 1f 51 > 1 
be cat ab 2 a be + ac T 5 a be Te ab + 


a b a 
2 ba ac | ~ 2 2abe 2 2abe 2 abc 
Cc b 
a+b? a+b? a@t+ecar?te ote bite Lai +b ate | 
Qe 2ab 2b 2ac 2a 2be ~ ec 2b 
b2 + 
+ 2a 


1 
11.20. Paccmorpum dyxKuuto f (x2) = ; B o6mactu (0,+00). B3as 


ae b2 oe 
| a? +b? 4+ e?’ , a? +b? 4+ ¢?’ 5 a? +b? 4+ e?’ 
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Pewenuwa 
a” + ab+b? b? + be + ¢? c+eata’ 
Ly, = 9 LQ = ~~ 5 L3 = > 
a b 6 
nmoJLy 4UM 
a” 1 b? 1 
nr ny ee ee ere ed rr’ cr er 
a +bo+ec a> +ab+b ai +b’ +c b*+bet+e 
a b 
4 ce? 1 
Othe te e+acta? a 
Cc 
1 
a® +a7b+ ab? + 63 + b%ce4 bc? +c3 + c2atare ’ 
a? + b2 + c? 
WJM 
2 
3 b°? a (a> + 6? +c’) Z 


> Op a 
a+ab+b?) be +be+e? 9) c+acta*~ (at+b+c) (a? +b? +c’) 
a’ +b?+c? _atbte 


—  atbte ~~ 3 
11.21. Paccmorpum cdyuxuuto f (2) = —Inz B o6snactu (0, +00) 
Oua BbIIlyKJ1ad, Ce OBaTeJIbHO, 
— In ( and ——*) _@ ec __b a 
atba at+bb/ ~ a+b a a+b 0b’ 
WJIM 
(a) <(2)'(@) - 
c+d Cc d 


SGameuauHne. Ecau ajy,...,Qn,61,...,b, > 0, TO 


(gta tan yn e (a) (a2 an 
by +...+ bn ~ \ by i 5) 


1 
11.22. Paccmorpum dyuKunto f (x) = ; B o6actu (0, +00). 
Bsas a; = ———* —__— (@=1,2,...,n), nonyaum 
LOT +... en-1 


2 2 
sr 


L0 vy 
— + — +...+ = 
XL L2 Ln 
1 n—- 1 
_f_— fo gop . 
LOTeiT...ren-1 F1 LoTeiT...rLn-1 Fn 
xO Ln—-1 


(eo + a1+...+a@n-1) 
x _ _1)> —fk,. 
(tof @1 +... + na) 2 pan An 


168 §11. Memod npumenenua nepasencmea Hencena 


‘Tenepb OKa2KeM, UTO CyLIeCTByeT TakOe HaTypaJIbHOe No, JIA KOTOPOroO 
mpu n> no nonyuaum k, > 3,999. 
JleiicTBUTeJIbHO, 


(to Fy +... +an—1)* — 3,999 (a1 + a9 +...4+2n-1+ 2p) > 
> 0,001 (n —1) an — 3,9992n > 0, 


Korga n > +1, T.e. MOKHO NPHHATH, YTO No = 4000. 
| 1 
11.23. Paccmorpum dyukunto f (x) = ; B o6actu (0,+00). Baas 
BC CA AB 


“l= BOLACLAB’ 92> BOLACLAB’ “3 ~ BO+AC LAB’ 
4, = MA), t2= MB, x3 = MC\, nonyuum 


BC CA n AB _ ( BC 1 n 
MA, MB, MC, \BC+AC+ABMA, 
CA 1 AB 1 


* BCO+AC+AB MB, | BO+AC+AB me.) (BC + AC + AB) 2 
2 2 
> (BC + AC + AB)(BCMA, + ACMB, + ABMQ,) = 2 =, 


BC CA AB 


MA, + MB, + MC, 


CJIETOBATCJIBHO, HAMMCHbIICE 3SHAYVCHHE BbIPAasKCHN4A 


2 
2p 
paBHO —¢C-, M 9TO 3HaYeHMe AOCTUuTaeTCH, Kora MA, = MB, = MC;,. 


11.24. be3 orpaHuueHua OOWIHOCTH MO2XKeEM CUNTaTb, YTO a, > 
> ag >...> an. Cornacuo yup. 14.10, a) umeem 


S- adi = bi (ay — a2) + (by + bz )(a2 — a3) +... 
t=1 


woe + (br +... + bn -1)(Qn-1 — Gn) + (61 +... + On) an, 


CIC TOBaTeJIbHO, 


S- abi > ay" (a1 — a2) + (a1 + a2)" (a2 — a3) 4+... 
i=1 


Joe + (ay t+... + Gn_1)"(Gn—1 — Qn) + (Q1 +... + Gn) Gn = A. 
Ilockonpxy dyHkuua f(x) = 2™ BpmmtykKnaa BOOnactu [0,+00), TO 
A _ _ 
A (a4 22) aa” 4 (a2 a3) (a, 4 a2)™ +... 
a1 ay 


4 Mt) ge tay )™ + 28 (a, +... tan)™ > 
at a1 
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(a1 + ...+@n-1)(@n-1 — an) 4 


> (euler sn) (en Faaea aa) 4 
Q1 Q1 Q1 
4 (art... F an)an mn aitas+...+a2 m 
Q1 a Q1 


Takum o0pa30m, nowy4nM, TO 
n 2 2 2 2\2m 
aj t+ag+...+a 
(Sia) > ate Gea 
. ay 
a=1 
aj +az+ + az ml m+] 
= (State) (aj t+az+...+a2) > 


n 2 
CuenoBaresbHo, (> ast >(ai+azt+...+a? 
i=1 


3AHAUU ANA CAMOCTOATEJIbBHOFO PELUEHUA 
1. Jlokaxute, uTo ecum a, 0, Y — yruilbl TpeyroubHuka, TO: 


3 
a) cosa+cos$+cosy < 53 


: t+ *_ > 12; 


in? p sin’ 7 


awd 


. a . 
sin — sin Pp sin t 
2 2 


2. Jloxaxute, uro ecm a, 2, Y — yribl HEKOTOPOrO OCTpOyroJIbHOrO 


TpeyroJIbHuka, TO: 


a) 4/1 + 8 cos" a 4 /1 + 8 cos" p 4 /1 + 8.cos” 7 > 6: 
sin a sin B sin 


1 1 1 
6) > 
cosa@ cos cosy 
3. JlokaxkuTe, UTO CCIM AJIA BbIMNyKIOrO YeTbIpexyrombHuka ABC' D 


ZB LC. ZD 1 
—_ = 4? TO 3TO 


UMeeT MECTO COOTHOIUIeHHe sin > sin a sin a sin 5 


IIPAMOYTOJIBHUK. 
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4. /loxaxxutTe HepaBeHCTBO 


LI 4 “2 4 4 Ln—-1 4 Ln > 2 
2+ v3 agt@. +r ty ta.~ 2’ 
roe £; >0, 2=1,...,n, 3<n <6. 


5. JlokaxkuTe, UTO W3 BCeX BbIIYKJIbIX N-YIFOJIbHUKOB, BIMCaHHbIX B 
aHHYIO OKPy2XHOCTb, HaMOOJIbULYIO NIOWadb UMeeT IpaBMJIbHbIit. 


6. /loxaxutTe, TO W3 BCeX BbINYKJIbIX N-YFOJIBHHKOB, BIIMCaHHbIX B 
aHHYIO OKPy2XXHOCTb, HaMOOJIbUINH NepUMeTP MMeeCT NWpPaBMJIbHbIi. 


7. JlokaxkuTe HepaBeHCTBO ee ee 4 on < — 
° P lt+va, l+a2a. °° 1l+aa, ~~ n+2’ 


rie Q1,---,A@n 20, r>0, ay t+...+a, =1. 


8. /loxaxuTe HepaBeHCTBO 
sinasin§?+sinGsiny+sinysind+sindsina < 2, 
roe a+GB+y+o0=7, a,f8,y7,6 > 0. 
9. Ilycrb 11,%2,..., £7 — mt0OObIe DeMCTBUTeIbHbIe GNCIA. 


a) Jlokaxxure, uro korga A > 2 unu A < 0, uMeer MecTo HepaBeHCTBO 
n A/2 


NS |tar4a2+...£2,|* > 2” Soa} 
t=1 


6) Jloxaxxute, uro korga 0 < A < 2, umeeT mecTo HepaBeHCTBO 


n A/2 


A n 2 
) Jtay,tagot...+24,|" <2 ) x; 
i=1 
(B JeBOi YacTH Mpou3sBOAUTCA CyMMMpOBaHHe 0 BCeM KOMOMHAaIIMAM 3Ha- 
KOB + u —). 
10. /loxaxxuTe HepaBeHCTBO 
2 


a” — b’ _ at b 
2 2’ 
1 
re a> 3° b> t 
11. /loxaxxuTe HepaBeHCTBO 
n a 2 a 
1 n +1 
Ss" (xi + —) = (m +1) 
Li n 


t=1 


Tr 
rye A,2%1,...,%n >O u ) x, = 1. 
i=1 
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12. a) Jloxaxure HepaBeHCTBO 
Q1,%, +...+@nt%n > 7r'...2 


1 n 


rye ay +...ta,=1, 4; >0, a; 20, 2=1,2,...,n 


Tr Tr 
6) Nycrs ay >0 u So ay=1, Sai =1 (é,7 = 1,2,...,n). 
Jloka2xkuTe, 4TO 
(ay121 + Q12%9 +...t+ AinLn) (a2121 + 09929 +...t+ A2nZLn) se 
(Qn101 + An2%2 +... + Anntn) > 11%2..-2n, 
re £1,%2,...,2%yn > O. 
B) JlokaxkuTe HepaBeHCTBO 
(ux+vytwz)(ve+wytuz)(wxe+uyt+uz) > 
2 (ytz—a)(z+x—-—y)(et+y—z), 
re utv+w= il, u,v,w,r,y,2z = 0. 
13. /loxaxxutTe, 4TO 


(=a wy we (=p =a)y9e> 


a 6 


x 


_ _ (1—z)(1-2)/y 
< (@=10=2) > 256 


rye x,y,z >O0u et+ytz=1. 
14. Haitru Hanbonbulee M HAMMeHbINCe 3HAYCHHA BbIParKeHHA: 
a) a b a 
a+b b+e ate 
n—-1 


LY 
9) as aie mim rye L1,02,---,%n > 0, nZ= 3. 
L 5 Jj n 


, rue a,b,c > 0; 


§12. HEPABEHCTBA, CBASAHHBIE 
C ITOCJIETOBATEJIBHOCTAMNU 


B yaHHOM naparpade OyayT paccMOTpeHbI HepaBeHCTBa, CBA3AaHHbIe 
C MOCIeTOBaTeJIbHOCTAMM (B YACTHOCTH, 38 aHHbIMU PpeKYPPCHTHHIMU CO- 
OTHOIMeCHHAMM), KOTOPbIe JOKa3bIBalOTCA pa3JIMYHbIMU cnocobamn. 


YAPAKHEHNA 
op? 
12.1. JlokaxxuTe, 4TO eCHM Ln41 = In +s u 0 < a, < 1, TO 
nm 
NOCIEFOBATeIbHOCTh (2,,) OrpaHwueHHa. 
12.2. Jloxaxure, uro ecm ay = 1, an = —— = 2,3, 
n—1 
...,10, ro 0 < aig — 1/2 < 10797. 
1 
12.8. B nocnenoparenbHocTu (tn) Uy = 1, Unti = Unt a (n > 1). 
Jloxaxxute, uTo 14,2 < ujgoo < 14,22. 
1 
12.4. B nocnenoparenbHocTtu uy = 1, Unqi = Un +—z (n J 1). 
Un 


Jloxaxxute, 4TO 30 < Ugooo < 30,01. 


12.5. Jloxaxute, uro ecu ug = 0,001, unsi = Un(1—un) (n SO), 


1 
TO U ——_., 
1000 < 5990 
a a? 1 
12.6. /laHa nocnegqoBaTesIbHOCTb a, = 1, Gnit = > + 7 + _ 
(n= 1,2,...). Jloxaxute, 4To 2Ta NOcMeA0BaTeIbHOCTh HeorpaHiueHHa. 
12.7. Uspecruo, 4ro a9 = Gn =~ 0 1 a, > 0 (§ = 1,2,...,n—-1), 
As—1 + Gs41 (= 
9 > GAs COS i 


), n,kREN, n& 2. 
JlokaxutTe, uTO n > k. 


0, ec Ly, = OV, 
12.8. Hyctp 2, € (0,1) uw 241 = 
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Jloka>xkuTe, 4TO 


tagt...tan<2¢q...4— 
Ly L2 cee Ln Fs PF; wee Frat’ 


rye Py = Py =—l1u Fin+2 = Fnait Fn (n= 1,2,...). 

12.9. Ilyctb n > 2 — nenoe uncno. HatiguTe HauMeHbilee 3HadeHHe 
CYMMbI Qj + QQ, +...+@n, CCUM 9,01,...,@An — HeOTPuUaTeJbHbIe 
yucca, IpuyemM Ag =—1 U Qa; < Aj414+ Gi42, 17=0,1,...,n —2. 

12.10. JlaHa nocneqOBaTeIbHOCTb NOJOXKUTCIbHBIX UMCEI L1,29,... 

.,2n,---, YAOBIETBOPAIOUINX YCJIOBUAM 


n—1 
i re (n = 1,2,...). 
j=0 


1 1 
gn-t < Ln < 2— ar: 
12.11. Ilycrb ao,a1,@2,...,Q@n,... — 6eCKOHeUHAaN TOCIeEOBAaTeJIb- 
HOCTb TOJO*KUTeIbHBIX UNCe. JloKkaxuTe, TO HepaBeHCcTBO 1+ an, > 


> Y/2.7a,_1 BeDHO asa GecKOHeYuHOrO UNCHIA NN. 
) n—-1 


/lokaxxutTe, uTO 2 — 


12.12. JJaHa nocneqoBaTesbHOCTh Ay = max (2"(1—a2)+(1-<2)"2z) 
0;1 


(n= 1,2,...). Jloxamxure, 4TO Qni1 > zon n= 1,2,... 


PELUEHUA 


12.1. Merozom MateMaTu4ueckol HHAYKUMM JOKa2KeM, ITO 
In < ma 

Ns 0 KF rrEOPR 

(1— ai)n+ Va - 


B cryyae n= 1 wmMeem cnpaBeyIMBOe HEpaBeHCTBO 


n=1, 2, 3,... 


LY 


< 
STS G— Jan+ Var 


Ilycrp AAHHOC HEpaBeHCTBO CITPaBeJIMBO B CJLYdWae nN = k, T.C. Lk < 
kay 


< = 
(l— Vai)k+ Var 


Ly. 


Torga OKa2KeM, UTO OHO CIIpaBeJIMBO Tak>Ke B 


(k + 1)a1 
ciyyae Nn=k+4+1, Te. E44. < —————.. 
(1 — +/ v1)(k + 1) + 4/21 

2 
LX k kxy 
Tak Kak p41 = UR +— U LEX ————.,, TO 
. k? (1— /ai)k + far 
kay rt 


Pet STG Vai) + Vai (hl — Vai) + Vai)? 
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_ BG= vavtkverter 2 (Rt Ve 
(k(1— y/a1) + Vai)’ (1— Vai)(h+1) + Jar 


MOCKOJIBKY 


k+1 7 k7(1— Jar) + kar t+ a1 
k(1— J/a1)+1  k(A1— Vai)? +2k(1— a1) Jai t+ 21 
: vn Vz) a" 

(A(1— a1) + 1)(R°(1 — Var)? + 2k(1 — a1) Vai + 21) 


Takum o6Opa30m, o6a Tpe6oBaHia MHAYKUMM BbINOJHAIOTCH, Ce OBa- 
TCJIbHO, JJ OG60ro HaTypaJIbHOrO 3HAYeCHHA N CIpaBe JIMBO HepaBeHCTBO 


G— Jeijn+ Jar nl— Vai) 1— Var 


T.€. MOCICOBaTeJIbHOCTh (2,,) OrpaHMueHua. 


0O<an< 


12.2. JloxaxkemM, 4TO Ay — /2 > 0, rge n= 2, 3,... 


/2, oTKyja 


an — /2 > (0. PaBeHcTBo He MMeeT MECTAa, TaK KaK BCe UJICHbI NOCIeTOBa- 


2 2 
Umeem ayn = 0,5(an—1 + ) > An—1 
a Qn-1 


n—-1 


TCJIbHOCTH — palMOHaJIbHble MCA, CIC OBATeJIbHO, Ayn — /2 > 0. 
Tenepb pacCMOTPUM HOCIe€AOBaTeJIbBHOCTbh by, = dyn — \/2. MUmeem 


bate VE=08(au-14 2) ~ Von ta BV Bn 


2An—-1 
(Qn—1 — \/ 2)? be 4 
a i Pa n= 2,3,..., 
Dnt 
2/2 
bn —1 
Ilockombky by =a. — 2=5- f2<— ub, < TO 


24/2’ 


bp #3 e — 1 
94/2 ~ 1022,/2’ *  104(2s/2)?2/2’ 


MU, WposoOKad TAKUM OOpa3om, NOJy4MM, TO 


bin < 1 1 1 1 1 1 
10 > —__ ——_. ..... FF ees 
102° (24/2)? (2,/2)” 24/2 10° (2.4/2) 
1 1 1 
Tenepp goKa>KeM, YTO —ysg ——=5=> < —azy, usm 10'* < (2 /2)?5° — 


107° (2 ,/2)?°° 10°”°’ 
= 2382,/2. Tax kak 21 > 103, ro 10114 < 2389 < 238? ,/2. 
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1 1 
Takum o6pa30m, big < 35g 


1 
——— < —.,, oTKyla u nonyuaem 
10°°° (2,/2)?°° 10°”°’ ye y 
aio — \/2 < 107379. 


1 
12.3 V3 ycnopua yupaxkHenua umeem, YTO UL,, = us +2+-5. To 


Un 
€CTb 
us = us +2+ 4, 
U1 
2 2 1 
U3 = U2 + 2+ 2) 
U2 
2 2 1 
Un = Un-1 + 2+ 2 
n—1 
CkulagbIBad 3TH PaBeHCTBAa, NOJIy4HM 
1 1 1 
U2 UZ Un-1 
1 1 1 n 
Tak KaK Un—1 > Un-2 >... > Ug = 2, TO zt wt.-..-+— zy < >. 
U2 U3 Un-1 4 
CeqoBaTeJIbHo, 
9 
2n < use < zr (n> 2). (12.12) 


V3 ycnosuit (12.11) uw (12.12) cnenyer, aro B cryyae n = 100 umeem 


A/l 1 1 9 1/1 1 1 
200+ 5(5 +3 +--+ G5) < whoo < 200+ 5(5+5+---+ 96): 


1 1 1 
OueHum cyMMy 3 + 3 +... 99 CHM3Y UW CBepxy: 


1 1 1 1 1 1 1 1 1 1 
stgteetopa(stgtatstgtstat 

1 1 1 1 1 1 1 1 1 
+(5+5+a7)+latigt tag) t+ (git ast + a9) > 


> 1,675 + 0,346 + In = +In ar > 4,021, 


Tak Kak In 24 >1la4a In 100 > 1: 
12 34 ’ 
1 


1 1 1 ol 1 do11.1 
stgtetoa(Gtatatstgtstat 

1 1 1 1 1 1 1 1 1 
+(5+5+a7)+(atigt- tag) t+ (git ast--t 9) < 


< 1,675 + 0,347 + In = +In = = 2,022 +2In3 < 4,222, 
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$12. Hepaeencmea, ceazannoie C NOCAEODEAMENLHOCMAMU., 


Tak Kak In3 < 1,1, cnegosaresmpHo, 201,787 < uzo) < 202,111, orkyza 
14,2 < wio9 < 14,22. 


B mporecce 0Ka3aTeJIbCTBa MbI BOCIOJIb30BaJINCb HepaBeCHCTBaMU 


ne ee | ae 
kk’ k+l °' m7" &k 
u 
a a eee | 
k k+1 oe m k—-1- 
JloKa2>KeM Ux: 
k+1 k+2 m+1 
t+ 4...4+5 | bdet dx +...¢ | + de> 
k' k+l Row koi °" * 
k+1 m 
k+1 k+2 m+1 m+1 
1 1 1 1 
> | det | Fae+ + | fde= | fde=n™E 
r r k 
k+1 m 
u 
k+1 k+2 m+1 
1 1 1 1 1 
k’ kel” +i | gare |G ; dz + ++ | dx < 
k k+1 m 
k k+1 m m 
1 1 1 1 
< | Gdc+ | bdrt..t | bdo =| de =Ing™. 
x x r r k-1 
k-1 k m-—-l1 k-1 
12.4 VUmeem, yTo upi, =u, +3+—44+-4, rae n=1,2,... Takum 
Un nm 
o6pa3om, 
3 1 
Uy Uy 
3 1 
Us, = UZ +34+—54+—, 
2 U2 
3 1 
Ung =U, t38+ G+ 4 
Un nm 


CkslaybIBad MOJIy4CHHbIe PaBeHCTBA, NOJY4UMM 


1 1 1 1 
une = 8n48(p +... 4-5) + (et... + oe), 


Un 


CIEHOBATeIbHO, UP ,, > 3n + 2 = 3(n+1) wm ung > ¥/3(n +1), 
U1 
oTKyJa U WOyAaeM Ugoo9 > %/3- 9000 = 30. 
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C apyroit CTOpOoHBI, 
1 1 1 
why =8n+3(—g+...4+—7)+(Gt...+—¢) < 
Uy Un Uy Un 
<3(n+1)+1438(p54...+5—-)+(aot+-- +a) = 
ggt---t3aa pop ts t+po)= 
1 1 1/1 1 
=3(nt1)+1+(5+-.-+5)4+5(t---+-): 


1 1 1 
Mocxompky 5 + g tet < Inn (cm. pemeHue yup. 12.3) u 


F454 4k 
g7 32 ln 


1 
To ue, <3(n+1)4+14+Inn+ 97 CHeHOBATeNbHO, 


3 
usso9 < 2702 + In 9000 < 2702 + In2”> < 2727 < (30 + .) 


100 
‘TakuM o0pa30M, Ugo990 < 30,01. 


12.5. Tak kak Unit = Un(l— up), To 


1 1.1 1 

Unti  Un(l—un) Un 1—Un’ 
‘Takum o6pa3om, 
1 1 1 1 1 1 1 1 1 
= + , == + Soa = a 
U1 uo 1— uo U2 uy l-w U1000 ugg9 1 — Uggg 


CkulaybIBad 3TH PaBeHCTBAa, NOJyuHM 


1 1 1 1 1 1 
=—+ +...+=—— = 10° + +...+ 


U1000 uo 1 — uo 1 — uggg 1 — uo 


1 — uggg 


> 10? +1+...+1= 2000, 
1 


2000- 


B gaHHOM CJlydae MbI BOCIOJIb30BaJINCb HepaBeHcTBaMH 0 < uy, < I, 
KOTOPbI€ MO2KHO JOKAa3aTb CIC TYIOWIUM OOpa3om: 


n 1 — n , 1 
tnt = Un (1 — tin) < (“2 EE =) =4<1 n=0, 1, 2,... 


OTKY]a U1900 < 


Eom un <0, TO “3 paBeHCTBa Un = Un—1(1 — Un_1) MoOmyuuTcas, 


YTO Un—1 <0. IlpogqonKkaa Takum o6pa30M, NOJy4IMM Ug < 0, KOTOpOe He 
CUpaBeJJIMBO, CJICIOBATeJIbHO, Un > 0. 


12 H.M. Cegpaxan, A.M. AsoasH 
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12.6. IIpeqnonox*xum, 4TO MocHeqOBaTeIbHOCTh (a,) OrpaHwueHHa, 
Te M<an<M (n=1,2,3,...), roe M>O0, Tak kak a, > 0. 


1 1 
U3 ycnoBua 3agauu cienyer, 4TO any — An4+1dn = 7, WIM @~ = 


n an 
1 1 
= +>. Takum o6pasom, 
An4+1 Anan+1 
1 1 1 1 1 1 1 1 1 
—_ = 32> = __ ~2) 2? ee) — 2 2 °¢ 
ay a2 ayas a2 a3 0203 an Qn+1 AnAn+1 


CkslaybIBad MOJIy4CHHbIe PaBeHCTBA, NOJY4UMM 


Qn+1 aia; azaz —_ aan. M* M*  ~-" M* M*’ 
a 
Tr 


un M* > n, uro HeBepHo, CIeAOBaTeIbHO, NOCIeCAOBATeIbHOCTH (Gp) 
HeorpaHuuenna. 


TT TT 
12.7. [IpeqnonoxumM, uro n < k. B 9Tom crryuae k < —, cjleqOBa- 
nN 
TT TT 
TEJIbHO, COS 7 > cos—. Orcroga nomyuaerca 
nN 
TT TT TT 
a2 > 2a,;cos—, a, +ag > 2agcos—, ..., An—2 > 2an_1COS—. 
nN nN nN 
. 
O6e uacru nepporo HepaBeHCTBa YMHO2KUM Ha sSiN—, BTOporo — Ha 
nN 


. CKaabiBad BCe NOJtydeHHbIe 


(n —1)x 


. 20 . 
sin — UT. J., nocieqHero — Ha SIN 
n 


HepaBeHCTBAa, NOJIyYHM HeBepHoe HepaBeHcTBO 0 > 0. CuegoBarTesbHO, 
Halle Wpeynouox#eHue HeBepHoO. Ilosromy n => k. 


12.8. be3 HapymeHua OOWHOCTH MOXKeM CUUTATh, ITO Ly F O. 


1 
UmMeem x, = 1: \, k = 2,...,n, cnegqoparembHo, x, € (0,1), 
k—1 
&k=1,2,...,n, u 
1 1 
LR = > X = ff (41), k=1, 2,...,n—1, (&) 
1 Lei1 +1 
Lkt1 + Th 
1 
rye f(z) =: 


Jlemma. Ecau @ynxuua f(x) 6 o6b2acmu I y6veaem, a mynxuua 
z+ f(x) seospacmaem, mo dynxuua g(x) = 24+ f(x) + f(f(e)) +... 
+ f(f(...f(a)...)) @ o62acmu I eospacmaem, 2de m EN. 

S$ Eee 


m 
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JleiicrBuresbHO, 3ameTuM, 4To PyHKuua f(f(...f(x)...)), KEN, B 
—— 


2k 
oonactu J 6yneT BO3pPacTAaTb; CIETOBaTeJIbHO, (byHKUMA 


F(F( ++ fla). )) + FFG Fl) ---)) 
2k 2k+1 


Boosacru I Take Bo3pactaet, adbyHKuua g(x) = 2+f(x)+f(f(x))+ 
+ f(f(f(x))) +... Oyger cymmoii Bo3pacrarommmx dyHKuni, T.e. OHA B 
oomacrtu J Bo3pactTaerT. 


1 
HerpyaHo mpopeputs, uro cbyuKuua f(x) = | Bpoosacru J = [0,1] 


’] 
YHOBJIETBOpAeT yCJIOBUAM JIEMMbI. Takum oOpa3om, cormacHo JlemMe u (*) 
uMeemM 


Ey_teot... +n < flee) +e. + 434+... 4+ an < 
< 23+ f(s) + f(f(v3)) + fat... +2n <... 
Lan t fen) + F(F(en)) +... + FG. Flan) --)) < 
— 


n—-1 
Fi F Fr 
<14+fM+fP6. f= pt ete +e 
——_ ee 2 3 n4+1 
n—-1 
HOCKONBKY l=7 r f(z) = Fos i=1,2,...,n—1. 


12.9. Meroqom MaTeMaTH4ecKkOH WHUYKUMM OKaxKeM CJICJTYIOLLYIO 
JIEMMY. 


JlIemma. kenau n > 2, co = 0, Ch [0 U GS Cji4y + Cine, 2 = 
= 1,2,....»-—2, mo cgt+tecat+...+tcy, = 0. 


JlevicTBuTeibHO, Ipuy n= 2 u n=3 wMeeM Co+ C1 + Co > 2CoQ = O 
MW Co tcy + C24 C3 > 2¢e9 + 3 > 0. 

Ilycrb B crygyae n < k yTBep»Kyzenue JIemMbI BepHo. JloKa»xKeM, 4TO 
OHO BepHO Tak»xKe B cryduae n=k+1 (k > 3). 

PaccMoTpuM Ba Clydad. 

a) cy > 0; Tak kak 0 < cy < co+c3, To Ana uncen 0, C2,¢3,.--,Ck41 
BbINOJIHAIOTCA YCJIOBUA JIEMMBI, CIE MOBATeJIbHO, O+cg+c3+...+ceK11 = 0, 
OTKY a Cottey +Co+...+ Cri 2Cot+C3+...+ Cre4+1 > 0. 

6) cy < 0; umeem co > —c, > 0, aaa uucen 0,€¢3,¢C4,.--,CK41 
BbINOJIHAIOTCA YCJIOBUA JIEMMBI, CIE TOBATeJIbHO, O+c3+c4+...+ceK11 2 0, 
C Apyrou CTOPOHBI, 


Cottey t+cg+c3+...+ Cry >2co +e3 +... + Ces > 0. 
Jlemma oKa3aHa. 


12* 
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Fn-i 


GaMmMeTuM, 4TO 4NCIAa Cj; = a; — ro? t= 0,1,...,n, roe Fo = 
n 
=0, Py =l au Pye = Fy41t+ Fi, 1 =0,1,...,n—2, yaospnersopsror 
YCIOBUAM JICEMMbI. CyleqOBaTeJIbHO, Co +c, +... + Cyn > 0, umn ag t+ 
+a, +...+@n, 2 — + +...+ =; C Apyrou CTOPOHBI, aca 
no Fr | Fn F,, 
a; = —— yaoBnersopsxtOT yCIOBHAM 3aya4u, NOSTOMy HaMMeHbIUICe 
Fr, 
Fn + Pn-1it...+ Fo 
3HadeHHe CYMMbI Gg +a, +...+4, OyaeT paBHO rs 
n 


MerTojoM MaTeMaTHuecKkOH WHIYKUMM HeTpyAHO OKa3aTb, 4YTO Fo+ 
+Fhy+...+ Fy = Fpsg —1. 


12.10. Samerum, uro x4, = 1 u &, > 1 pu n = 2,3.,... 
Ly, — 


CreqopatesibHo, upu n> 1 umeem c= a 
, 


Ilycth yn =2—Yn, Torna 0< yn, <1 upu n=2,3,... uw yn(2- 


1 
— Yn)” =]. HysxHo yoKa3aTb, ITO = < Yn X< upu n= 2,3,... 


gn 
Vimeem y . > 
MeeM = ——_; 
" (2— yn) 
bepHy.11u uMeemM 


1 = Yn(2 a Yn)” — Yn(I + (1 _ Yn))” 2 Yn(1 + n(1 a Yn) 


n—-1 


a7 (pu n = 2,3,...). CormacHo HepaBeHcTBy 


1 
CJIEMOBATEJIbHO, Yn < —, MOITOMYy 
nm 


ipo n= 2,3,... 


12.11. Jlokaxxem oT TpoOTMBHOrO: TpeszMONO%xKUM, UTO HepaBeHCTBO 


lt+a, > ¥/2,7a,_1 BepHO JJId KOHeEUHOrTO 4UNCIa n. CoeqoBaTesbHO, 
CyIIeCTByeT HaTypaJIbHOe UMCIO Ng TakOe, UTO WIA BCeX Nn > ny 1+ 


+ An < V/ 2,7An—-1- 


. 1\" 
IlockonpbKy lim € + ~) — €, CYIIECCTBYCT HaTypaJIBHOe 4UUCJIO 
noo nT 


nm, Takoe, ITO NpH n > ny (1+ ~) > 2,7 (e = 2,718281828...). 


—— 
CureqopatesibHo, ia n > m, rae m = max(no,n 1), umMeem 1+a,y < 


m+ 1 1 an An-1 
< dn—-1 1/2,7 < | @n-1, ostomy nal + abl < Takum 
o6pa3om, 
1 Gm-1 4m 1 Gm Am41 
m+1 m m+1’> m42 m+1lm+2’ 
1 Am+k—2 Am+k-1 


“ m+k m+k-—-1 m+k — 
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CkulagbiBad 3TH HepaBeHCTBa, NOJyuaeM 


1 1 4 4 1 Am—-1 _ QAm+k-1 < Am—1 
m+i1 mt+2 °° m+k m m+tk m ’ 


CIC TOBATeJIbHO, 


! (1+5+ +7) <= e. mOcNenOBaTe 
—— — cee _ T. e. II BaT b- 
m+1 2 k m ’ wed i 


1 


1 
HOCTb 4MCesl LE = 1+ 5 +... k OrpaHWueHHa, AUTO HEBEPHO, TaK Kak 
1 


1 - 
Lon — Ln = a Tae n EN. JleticrsutesbHo, Loan = Ly + nol 


+... 


+ 
| 
\V 
8 

= 

+ 

= 
| 
| 


tnt 
= Int 5: 


12.12. Jlokaxxem MeTOJOM MaTeMaTH4ecKkon “HAyKIMH. UMeem ay = 
1 1 
= 5) ag = 7? NOITOMY Az = 5 a1. 
1 1 
Ilyctb Q@my41 2 yam, Tae mM CN, gokaxemM, YTO AGm142 > 3 Om+1- 


Ilyctbh xo € [0,1] Taxoe, ¥TO Am41 = antl —29)+29(1—20)™"; 
Tora 


Om+2 > ant? (1-20) +29 (1 - xo) *? = 
= (xf"*! (1 — ao) +. 20 (1 — 20)" **) (xo + (1 — 20)) - 


— 29 (1 — xo) (xq (1 — 20) + 20 (1 — 20)"") > Qm4i1 — Zo (1 — 20) Gm = 


a a a a 
= mrt + mye — £0 (1 — 20) dm = mt + — — x9 (1 — 20) am = 

2 2 2 4 
Am-+1 1 ° Am-+1 

=~ Fam \g~ Fo) 4 a 
1 
CJEMOBATeJIbHO, Am+2 2 5 Am+1- 
1 
GHAYNT, Gn41 > =An, N= 1,2,... 


~ 2 


3AQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


n+2 
1. B nocneyoparenbuoctu (tn) Ur = 10°, Un+1 = = (n > 1). 
Jloxaxute, 4TO 0 < Uz6 — /2 < 107". 


2. Ilycrb qaHbl TeMCTBUTeJIbHbIe WACIAa A1,02,...,An, KOTOPble yO- 
BJIETBOPALOT CJIEYIOWIUM YCIOBUAM: 


a, = 0, lag| = jai + 1], la3| = jag + 1], a) lan| = |@n—1 + 1]. 


ay +agt+...+4n 1 
oxaxutTe, 4ro —————_ > — = 


n 2° 
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3. Ilycrb nocneqOBaTeJIBHOCTh @1,02,...,Qn,.-.. MOuyueHa cuesyro- 
1 

mum oOpa3om: a; = 1, Qn41 =An+— 4 (n= 1,2,...). Bepxo an, 4ro 
an 


9Ta MOCI€TOBaTeJIbHOCTb OrpaHvueHHa? 


4. IlocnenopaTenbHocTb (a,) HeyOprBatoljad H apo = 0. VU3Becruo 
Tak2Ke, ITO NOCMIeFOBATeIbHOCTh by = An — An—-1 (n > 1) He BO3pacrTaeT. 


a 

Jloka2xkuTe, UTO NOCIEAOBaTeIbHOCTh Cy, = — (n > 1) TaKkxe He 
Tm 

BO3pacTAeT. 


5. IlocneqoparempbHocrh (2,) 3ajjaHa peKyppeHTHbIM COOTHOLIeHHeM 
4 
Lyn+9 


4 
Ly = 2, Ln41 = 10x, (n = 1,2,...). Jloxaxxure, 4ro x < &n <j 


livia Bcex n > 1. 


an 
6. jana noceyqoBaTesbHOCTh a; = 1, An41 = 3 t 
= 1,2,3,...). Jloxaxute, 4To d259 < 10. 


7. JlaHa nocneqoBaTesbHOCTh £1 = 2, Fn. = x —2%n+1 (n= 1, 


1 1 1 
2,...). Jloxaxute, yro —+—+...+— <1. 
“1 “2 Ln 


8. JlaHbI nocnegopatTembHocTH (a,) uU (bn): a1 = 1, Qn41 = Gn + 


a 
+4/a2 +1, b, = a (n > 1). Jloxaxxure, uro nocneqoBaTebHOCTH (by) 
orpaHuuenna. 


n 
9. V3nectuo, uro Ry = 1, Rasy =1+ R. (n >1). Jloxaxure, 4To 
n 
Jn Rn < f/nt. 
a 
10. VUspectuo, 4TO Ani. = Gn + — /loka2kuTe, ITO CYILeCTByeT 


uucyio A taxoe, uro 0 < n(A—a,) < A®. 


1 
11. JlaHa nocieq0BaTeIbHOCTh Gyn41 = An + 57 to = 2. Jlokaxute, 
yto 12 < azo < 12,25. 


12. JJanpt nocnenoBaTenbHocTu (ayn) (€n > 0, n=1,2,...) uw 2, = 
= 1, 2 = 2, nto t+ QnFnt41+%n = 0 (n = 1,2,...). Hoxarxure, 
YTO MOCIeTOBaTeIbHOCTh (2p) CcomepxkuT GeckoHedHOe 4MCIIO Kak TOJI0- 
2KUTCJIBHbIX, TAK UM OTPUUATeJIbHbIX UICHOB. 


1 
13. JJaHa nocnegoBaTesIbHOCTh a; = 1, Gyn = Gn_-1+ , n= 


n—1 
= 2,3,... JJoxaxute, uTo \/2n—-—l1< a, < VW3n- 2. 
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re +9 


10z, 


14. JlaHa nocnegqoBaTesbHOCTh £1 = 2, Ln+1 = 


yTo 1— 10~1° < 100 < 1+ 10719, 


. Jloxaxute, 


1 1 1 1 a4 a; 
JJoxaxute, dTo — + + a ee 
ay a1a2 aj ,a2a3 a1a2...Qn 2 4 


2 
6) Hycth a >2 uw ag=1, ay =a, ans = ("= 2) ay (n = 1, 
An-1 


1 1 1 1 
2,...). Jloxaxute, aro —+—+4+...4+—< =~(24+a- Va? —-4). 
ao Q1 Qk 2 

16. Ilpu Kakux 3HaueHHaX £1 BCE UNeHbI MOCIeOBaTeIbHOCTU 
In41 = 222-1 (n=1,2,...) 6yayT orpunarenbHbIMdH. 
n+1 
17. JJaHa nocneqOBaTeIbHOCTb Ly, = S- 7 JlokaxKutTe, TO Z,,k_1 > 
i=2 
>ktn-1, rae n,KENu n>, k >. 


18. /laHa nocneqOBaTesbHOCTb 


a3=1, dQnit= V(ait...ta@n)? +1 (n=1,2,...). 
1 1 1 
/loxaxutTe, TO — + —+...+— < 2,0. 
al a2 an 
19. JlaHa nocneqoBaTembHOCTh uy = 1, uz, = n! + ao Un-1, N= 
1 1 1 
= 2,3,... JJoxaaxute, yro —+—4+...4+— <l. 
U1 U2 Un 


20. JJaHa MOHOTOHHAaA NOcHeqOBaTeIbHOCTH (2,) MOMOXKUTEIBHbIX 
yquce. Jloxaxute, 4TO 


2 2 2 
£1. x2 In-1 Ln (t2—a21)° (a3 — 22) (an — @n—1) 
—+—+...4+— 4+— 2 n+-OAMm 4 tF“nn HW, 
LQ 23 Ln LY L122 LQL3 Ln—-1tn 
rye n > 2. 

“£2 4 by 

Y ka3aunue. Ilycrn — = 1+ Q1,..., —— =1+aQ,_1; Torga 
LI Ln—-1 
Ln 


§13. HEPABEHCTBA U3 TEOPUANM 4ACETI 


YMPAMHEHUA 


/lokaxkutTe HepaBeHcTBa 13.1—-13.3. 


m 1 m 
1.7 < V2(1-<s), me “= < /2, m,n EN, 
13.2. (n\/d+1)|sin(a/dn)| >1, rye n,dE Nu Jd€N. 


—] 
13.3. S < pq —-— ie), roe S,p,qgeN; S genurca Ha gq, aupu 
yeuleHuu Ha p yaerTocrarok 1 u q>p, S < pq. 


13.4. Ilycrb m,k € N uw u3BecrHo, 4To Bce NpocTble AeuiuTeiM aca 
m He upepprmaror n um < n\*t)/2_ Jloxaxkure, uro 4uCIO mM MO?*KHO 
IpeqCTaBUTb B BUZe Npou3BeszeHua k HaTypaJIbHbIX 4MCeJ, KkaxKT0e U3 
KOTOPbIX He IIpeBbillaeT 7. 


13.5. Ilycrh n € N uw o(n) — cymma Bcex AemuTenei aucna n 
(ipumep: o (3) = 4, 0 (6) = 12, o0 (12) = 28). JJoxaxxute, 4ro ecan 
o(a)>2au bEN, to o(ab) > 2ab. 


13.6. Hatigute pce Te uucia a, JId KOTOPbIX MMEECT MECTO CuIETYyIOUIee 
yCJIOBHe: [JIA JEOOOrO HAaTYpaJIbHOrO 4UNCIAa N CyILeCTBYyeT We0e YuCIO mM 
1 
an: 
13.7. byaem roBopuTb, 4TO 4MCIIO MHTepecHoe, ECM OHO ABIIAeCTCA 
IIpOH3BeeCHHeM JBYX WpocTpix uuces. Kakoe HaMOobliee 4MCI0 Nocue- 
NOBATCJIBHbIX UMCeJ MOryT ObITh MHTeEpeCHbIMH? 


m 
Takoe, UTO |@— —|] < 
7m 


13.8. JJoxaxkutTe, 4TO cyllecTByeT GeCKOHeEYHOe UUMCIIO HATyPaJIbHbIx 
3HaueHult on, gia KoToppix S$ (2") > S$(2"+'), rye S(a) — cymma 
udp HaTypaJIbHOrO 4uCIa a. 


13.9. Ilycrb HaTrypasbHOe 4uCIO n TpeyzcTaBsIeHO B BUe CyYMMbI 
HaTypaJIbHbIx 4UNce. O603HadMM 4MCIO BCeX TAKUX TPeACTaBJIeHHH depe3 
P(n) (wanpumep, P(4)=5,4=4,4=341,4=242,4=24+1+4+ 
+1,4=1+4+1+4+1+41). Joxaxute, wo P(n+1)+ P(n-1) > 2P(n), 
n=2,3,... 


13.10. [lycTb HaTypasibHoOe 4YuCIO a pa3qesIMIM «yrouIKOM» Ha Haty- 
pasibHoe uncia 6 uw nowyansIM YMCIO Cp9,C1C2Cc3... U3BecTHo, YTO Cyi1 = 
= Cni2=.-.=Cnizk =9 gaa Hexotoporo n € {0,1,...}, kK EN. 
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b 
Jloxaxaxute, uTo: a) k < Pat 6) k& < [lg 6]. 
13.11. /Ina kaxxyoro HaTypaJibHOrTO 4ncIa n HalpzuTe HanMOobLiee 
qucio f (nm) TaKoe, 4TOObI MoxKHO OplIIO 43 UNcen 1,2,...,n BbIOpaTD 


f (mn) aucen TaKux, YTO OTHOUIeHHe JHOOBIX JByYX 43 HUX He paBHO 2. 


13.12. JlokaxutTe, 4TO HaTypasIbHOe UMCIIO NM MOXKHO TpeACTAaBUTb B 


Buje CYMMBI KBagpaTOoB mM HaTypaJIbHbIx uucen, rye 3ilog,n|] +5 < 
<m<n-—14. 


PELUEHUA 


13.1. MAmeem HepaBeHcTBO 


2 


/g- ma Van=m__dniam’ 
n n n(f2n+tm) ~ n(V/2n+m)’ 


2 


Tak kak 2n* — m* — nojoxKuTesbHOe Wes0e aucio. C zpyroit CropoHB, 


m< 4/2n, cileqOBaTesIbHO, 


a 
n ~ n(4/2n +m) n(/2n+ J2n) 2 2? 


Takum o0pa30M, NowyunJIM HepaBeHCTBO /2 — — > 
1 

< y2(1-4,). 
An 


13.2. Tycrp [\/dn] =k, cnegonarempuo, k < /dn<k +1. 
PaccMoTpuM Ba Clydad: 


1 
alk <J/dn<k+ 5) B 9TOM cilydae 


(n/d +1)|sinz /dn| = (nd +1)|sinr(./dn — k)| > 


2 4,2 ) 9 
> (n/a + 1)2( Vin — k) = 2nd 2) > neve? >1 


. 2 1 
GeCb MbI BOCHOJIb30BaJINCb HepaBeHCTBOM sing > —2z, roe O< aK 5 
TT 


(ero MO2XKHO JJOKa3aTb C MOMOIMIbIO IpOM3BOAHBIX). 


6)k+5< J/dn<k+1, B9Tom cryyae 


(n./d+1)\sinn(k+1— V/dn)| > _invdt2 > 1. 


“ k+1l+Jdn 


13.3. CormacHo ycuoButo 3ayqauu S MO2%KHO IpesCTaBUTb B Ce yFOUeM 
Buge: S = p(q—t)+1 = pq - (pi—1) = pqa— qj, rue i,j EN. 


186 §13. Hepasencmea uz meopuu wucen 


VUmeem pi—l=qj u q>p, cieqopatenbHoO, 7 > Jj, roe 27 >7+1 u 
qj >p(Qj+1)-1, wm (q-—p)j >p-—1. Orctogza nonyuum S = pq — 


q(p—1) 
— qj S pq- 
q— Pp 
13.4. PaccmMoTpuM BCe BO3MO?KHbIe pe ACTaBJICHHA Mm = a 1Q2...Q4p, 
mye a, < ag < ... < Gp HW Qy,40,...,a, € N. *ZicHo, 4TO ux 
yucio KoHedHO. Ilyctb m = ajao...a, — TO TpeyzcTaBsleHve U3 9TUX 


IpeCTaBJICHHi, pW KOTOPOM a, HAaMMeHbIIee. 
Foi az, <n, To 3ayaua peutena. I[peanosioxuM, YTO a, > nN, Torga 


dy, He Mpocroe uucio0, m0oCcKOmbKy m : ag. Ilycrb p — HanmMeHbunii 


IIpocTou JeIUTeIb a,, BITOM CIyYae p< \/ a: 


a 
VUmeem m = (paj) a2... @p-1 (“*), MOSTOMyY pa, > az, rye ay > 
Pp 


> Jap > Jn. 


‘TakuM o0pa30M, mM = a1Q2...QAp—1Az% > (/n) 


n=nktD/2. aro 


HE€BO3MO2KHO. 
13.5. Ilycrpb uucna 1 = ay < ag <... < ap = Ga — Bee JeuuTeM 
qucla a, B3ITOM Cly4ae uncna bay < bag <... < ba, OyaAyT TenuTe- 


namu ab, cneqoparembHo, o (ab) > bay+bag+...+bax, = ba (a) > 2ab. 


13.6. Be3 orpaHuyeHua oOmHOCTH MOxKHO cuuTaTb, YTO a € (0,1), 


m m —laln 
MOCKOJIBKY a — n = {a} — nh 
SametTuM, TO @ = 0 yaOBIeTBOpHeT 3aa4 yCIIOBMIO, JOCTaTOUHO 
B3aTb mm = 0. JloKaxem, 4uTo ecrxn O< a< 1, TO cymecTByeT Ha- 
TypaJIbHOe 4UCIO nN TakOe, UTO JIA JHOOOrTO Wesoro 4uucIa m wWMeem 
m 1 
a-— —. 
n|~ 3n 
Ecmu a € Q, TO a= 7 rie 0< p< q, p,q € Z. Ipegnonoxun, 4To 
Q yOBIeTBOpHeT ycOBHIO 3agaun. EKcam n=q,qt+l,...,2q, To uucia 
ag =p,a(qt1),...,a@2q = 2p jomKHbI IpuHarexKaTh oO beAMHeHHIO 
o6sacTer 
1 1 1 1 1 1 
(p- 5: p+). (p+1-Z; p+1+,), wey (2p - 53 2p +5). 


Tak KaK KOJIM4eCCTBO 9THX UMCe paBHO g+ 1, a 4uucno oOnacTei paB- 
HO p+1, To corjacHo npuHuMny Jlupuxime cyljecTByIOoT Takve 1,7 € 
€ {a,qtl,...,2q}, « # Jj, uvo uncna a;,a; UpuHagnexaT ofHoi 


2 
o6slacTu, OTKya noNyaaem a < —-. C ypyro cropoHbi, cyulecrByer 


takoe | € {q,qt+1,...,2q}, aro uucna al u a(l4+1) npunagnexart 
1 

pa3JIM4HbIM OOIaCTAM, CJICOBaTeJIbHO, @ > 3" TakuM o0pa3o0Mm, ecu 

1 2 

—~<@a< =, TO B TaKOM ciy4ae IpH n = 1 He cylmecTrByeT We0rO 


3 3 
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1 
qucia m takoro, ro |a@—m| < 3° IlocneqHee NpoTuBOpedUT HalllemMy 
I peANOJ107KeH HELO. 
Ecau a — uppalMonasbHoe 4UCIO, TO CyIeCTByeT No € N tTaxkoe, 4TO 


[+ : <ang < t+ =, rye 1 € Z (cm. yup. 14.25). 


m 1 
IlpeqnonoxUM, YTO Mp EC Z U lo — a < 3° 
0 
Ecuu 14m, TO 
3 2 1 
lang — Mo| = |ano —1 +1 — mo| = |l — mo|—l|ano — 1] > l—= = >3: 
2 1 
Ecau xe 1 = mg, TO lang — Mo| = lang — || > 5 > 3 
Takum 06pa30M, yCJIOBMHO 3aJa4 YJOBJICTBOPALOT TOJIBKO LeJIbIe UAC. 
1 
Bropoe pemeunue. Illycrsn nEN, kj me Z u la-™ < 3n 
k 1 
u la on | ~ Gn’ Fem k 42m, to|k—2m|>1, cneqoBarenbuo, 
1 m k k m 1 1 1 
l(t Fle lg—- =) 4|/"- - 4 
m <|s mal <{e mal + | al < ant on 2n’ 
Mk 1 
YTO HEBO3MO2KHO. Ilycrpn k = 0,1,2,..., a la OF 3 9F um, € 4; 
m1 Mk 1 
rorya Mp = — =... = — =...; clefzoparembyHo, |a — mo| < —\, 
2 2 3°2 
3HaAdHT, A = Mo E€ Z. 


Eom a € Z, TO O4ve€BUAHO, YTO NpuY m= an UuMeeM, ITO ME Z U 


1 
la-™)=0< 5. 
n 3n 


13.7. Ilpupezem npumep Tpex nocieqOBaTeJIbBHbIX MHTePeCHbIX UMC: 
38 = 3-11, 34=2-17, 35=5-7. 


/loka2keM, UTO HE CYIIeCTBYeT UeTbIPeX MOCIETOBATeJIbHbIX HHTepec- 
HbIx unMcel. Ecuu TakOBble CyIICCTBYIOT, TO OJHO W3 9THX 4NCe GyyeT 
eiuTbcaA Ha 4, NOsITOMYy OHO OyseT paBHO 4. B Takom cjly4ae OHO M3 
yucesl 6yqeT paBHO 5 wIM 3, KOTOPbIe He HHTePeCHble. 


13.8. IIpegqnonoxumM, 4TO CyllecTByeT KOH€YHOe UMCIIO HaTypaJib- 
HbIX nN, jWIad KOoTOppIx S$ (2") > S(2"*'). CnegosaresnbHo, cyusecrByer 
YMCIO Ng TakKoe, UTO WJIA BCeX 2 >No, NEN 


$(2")< §(2"""). (13.1) 
3amerum, uro §$(2”) #4 $(2"*'), nockonpKy B NpOTHBHOM cJly4ae 


27 —2rt!_ 9". 9, aro HeBO3MOxKHO. 
Jloka2KeM CJIeJLyIOUMe JIEMMBI. 


JlIemma 1. Ecau n> no, mo S(2"t°) > S (2") + 27. 
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JleiicrpurenbHo, pu wenenuu aucen 27,27+1 2774... 27+ Ha g 
NOJIy4arOTCA TAKUE OCTATKM, KAKOBbIMU ABJIAIOTCA CEMb MOCJICJOBATCJIBHbIX 
YJICHOB TepvosMueckol NoceyqOBaTesbHOcTH 1, 2, 4, 8, 7, 5, 1, 2, 4, 8, 7, 
5,1, 2,... Ws cxa3annoro u (13.1) aco, aro 


S$ (2"*®) — 9 (2") = §2"t®) — g(a7*®) + 9 (277°) — 9 (2744) 4 
+ 9 (2774) — 9 (2778) 4. 9 (2"t8) — $(a"+?) + 9 (247) — g(27tT) 4 
+ 9 (2°71) 9 (2") >14+2444+8+745=27. 
Bocnob30BaBlLUIMCcb JI@MMOn 1, MeTOJOM MaTeMaTH4eCKOM MHYKIIMM He- 
TPyJHO JOKa3aTb JiemMy 2. 


Jlemma 2. $ (270+®*) > § (2) 427k, ede KEN. 


Jlemma 3. S$ (2™°+®*) < 9m+18k, ede kEN, a m — xonuuecmeo 
yugp wucra 2”°, 

JleticrpuresbHo, umeem 2”° < 10™, roe 270+8* < 10™+2* nosromy 
KomMuecTBO UNdp uucaa 27°+°* He 6onpme m+ 2k, cnenoBarembHo, 
S (270F8*) < 9(m + 2k). 

OctaeTca 3aMeTHTb, UTO JeMMa 2 4 JIeMMa 3 IpOTHBOpeYaT pyr Apyry, 
CIe€TOBATeJIbHO, Hallie IpeMOIO%HKeHHe HEBEPHO. 


13.9. Ilyctrb 271,%0,...%, € N, 41 2%. 2...2>¢, Wn = 2+ 
+fo+...+ 2%, clegoBaTesbHO, N+1l=2,+%2+...+2,+1;5 Takum 
o06pa30M, MO2KHO CO31aTb B3aMMHO OJHO3HAUHOE COOTBETCTBHe Me?K Ly pa3- 
OveHHAMH UNCIa nN 4 TeMu pa3s0veHuAMH UucIa N+1, KoTOpbIe cozep2KaT 
cnaraemMoe 1. /JleticrButTesbHo, 

(21, 0o,..-,L4) <> (41, %2,.--,0%,1). 
M3 cxa3aHHoro acHo, uro uucno p(n+1)— p(n) Oygzer paBHo uucsy 
pa30veHuii n+ 1, He comep2Kauiux ciaraemoro 1. 

Kem n= Yyityot...+y, rae yi 2y22---2y22, TOon+1l= 
=(y, +1) +yot+...+y, Te. aucHo pasbueHuit n+1, He cozeprKaUx 
ciaraemoro 1, He MeHbIIe TAKHX 2Ke pa3sbOueHuii uucia n. ‘Takum oOpa3om, 
pint) — p(n) > p(n)—p(n—-1), unu p(n+1)4+p(n-1) > 2p(n), 
n=2,3... 


13.10. IlycTp 


eee Cn+10€n4+2 eee 
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VMimeem 
10an41—-96 = Qn42, 10An42-96 =ani3, .--, 10An44—-96 = Qnigsi, 
roe 0 < Gn4; < 6, 7=1,2,...,k, Qn4p41 [> 0, oTkyza 
9b 
1p S< Gntts Gnt2>+++5Antk < b. 
5 
a) Hpeqnonoxum, uto k > Fae B 9TOM CJIydae Cpeaqu 4MCe An+1, 
On4+2,-++,Q4ntk KaKve-HHOyab 7Ba OKa2KyTCA PaBHbIMH; euiCTBUTeJIbHO, 
9b 5 
A= maxad,i; — min a,1; <b-—1-—=-—-1 
i<ic<k "'*  1<i<k "T* ~ 10 +10 


b 
orkyya A < | —1<k-1, ve. cywecrsytor p < q uMcel Takux, 


10 
4TO An+p = An4q- CuleqoBaTeJIbHO, 


Ckulaibipad MOJyYeHHbIe PaBeHCTBA, NOJyUHM Antp + +++ Antq-1 = 
b 
= (q—p)b, 4To HeBo3MorxKHO. Takum oOpa30m, k < Fat 

6) OOo3HaduM ayn4; = b- bn4j, 1 =1,2,...,k +1. B 9Tom cry4ae 
1 < bn41, On42,---,On¢k <0 U1 KS OnKs1 <6. 

SametuM, TO bys = 10bn41, bn+3 = 10bn+2,..., Ontky1 = 10bn+k, 
CNeTOBaTeIbHO, On4p41 = 10° bn41, rie 10° < 10° bn44 < 6b, usu 
k < [lg 5]. 

B3ameuannue. Ecan 6=10" un a=99...9, To c = 0,99...9. 

—— b —— 
k Ig b 


13.11. PaccmoTpumM MHO2KeCTBO 
X = {4%q | 4%q <n, aE Zo, q HeverHo}. 
AcHo, 4TO OTHOLIeCHMe HUKAKUX JIBYX 3JIEMCHTOB MHO2KeCTBa X He paBHo 2, 
cleqopaTesbHo, f (n) > |X|, rae uepe3 |X| o603HadeHO 4MCIIO 3IeEMeHTOB 
MHO2KecTBa X. 

Ilycrpn Y C {1,2,...,n} u |Y| > |X|, nocrasum mro60my 4ucry a 
u3 X BcooTBeTcTBue apy (a, 2a). Umeem 2a ¢ X u |{(a,2a)}| = |X], 
CNe€TOBATeEJIbHO, Id KaKOrO-TO a a€ Y, 2a€ Y. Orctoga cnenyet, aro 
f (n) <|X|, nostomy f (n) = |X|. 

Ilyern n = 2% 422 4....4 2") pre ky > ko >... > km > 0. 
PaccMOTpuM CJIetyIOU;He MHOKeCTBA: 


Xo = {242% 4...4 2% 
X,= {27427 4...42" 


wry = ky,r2 = ko,..., 79-1 = Ki-1, 71 < kif. 


i€ {1,2,...,m}, k; aerno}, 


ry >.>... > 7; = 0, r; WeTHO 
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?icHo, TO MHO*KeCTBA Xo, X1,..., Xm WOMapHO He MepeceKaloTca UH 
X= Xj9UX,U...UX»,, CleqoBaTesIbHo, 


|X| = |Xo] + [Xi] +...+|Xm|]- 


O603HadMM KOJM4eCCTBO 4eETHBIX UMCeI Cpeyu uucel ky, ko,...,km aepes 
A, & KOJIM4eCTBO H€YeCTHDIX — 4epe3 LL. 
Vimeem |Xo| = X. Jlokaxxem, 4TO 


ghitt 4 
—z k; Hneyerno, 
|Xi| = ee 
gritt _ 9 
—___—, k; ueruo. 
3 
JleiicrBuresbHo, tycTb k; verHo. Samerum, uro |X;| Ha exqMHUIy MeHbIIe 
KomMuecTBa Uncen W3 (27 +... +27 < 2% —1) 1,2,...,2"*, kanonnue- 


CKO€ pa3JIO7KCHHE KOTOPbIX COJeEpyKUT YETHYIO CTeNeHb 2, T.€. 


gh ohh 4 gh? _ oS 4 49% _241-1= 
_9 k;+1 _ 1 k;+1 _ 
_ (atta) atta 
~2—1 3 
B cnyyae HeyeTHOoro kj; WOKa3aTeJIbCTBO aHasloru4Ho. ‘Takum oOpa3om, 
2 2. pp 2 A-p 2 (—1)*1 +...4(-1)*™ 
— Xv _ _ —X\ —  _ — _ —————— = — —_ 
P(n)=A+ gn—ZA— B= gn ty = nt 3 


13.12. Vmeem n = 1°+...4+1° n = 37+374+ 1?4+...4+1% a 
——SE ee’ ——SE ee’ 
nm cWaraeMbix (n—18) cnaraemprx 
n= 274274374 174+...4+1°% , cnegoparembHo, aucnO0 mn MO»*KHO 
——SE ee’ 


(n—17) cnaraemprx 
IIPC€ACTAaBUTb B BUC CYMMbI KBaJpaTOB ™m HaTyPpaJIbHbIx GNCeJI, PAC 7m € 


E {n —16,n —-14,n}. 

C gapyroit cropouni, ecm n = 4°44" +4" + 4% +974...427, 4, To 
n=4Ptl+o?+...ta7, 4, rne k=0,1,...; cnegosarenbHo, nN MO>xKHO 
IPC ACTABUTb TAaK2KEe B BUC CYMMbI KBapaToBR m—3 HaTypaJIbHbIx 4UCEe. 

Takum o6pa30M, yauTbIBad, YTO Nn = tl. + 17, WU BbIMIeCKa3aHHoe, 

——— 
nm CoaraeMbix 
OIY4MM, ITO 4MCIO MN MO%*KHO pesCTaBuTb B Bue CyMMbI KBaJpa- 
TOB M HatTypaJIbHbIx uucel, rge m € {n,n—-—3,n—6,...$ uw ms 
S>cotea t...+ Ce, a CeCR_1-...Co — 3aNMCb nN B 4-H cCucTeme. 

CnegopareibHo, Co +c, +... te, < 3(kK +1) uw 4% <n < 4**1, 
orkyya k = |log,n]. Ina 3anepmienua peuleHua JOCTaTOUHO 3aMeTUTD, 
4TO 


{n,n —3,n—6,...}U 
U{n —14,n —17,n — 20,...}U{n -—16,n —19,n — 22,...}D 
> {n — 14,n — 13,n—-12,...,3[log,n] +5}. 


Sadanu ONA CAMOCMOAMEADHOZO PEULEHUA 191 


SAQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


J/loka2kuTe HepaBeHctsBa 1-4. 


1. | /a- pred) < < PF rye a,p,qEN, VagNu |Ya-2) <1, 


ptrq q’ 
2. a) S(mn) < S(m) 
6) S(m+n) < S(m) 
(Cm. ymp. 13.8.) 

3. 5(1981") > 19, roe nEN. 


S(n), rae n,m EN. 
+S(n), rae n,m EN. 


4. §(1998”") > 10° ans Bcex HaTypasIbHBIX nN, Hadas C KaKOrO-TO 
quca. 


5. Jloxaxute, 4To Aid WIO6oro uucyia M cyulecrByeT Takoe HaTypaJib- 


Hoe nN, 4TO 


6. Jloxaxxute, uro uncno 57! moxHO HpeszcTaBuTb B Bue CyMMBI 
KBaaparos m, rue LEN u l<m< 2. 


7. Hatigure HauMeHbilee HaTypaJIbHoe 4NCIO nN, Ipw KOTOPOM pu 
1060M pa30veHH HaTypaJIbHbIx ances 1,2,...,2 Ha TBe rpynlnbl B OHO 
M3 HAX Ha yTCA Tpu 4NCIa COCTABJIAIONIMX TEOMETPHYECKYFO IIpOrpeccupo. 


8. Ilycrb wembie uucna a1,a9,...,@, Takue, ¥TO 1 <a, <ag<... 
< ap <n MW aj,dq...a, He FenuTcA Ha az, 7 = 1,2,...,k. 
Jloxaaxute, uro k < a(n), rae a(n) — KonuuecTBO mpocTErx uncer 


He IIPeBbIWAIOUIMx 71. 
9. Ilycrb k — 3aqaHHoe HaTypasbHoe uucio. JJoKaxkuTe, YTO ToOce- 


NOBaATeJIbHOCTb OyneT OrpaHv4ueHHa Tora M TOUbKO Torga, Kora 


S(kn) 
k=2°-5°, re a, € {0,1,...}. 


10. Ilycth x 21 4u A(a) — HaMMeHbilee oOmlee KpaTHoe 4MCeJ 
1,2,...,[2]. J]oxa2xute, 4To: 


a) A(5) og > A(x), rae a >2; 6) A(x) < 5°; 
([3)' 
B) A(2n)A (=) > A(n) a? re n>2, nEN; 


r) A(2n) > A(n) A(1/2n), rae n EN, n > 100; 


mq) BoOnactu (n,2n) umeetca mpoctoe uucno, rge n EN, n> 1. 
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Yxka3sauHvue. A) JloxaxKuTe, 4TO eCAM MpeAMONO*KUTh, ITO B MHTep- 
Basie (n,2n) HeT mpoctoro uucaa, TO A(n)A(./2n): A(2n). 


11. JJoxaxxute, 4To ao + +...4 a(n) < 2,78, rae d(k) — 
n 


KOJI“NECTBO HATyYpaJIbHbIX TemuTeseH aucia k. 


vessonee (SA) = (EAE) “(EW 


12. Hatiaute Bce Te uucIa Qa, JIA KOTOPbIxX MMeeT MECTO CuIEayIOUIee 
yCJIOBHe: [JIA JOOOrO HaTYpaJIbHOrO 4NCIA N CYyUIeCTBYeT les0e YUCIO mM 


m 1 
Takoe, ITO |a@— —| < =. 
n on 
13. Ilycrh ay < ag <... < Gy — Takne HaTypaJIbHbIe GNCIAa, ITO 


HUKakadA CYMM&a HEKOTOPbIX U3 HUX He paBHa CYMMe HEKOTOPBIX APyrux. 
Jloka2kuTe, 4TO: 
a) ay +agt...t+ap >2"-1, k=1,2,...,n; 
1 1 1 1 1 
6) —+—4+...4—<14+=4+...+ 
ay a2 a 2 


—l1° 
n 2” 


14. Ilyctb aj, a@2,...,@, — pa3mM4HbIe HaTypasibHple unciia. /loKa- 
2KUTe, UTO 
3 3 3 2 
ajtaz,+...+a> > (a, +agt+...+4n)°. 


Y kKa3auHne. Ilyctrh ay < ag <... < Gn MH a; = 14+ 5;; Torga 
by < bg <... < On. 


§14. PASJIMMHbBIE HEPABEHCTBA 


B gaHHOM Haparpacdbe paccMOTpuM HepaBeHCTBa M3 TAaKUX pa3JeJIOB 
MaTeMaTHKH VW JOKa3bIBaeMble TAKMMH CmocobaMH, JIA KOTOPbIX He IIpeyy- 
CMOTPe€H OTIJCJIbHbIM Naparpad. 


YMPAMHEHUA 


J/loka2xkuTe HepaBeHctTsBa 14.1—-14.5. 
14.1. /ai+o¢4+...+ a2 +62 > 


> 4/ (ay +... tan) + (br +... +4 bn)’: 


(a — b)? )? 
14.2. 2 (a+b) < fe — ,/a 4 , roe a,b > 0. 


14.3. 2,/"—2,/” 


meEN. 


14.4. | %/a? +... Far — PoP +... 4 b"| < 


< jay — by] +... + ]axg — bg|, 


< (x2 — a)!" —(ay ~a)'/", rme0<ac2z <a, 


rye @1,...,@4,601,...,b, > 0, nEN. 


1 


1 1 
——__ + ———__ +... ———____ 5 4 
14+ V3 V5+/7 9997 + ./9999 


14.6. Mssecruo, aro a*—4a+b*—26+2 < 0, c*-—4ce+d?—2d+2 < 0 
u e*—4e+ f7-2f+2 <0. Haiigure nan6onpuiee 3HadeHNe BHIPAaxKeHuA 


(a—c)(f —d)+(c-—e)(b-d). 


14.7. /loxa2kuTe, UTO CCIM NOCICOBATeCJIbHOCTb MOJIO2KUTCJIbHbIX UH- 
C@JI G1,42,...,Qn,... HeOrpaHw4eHHa UM BO3PAaCTAeT, TO JIA JOCTaTOUHO 
SobuIMx k cnpaBeyJIMBO CeAyIOUlee HepaBeHCTBO: 


14.5. 


a) 24 Oy, or _ i. 
a2 a3 Ak+1 2 
6) 3424 — 1985. 
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14.8. /lokaxutTe HepaBeHctBo MuHKkoscKoro 


n 1/r n 1/r n 1/r 
(Stee) <(Se) (De) 
L=1 t=1 


4 
roe r>1, a;,b; > 0, ~=1,...,n. 


14.9. Jloxaxxute, uTo ecu dyHKuua f(x) BoOOnactu [0,+00) BO3- 
a b 


pactaeT u HempeppiBpHa, f (0) = 0, To |f (x) dx + | f—* (a) dz > ab, rue 
0 0 
f-' (2) — bynxuna, o6parnan f(x) u a,b > 0. 
14.10. a) Jloxaxxure TorxK ,ecTBO 
LiY1 + LQY27---TLnYn = 


= £1 (y1 — yo) + (41 + £2) (yo — ys) + (v1 + G2 4+ £3) (y3 — ys) +... 
weet (t+... 4+ 8n-1) (Yn-1 — Yn) + (fi +--+ on) Yn- 


6) Jokaxure, uTo ecm 41 >.>... >, MU YS Yye>--- > Yn; 
TO 


L1Yn + L2Yn-1 +--+ Tn < 
CU1Yi, + L2AYig t+... + UnYi, GUY +... + Enyn; 


rye 4ucwa 21,22,...,%n — 9TO He€KOTOPOe pacmomom*KeHHe dNcen 1,2,... 
in. 
y] 


14.11. JlokaxxutTe HepaBeHCTBa: 


a) ay t+...+¢4%n Sn, rae 1,...,%n >0, 21...2%n = 1; 
ee re 
ai(a2+1) Qn—-1(@n +1) an(ait+1) 7 1+ai-...+ an’ ok 

n>2, (n—3)(a;-1) 20, aj > 0, t=1,...,n. 
1 1 1 A M S 
p)3+(A+M4+S)+(2+74+5)+(G+Gts)2 
. 3(A +1)(M +1)(S +1) 
~ AMS +1 


roe A,M,S > 0; 


) (= +742) ( ! 444 | >> roe a,b,c > 0 
" a b Cc l+a 1+ 6b lt+e/ ~ 14+ abe’ ok 7 


14.12. /lokaxutTe HepaBeHCTBO 


y(t1)+.-..-+ (tn) 2 ely) +--- +e (yn); 
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rae Yi 2Y22---2Yn) Lyt..-+Le Zz YIt+.--+Yk (k=1,...,n—1), 
eyt...+¢n =Yit---+Yn UAna m060r0 x u30bnacru I vy” (x) > 0 
(L1,--- 52m Yio) Yn EL). 


14.138. JJokaxxutre HepaBeHcTBO 6, +...+ 6, >ajy+...+4n, roe 
a, 2>a2 >... 52a, > 0, 0; SF ay, 0162 FS ajag,...,b;b2...b, > 
= 1a2...Qn.- 


14.14. Jlokaxute, uTO Qa yri0oB a, 3,7 OCTpoyrobHOrO TpeyroJib- 
HUKa ClipaBeJIMBO JBOMHOe HepaBeHCTBO 


oN) 


V2 <sin& +sin& +sin2 < 


14.15. Jlokaxute, 4To qa yruoB a,2,yY TynoyroubHOrO Tpeyrouib- 
HUKa ClipaBeJIMBO JBOMHOe HepaBeHCTBO 


O< Vsina+ /snf+ Vsiny <1+ /8. 


14.16. JlokaxxutTe HepaBeHcTBO 1+ — + ar Se a 77 > 2 /n— 2, 
n 


v2 V3 


roe n EN. 


14.17. Jloxaxute, uro a,b,c,d >0, ecam Sj; =~a+b+c+d>0, 
So =ab+bce+cd+ad+ac+ bd > 0, S3 = abc+ bed+cda+ abd > 0, 
S4 = abcd > 0. 


Tr 
14.18. JloxaxutTe HepapeucTBo n! < n (=) , roe nEN uw nZBs. 


14.19. Jlokaxute, 4TO (1 + 5) (1 + ;) (1 + 5) _ (1 + =) <3, 


roe n EN. 

14.20. Jlokaxure, uro ecnu g(x) — BbInykiaa cbyHKIMa Ha OTpe3ke 
[0, a4] (cm. § 1) MW Qj = a2 = wee = Q2m = A2m+1 = 0, TO 
§ (a1)—§ (a2)+8 (a3)—-.-+8 (Gam41) 2 § (a1 — a2 + 43 — ... + G2m41)- 


14.21. [lycrb aGcomorHoe 3HaueHve MHorowiena P (x) = ax? +bxr*+ 
+cx+d Ha otpe3Ke [—1,1] He mpeppnmaer 1. Jloxaxute, uro |a| < 4. 


14.22. Ilycrb mHorowien P(x) = 2" +an-12" 1+...+ a9 (n > 
> 1) umeer n orpuuarenpHbrx KopHel. Jlokaxute, 4to a; P (1) > 2n7ao. 


14.23. [lonHpii rpacd umeeT n BepUIMH, 4 Kak Jad 43 pedbep oKpailieHa 
B OJMH W3 JByX 3aaHHbIx WBeros. O6o3HauumM yepes t(n) ducO Tex 
TPeCyrOJIbHMKOB, CTOPOHbI KOTOPbIX OKPaLICHbI B OJMH M TOT Ke IBET. 


13* 
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Jloka2kuTe, 4TO 


k (kk — 1) (k — 2) ay 
3 9 9 

t(n) >) Sk(k-1)(4k+1), n=4k+1, 

Sk(k+1)(4k—-1), n=4k+3. 


14.24. [pac umeer n (n > 3) pepmmmu. Uncao ero pebep 6ompbite a 


Jloka2xkutTe, UTO TpeyrOJIbHHKOB, OOPa3s0BaHHbIX JTAMU PeOpaMu HE MCHb- 


ne [2] 


14.25. Jlokaxxure, uro ecru a@ (@ > 0) — uppalMoHambHoe 4uciO u 
0<a<b< 1, To cyulecTByeT Takoe HaTypaJIbHoe 4MCIO nN, ITO a < 
< {na} <b. 


14.26. Ilycrb 41 +...+ 2, =0 u 2, €[m,M], i=1,...,n. 


Jloka2kuTe, 4TO: 


Tr Tr 


a) Soa} <-mMn; 6) Sox} <—mMn(m?+M?+mM). 


t=1 t=1 

14.27. Jloxaxure nepaspencrso (x2 + y2)" > Qa™y™4(a2™ — y™)>, 
roe meEN. 

14.28. /lokaxaxuTe HepaBeHCTBO 
cos (a — 8) cos (G — y) cos (y — a) > 8cosacos cosy, 


rye a, 0, yY — yruibl HeKOTOpOrO TpeyrouIbHukKa. 


. 2 
14.29. JlokaxauTe HepaBeHCTBO | sin © + eet pe | < 3. 
14.30. /lokaxxuTe HepaBeHCTBO 

a1 + a2 a2+ 43 An-1 +@An An+ a1 

eee ae < 
2 2 2 2 
a, +a2+a3 a2+a3+ a4 An + a1 + a2 
~ 3 3 — 3 


rue O< a, <ag<...< a, 4 nZB. 


14.31. Jloxaxute, uro ecm x,y,z >0 u z*+y?4+27=1, To: 


ajl< * J < 33. 
~T-yz l-zx 1-ay ~ 2” 


£ y z 
< < . 
6) 1< ltyz! 1ltze 1+ay ~ v2 
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14.32. IIpu kakux 3HauyeHuaAxX A HepaBeHCTBO 


a b Cc 3 
4 + 2 + 2 > * 
Va? + Abe Vb2 + ac Vc2 + ab V1+A 


BePHO JIA JIKOObIX NOJO2XKUTeIbHbIX UNCe a,b,c? 


(14.1) 


PELUEHUA 


14.1. PaccmoTpum cCOBOKyIHOCTb TOUeK 
Ax(0,0), As(a1, 61), A3(a1 + a2, bi + ba), 
., Antilai +ag+...+4@n,6, +b2+...+ bn). 
Ilockonpky AyAg+ AgA3+...+ AnAnsyi > Ai An+41, CIeMOBaTeJIbHO, 


\/ at + bf + 4/a3 + b3 + \/a2 + b2 > 
> / (ay +... + an)? + (br +... + bn)’. 
2 2 
14.2. IIpeodpasyem BbipaxkeHue ar 
BUY: 


— ,/ab xk cnegyroulemy 


2 b2 2 b2 
fa? +0? ( — ~ ab) ( = + va) 
>. nn any 
+ ab 


Co 
2( a? + b? + ab) 


Takum o6pa30m, ocTaeTCa JOKa3aTb J[BOMHOe HeEepaBeHCTBO 


[ 2 2 
at’ < a _ 4 ‘ab <atb. 


2 
a’ +b a+b 
JleBad WaCTb KOTOPOrO O4YeBUN AHA, TAK KAK 5 = 5 u ,/ab> 0. 
J|1a WOka3aTeJIbCTBa WpaBOol WacTH JOKa2KeM He€paBeCHCTBO 


2 2 
a _ — ee SF ab 


UJIM HepaBeHCTBO 
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a +b 
KOTOPOe TAK2Ke OUEBHIHO, TAK Kak 5 > ,/ab. 
14.3. Mmeem 
1/n 1/n D2 — £1 
_ — 
2 Ly 1l/nvn-1 1l/n\n—-—2 1/n 1/n —-1 ™ 
(ay) + (arg) ay” + + (ay!) 
L2— 1 
< 


yin _ (x, _ a)'/" 


“ima 


14.4. [Ipeo6pa3yem Bripaxenue V/ay+...+tap— V/bo+...+ 62 


CIE YIOWMM OOpa3somM: 
rye A= Vait+...t+az, B= V/bpt+...+ bf. 


Takum o0pa3o0m, 


= a>- -ta,z— bf —...—b;| 
4+ A" 2B4+.. + Br th? 


|A-— Bl = 
= Mens ba) oft et BTD ot e — bu Cop Ohh FET 
Avr-14 An-2B4., + Br-l = 
amt n—1 m—1 n—1 
+6 +b 
< Jar — 6; | Ay + . .. + lax — bz | ORT TO 
An- 14, .+ Br-l An- La. 4 Bn-l 
< lay — bs|-+... + lag — bel, 
Tak Kak A>a;>0, B>b >0 G=1,...,n). 
14.5. Umeem 


1 1 1 
2 ( ——— + ———__ + ...4 _______] = 
fear J5+ /7 ars Jam) 
1 1 1 1 1 
= 4 4 4 I... + SS 4 
14/3 14+ 73 VW54+V77 W547 9997 + ./9999 
1 1 1 1 1 
ee 
meer: vn 1+ 7/3 V3+V5 VW54+V77 V7+V9 
1 _ V3-1, y5= v3, 
4/9997 + ./9999 9999 + ./10001 2 2 


— 10001 — 100011 _ 100-1 
ee 0001 9999 000 5 00. S48. 


1 


1 1 
——__  —_—__ + |,, 4 —_________ 5 94 
1+ /3 4/547 9997 + 4/9999 


oTKy ja 
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14.6. Touxu A(a,b), B(c,d), C(e,f) Haxogatca BHyTpu OKpyx«- 
HOCTH C WeHTpom O (2,1) u paguycom \/3. 

PaccMoTpuM BeKTOpBI BA = {a—c,b—- d}, BC =f{e-—c,f—d}u 
BD = {f-—d,c—e}. Samerum, uxro BC. BD = 0, cnegoparenbuo, 


(BA, BB) = [90° — G|, umm 90°+4+ 6, rae (BA, Be) = B. To ectTb 


a a 
BA . BD| = BA- BD -|cos(90° + B)| = 
= BA- BDsinB = BA- BCsinB = 2Saazc. 
Takum o0pa3o0m, 
9/3 9/3 
(a— 0) (f — a) +(e) (6 d)| < 2Saanc <2°V4 = V4 


TAK KaK M3 BC€X TPCYFOJIbHUKOB, BIMCAaHHBIX B OKPyYXKHOCTb payuycom 4/3, 
HavOOJIbULy!O TWIOWayb UMeeT paBHOCTOpOHHui (cM. pemleHue yup. 2.7). 
OcraeTca 3aMeTUTb, ITO BbIpaxkeHue (a — c)(f —d)+(c—e)(b—-d) 


9/3 
2 


MO2KeT IPHHATb 3HaveHHe . SHadNT, HanOoubiee 3HAYeHHE TAaHHOLO 


9/3 
ve 


BbIPa27KCHUA CCTb 


14.7. a) O6o3HauuM “1 _j{tan,  _jftay,..., or =1+ ag. 
a2 a3 QAk+1 
B 9Tom cayuae —1 < ay,Q2,...,a, <0. Umeem 
(1+ 01) (14+ag)...(1+a,%) = —~. 
Ak+1 


Tak kaK G@, HeOrpaHW4ueHHa, TO CylIecTByeT Takoe 4uuCcIIO ko, 4TO B 


1 
cayuae k > ko “< ~, CJI€HOBaTeJIbHO, 
Ak+1 2 
1 
3° (lt+ai,)(A+a2)...d@+ag) >l+art+...+az 
a a a 1 
(ynp. 10.6), orkyga cnegyer — + —~ +...+— — = 
a2 a3 Ak+1 2 
6) Ilycrp uncna ky, ko,...,ko.1935 Takue, ITO 
a1 k 1 
ol 1 ky — =, 
a2 QAky+1 2 
GAky+1 Ake 
< (ko — ky) - 
Ak, +2 Aka+1 (a ~ Bi) ~ 5, 
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CKaabiBaa NOJTY4YCHHbIC HEPaBeHCTBa, WOJLYUUM 


ay a2 ks 1 


CiaeyopatelbHo, upu k > kg 


st tt 


a2 a3 Ak+1 


<1. 


TaK Kak 
Am+1 


14.8. 3 a; + b;)" = oat a; + b;)" +) bi (a; +b;)" *. 


Cornacso HepaBencrBy 13 yup. 11.10 


n ' n 1/r n r/(r=1) (r—1)/r 
Yai (arth) < (Soar) (Sat oyr yy) 


t=1 t=1 


3 b; (a; + b;) *<( n) 7 (> ((a; + yy) =~ 


i=1 
Cneaonatempn, 


Tr 


S> (ai + bi) “<(de a; + bi) ys a) ns (>: s ") 


t=1 t t=1 


(SS ea+5y') < (Soar) (Su) 


t=1 t=1 


a b 
14.9. IIpu 6b < f(a) umeem | f(@) dx = 5; + Sa, in (y)dy = 
0 0 


a b 
— §S3, rue S,;+ 53 = ab, cnegopatenbuHo, ab < |f (x) de +| fr! (x) da. 


0 0 
Jjoxa3aTembcTBo Bcayyae 6 > f(a) ananoruduo. 


14.10. a) 2 (yr — yo) + (#1 + @2) (yo — y3) + 
+ (a1 + %2+ 23) (y3 — ys) +... + (ti +... 4+ 2n-1) (Yn—1 — Yn) + 
+ (fi +... +2n) Yn = 1y1 + (414+ 22-21) yet... 
a +(ap t+... + an) — (ti +... 4+ 8n-1)) Yn = T1yitL2yot. .-+2nYn- 
6) Umeem 


T1Yi, + LYig +--+. + UnYin = Yr (C1 — 2) + (Ys, + Yin) (2 — 3) +... 
+ (Yay + Yig Fee + Yin es) (@n-1 — En) + (Yay Ho + Ying) En < 
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< yt (41 — Lo) + (yi + Yo) (Zo — 43) +... 
L(Y bee + Yn-1) (@n-1 — 2n) + 
+(yit..-+ Yn) tn = t1yi t+... +2nyn- 


Bropoe HepaBeHCTBO JOKa3bIBaeTCA aHAJIOPM4HO. 


14.11. a) Ilycrs x, = gg = Le. tn = Se a4, 
a2 a3 an 
A2,-++,An > 0. 
B 9Tom cityyae Lyn = a VUcnomb3ya HepaBeHcrTBo u3 yup. 14.10,6) 
1 
1 1 1 
AJIA AUNMCeJ A1,a2,..-,a4n NU G1’ Go? Gn? MOJLY TMM 
1 1 1 1 1 1 1 
Q;— +@g—+...+A@n— [a1— + A2—4+...+4n-1— + On—, 
a1 a2 An a2 a3 an a1 
WIM nity + Zot... + Zn. 
6) Sametum, 4To 
(1+ aa an) (——_ + +——__)= 
1a2...An ai(a2 +1) wee an(ai +1) 
1 1 a2...Qn a102...QAn—-1 
ee a a  L, 
ai(a2 +1) An(ai + 1) az+1 ait] 
IIpu n 23 nonyaum 
1 1 aia2 A203 a1an 
A > —— + ...+ ———~ ———— + ,,,4+ ——_=B8B 
~ a1(a2 +1) Qn(ai1+1) ai+1  agtl an t+1 
1 1 a 
HerpyyHo yoKazaTb, 4TO 4NCIA 7 bu bal’ ani (a,b > 0) 
HMeIOT OJMHAKOBYIO YHOPATOUeCHHOCTh, HM NOITOMYy 
1 ab 1 a 1 
——— + —— > - —— § 14.2 
a(b+1)'a+17aa+l1 b+1 (14.2) 


(cm. yup. 14.10,6)). 
Corsacuo (1) nomyaum 


1 a2 1 a3 1 ay 
= | —— oo a —__ = 
Be(—atoa)tentaen)t +(—4 +a) 


= ( 1 4 a1 )+ +( 1 4 An Jan 
~~ Nar tl atl _ Qn+1 antl) — 


| a | eee Qn ( ) eee ( ) a nN. 


IIpu n=2 umeem aj,a2q <1, cneqoBaTesIbHO, 


1 1 
(I + aia) (atm +1) + a2(a1 + 7) ~ 
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= %_,_% , 41 _,_t _y 
ar tl agtl ai(a24+1) ag(ai+1) ~ 
ay a2 1 1 
= — 2. 
Faas totl’) adl’ aml 2 
B) JloctaTouHo 3aMeTUTh, ITO 
1 1 1 A M Ss 
STATMTS+ at at stu sta _ 
(A+1)(M+1)(S +1) 
ee ere 
~ A(M+1)° M(S+4+1) S(A+1)’ 


Tora OCTaeTCA HCNOJIb30BaTb HepaBeHcTBO u3 yup. 14.11,6) npu n = 3. 
r) Hycrp 
ee 
a(l+6) O6(1+c) c(1+a) ~ af1+ec) c(1+b)~ b(1+<a)’ 
TOrga, MOCKOJIbKy 
1 + J + J < ft + J + i 
a(l+6) b(1+c)  c(1+a) ~ a(l+a) 6(11+56)~ ec(1+c) 


(cm. yup. 14.10,6)), umeem 
1 


(tet) (aa trtetri)> 
a bee lt+a 14+6 1+c/7 


1 1 1 9) 
= = = 
>3 (snap tiara tare) ~ 1+ abe 


(cm. yup. 14.11,6)). 


14.12. Cuayana qoKaxem, uro y(u) > p(x) + (u-—az)y' (a). JTeii- 
CTBUTeIbHO, paccmorpum dbyuKuuro f(r) = y(u)— v(x) +(x —Uu)y’ (2); 
rorya f'(x) = (a —u)y" (x). Caegosarenbuo, B cryyae « > u f(x) 
Bo3pactaeT, ampu x <u f(x) yOprpaet, re. f(x) > f(u) = 0, wam 


p(u) 2 p(x) +(u—x)p' (x), orkyaa 
y (#1) > y(y1) + (41 — 91) & (1), 


Ilomyuaem 


p (01) +... + 9 (an) > 
2 (yi) +--- +E (Yn) + (#1 — yr) Y (Yt) +++ + (@n — Yn) G (Yn) - 
Tenepb aoKarxem, 470 (a1 — y1) ¢ (yi) +++ (@n — Ym) ¥" (Yn) > O. 

JleficrsuTesbHO, CormacHo Tox jecTBy 43 yup. 14.10,a) umeem 
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(1 — yr) 9 (y1)+..-+(2n — Yn) O (Yn) = (#1 — y1) (Y" (yr) — &" (y2))+ 
+ (a1 — yr + £2 — yo) (Y' (y2) — v' (ys)) +--. 
+ (2, —- yi t+ @2-Yot...+2n— Yn) ¥’ (yn) 


Tak kak @y+2Q+...+2¢, > yi tyot--- typ uv’ (yR-1)—9" (ye) 
(k=1,...,n—1; y’ (ax) Bospactaer). 
Takum o6pa30mM, 9 (21) +...+ 9 (tn) > v(yi) +--- + 9 (Yn). 


0, 


2 
= 0 


14.13. Paccmotpum uucua Ina,, Inag,...,Ina, u Inby, Inbg,... 


...,Inby_-1, In by, Gs b= a | ucdbyHkun1o y (x) = e”; BITOM 


clyuae UMEIOT MECTO yCJIOBHA HepaBeHcTBa H3 yup. 14.12, cneqoBaTesmbHO, 
y(b)+...+9¢(01,) > v(ai)+...+¢(an), usu 

by t+... +bn_1 +b, Sart... +4n. 
Q1...Qn 
by... bn—-1 
by +...+6, >ayt...+ an. 


C apyroi cropoun, 6), = < bn, CMe LOBaTeJIbHO, 


14.14. Paccmorpum dyukuuro f(x) = —sin 5 B OoOIacTu (0, 5): 


1. 
Umeem f” (x) = r sin 5 > 0, korga x € (0, 5): 


Ilyctrb a > GB >; BYTOM CAy4ae HMeeM 
Tv Tv Tv Tv Tv Tv 
AZ 3, a+BP2 y+; a+B+y= progr, 
CJI€JJOBATeJIbHO, COrIaCHO HepaBeHCTBy U3 yup. 14.12 umeem 


rors 5) +165) 109) 


WJIN 


. a . p . 3 
—_ —~ < _, 
sin 5 T sin 5 T sin 5 [5 
C apyroi cTropoubt, 
TV TV TV TV TV 
37 a ty Pate, gt yg t0=atrP+y, 


crleJOBaTesIbHO, (4) + (5) + f(0) > f(a)+ f(B)+ f(y), wm 


. a . p . Y¥ 
V2 <sin> +sin 5 +sin >. 


14.15. /loxa3aTeibcTBO HepaBeHCTBA sina+.,/sin@+ ,/siny > 0 
oueBi HO. JloKa2kem BTOpoe HepaBeHcTBO. Paccmorpum cbyHKunt0 f (x) = 


= —,/sinz o6macru (0,7); B 9TOM cryyae 


. 2 2 
fl (x) = 2sin° x + cos’ & 


Asin x ,/ sin 2 


> 0, 
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Korga x € (0,7). 
Homey BCIyYae ASB Sy 

TT 
a> a+ B> 5 + 


a + 6+ —~7,7,7 
7 4? © Y= 9747 | 


TO COrIacCHO HepaBeHCTBy u3 yup. 14.12 
f(a) + £(8) + Fy) > (FS) +6 (G) +4 (§) 
WJM sina+ ,/sinO+ \/siny <1+ /8. 


Bropoe pemeu ue. Jametum, ¥TO r+y < /2(47 4+ y?), cmeno- 


“5 
BaTeJIbHO pu a > Y 


sina+ /sin6G+ /siny <1+ /Vsinf8+ Vv siny 


<1+ 1/2(sin6+siny) <1+4+ \[4sin 221 <14+1/2V2=14 VB. 


14.16. Mmeem 


1 1 1 
1+—=4+—S+4...4+ 


2 2 2 
ya V3 Vn i+ ya) Vata" Vnt Vn til 
= 2(4/2 — 1) + 2(./3— /2)+...42(./n+1- Vn) = 


=—=2Vn4t+1-2>2V/n—-2. 


14.17. Paccmorpum muorousien _P (x) = (a — a) (a — b) (a — c) (a — d). 
Iockonpky P(x) = x* — Sir? 4+ Sox? — S32 +54 u P(a) = 0, To 
a* = Sia? — S2a’ + Ssa — S4. 

Korga a <0, umeem S,a° — Soa2+ S3a— $4, <0, a a* > 0, u 
NOJLy YeHHbIe HepaBeHCTBa MPOTUBOpeyaT TOK JeCTBY, CIeOBaTeJIbHO, a > 
> 0. AHasmoru4Ho ZoKaxKem, uTo b,c,d > 0. 


14.18. PaccmoTtpum nocnefqoBaTesJIbHOCTh Gyn = ; <=. B 9ToM 
"() 
e€ 
cary dae 
An e€ 1 
= ~ n+1 < 
An 1 1 
Oye fe 
nm n 
(yup. 9.32,r)), cneqoBaTeIbHO, An41 < ( vn - An. Jlasee, 
n+ 


a, < note n—-1/n-2 
Jn 
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Takum o0pa30m, an < Cle LOBaATeJIbHO, B Cryuae nN > 8 An < 


a 
vn 
<1. 


14.19. Homb3yach Me€TOJIOM MAaTe€MaTH4eCKON MHIYKUMM, HETPyJIHO J1O- 
Ka3aTb, uro 2” > n*—1, n € N. Cuenoparenpuo, 


(1+ 5) (+4) +5) (+a) s 
<(1+5) (1+ 4) + ea) (a) = 


ee Le 
~~ 21324°°° (n-1)(n4+1) n+] 


<3. 


14.20. Ilycrp a,b,c € [0,a;] u a>b>c. Korma b< at YMerOT 
MeCTO yCJIOBUA 


a>a-—b+c, a+c=(a-—b+c)+b, a-b+c2b, 
CJleJJOBaTeJIbHO, coriacHo yup. 2.8 g(a)+g(c) > g(a—b+c)+g(b), unu 
g(a) —g(b) + 8(c) 2 g(a—b +e). 


a+c 
Ecau 2xe 6 > —j7 > HMeloT MecTo ycloBus 


a>b, a+c=b+(a-—b+c), be>a-—b+e, 


CJle}OBaTesIbHO, cHoBa g(a)+g(c) > g(a—b+c)+4+ g(b). 
Takum o6pasom, u B aTom caryyae g(a) — g(b)+ g(c) > g(a—b+c). 
U3 nocneqHero Mu yup. 7.0 HM NOJYIMM WOKa3aTeJIbCTBO PacCCMaTpHBae- 
Moro HepaBeHcTsa (B3aTb f(z) = g(x) — g(0)). 


14.21. Paccmorpum muHorowien F'(2) = a+bx+cx?+dz°. Bsrom 
ciryuae corsacHo cdopmyuie JlarpaH2Ka* 


F(a) = F(—2) @FV@—D@ a2) p(y FADO — Vw ~ 2) 


—12 6 + 
(a + 2)(a + 1)(a — 2) (a + 2)(a + 1)(a — 1) 
+ F() SPIE TNE) 5 pg) A De 
*) Ecnm P(x) — muorousen n-it cremenu, a £1, £2,.-., fn, Ln41 — pasIM4HbIE 
NeCUCTBUTeJIbHbIe YMCA, TO 
_ (x — 22) (a — 23)... (@ — &n) (@ — &n41) 
P(x) 7 P(z1) (v1 — v2) (a1 — @3)...(@1 — fn) (@1 — Bn+4+1) T 
(2 — 21) (@% — #3) (a — wa)... (@ — tn) (@ — Bn41) 
+ P(xa) (22 — #1) (wo — #3) (tq — @4)...(@2 — Bn) (42 — Bn41) 
+ P(ans1) (2 — 21) (a — @2)...(@ — n_1) (4% — Zn) 


(@n4+1 — 21) (@n41 — £2)... (@n41 — En—-1) (@n41 — Zn) 
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CIC TOBATeCJIbHO, 


— 2 2 1 
a = F(0) = + 3F(-1) + 3 FC) — GF (2). 
C apyrot cropoup, F(x) = »p(-), x #0, orkxyya 


F(2)=8p(5), F(-2)=-8p(-5), FQ) =p), P(-1) = -n(-1), 


‘Takum o6pa3oom, 


CJICTOBATCJIBHO, 
4 1 2 4 2 2 4 
< =|p(—= “ < i424 445-4, 


GameTuM, UTO MHOrouseH F’ is) = 4r° — 3x ynoBnerBopseT ycOBUIO 
3ayaduu (ecam o603HauuTh x =cosa, To F(x) =cos3a). 


14.22. Ilycrb kopHu mMHorounena P(x) — uncna —b1,—be,...,—bn, 
roe 6; >0, 7=1,2,. ; 
Umeem P(x) = + ina +b2)...(a+by), orkyfa ag = bi be... by 


MU ay = ado m b, a) TakuM o0pa30M, HeoOxoJMMO JOKa3aTb, FTO 
by 


1 


1 
Bocnomb3yeMca HepaBeHcTBOM Kolin 5, +...+ 
1 


1 1 b; . 
_ = —__ ok — - > af ——________ = wae ; 
u 1+; 4a +7 +h Bn rat (@ = 1,...,n); 
Se 
n—l1 umeHOoB 
NoJLy 4uM 


Getta) O air rs 


se > — 1) ——) = 
n? (1+ — —) =n (1+ (n 1) 7 2n 


Jlia 3aBepUICHHA OKa3aTeJIbCTBAa MbI BOCIIOJIb30BaJIMCb H€paBeHCTBOM 
bepuyvim. 


14.23. Ha30Bem yBa OTpe3kKa, MMeOUWMX OOMWyIO BepLIMHy nmurKot, 
a CaMM OTpe3KH — xpoiioamu. Uncsio He OJHOIBETHBIX TPeyrOJIbHHKOB 
pasHo C? — t(n). Kaokypii ne ojnouBerHpiit TpeyroubHHK COjep>KUT 
NITHUKM C Pa3HOUBeTHbIMM KDPbIbAMM. CureqoBaTesIbHO, YMCIO ITMGeK C 
pa3HOLUBeTHbIMU KpblIbAMU paBHo 2(C3—t(n)). C apyroi cropoupt, ecsiM 
M3 KaKOH-Hubyb BepLIMHbI BHIxoAMT k orpeskoB mepBoro uBeTa Mon — 
—1—k orpe3xkos Broporo uBeTa, TO KOJIM4eECTBO IITHUeK C pa3sHOUBeTHBIMU 
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KPbIJIbAMU, COJep2Kalux ITY BeplIMHy (06a KpblIa COsep2xKaT ITY BepLIH- 
Hy), pasHo k(n —1-—k). 
SamMeTuM, UTO 
(S") 
, €CJIM nN HeveTHO, 


k(n —-1—k) < 4 
n (+ — 1) eCJIHM NM 4eTHO 
2 \2 ’ 


Orciogza nowy4uM 


(n—1)?n 
4 ’] 
2 
n (n 
> (= — 1) , eCJIM NM 4eTHO. 


eCJIM 1M HEYeTHO, 


2 


Utak, noslyauM: 
Korga n= 2k, 
n(n —1)(n—- 2) n’(n—2)  k(k—1)(k—2). 


, nin—I)(n—2)_ m (n—2) _ RR 1) (A 2) 
t(n) 2 6 8 3 


Korma n= 4k +1, 


t(n) > Rm) _ 21) (Ake +1); 


Korma n= 4k +3, 


b(n) > MM Bm= 2) _ mm 2 4) Ga —1), 


14.24 /JloxaxxemM MeTOJOM MaTeMaTHyeckon HHAyKuMH. Bcayyae n = 
= 3,4 yTrBepxKTeHnHe 3a7a4u NpaBMJIbHoe. 

Ilyctb yTBep»kaeHve 3agauu cupaBeqiMBo qian n < k—1 = Touex. 
Jloxa2KeM, UTO OHO CNpaBe/IMBO TakKoKe Jia n =k rouex (k > 5). 

BprazesuM Ba crydasd. 


a) JIro60e pe6po obpa3yeT TpeyrouIbHUK. 
2 


B 3TOM CiLy4ae UNCIO OOpa3s0BaHHbIX TPeCyrOJIbHHKOB OOJIbLIe cure- 


k 2 
JJOBaTeJIbHO HE MCHbILIe S| k= 5,6,... 


6) Cymecrsyer pe6po AB, koropoe He oOpa3yeT TpeyroubHUkK. O6o- 


3Ha4HM OCTaJIbHbIe BepUIMHbI rpadba uepe3 Ay, Ao,..., Ap—2. B 9Tom 
clyuae wim BepmimmHa A; He coequHeHa uu c A,ummc B (i = 1, 2,..., 
...,4—2). Cnegoparesbxo, aco pebep c BepummHamu Ay, A2,..., Ag—2 


42 
6oumpue (‘ —(k- 1)), OSTOMY YMCIO TpeyroJIbHUKOB, OOpaz0BaHHbIx 


2 2 
JAHHbIMU BeplIwHaMy, He MeHbIIIe (a — 1) (‘ —(k-1)= “). 
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Ilycrb OJHUM M3 9TUX TPeyrOJIbHUKOB ABJIMeTCA A,AoA3. Ecanu Hu 
O0Ha 43 BepumMH A; He CoeqMHeHa HHc A, HucC B, TO MbI He OyfemM 
paccMaTpuBaTb oTpe30K Aj, A». B strom ciryuae TouKH Aj, Ag,..., Ap—2 


(k — 2) 


OUATbh COC€*AMHEHbI -———— oTpe3kaMu. SHAaUMT, CyleCTByeT 0 Kpaii- 


k k 
Hei Mepe S| — 1 vTpeyrombHuKkoB, uM BMecte c A;,A2A3 OyzeT S| 


TPeyPOJIbHHKOB. 
Octaslocb paccMoTpeTb cjlyyai, Korga A coeqMHeH C BepuiMHaMNU Aj, 
Ag,..-,Am, a B c ocranbHpimu. Ec orpe30K A;A; saBsaeTca peb- 


pom fia kakux-sm60 (4;7), 7 <j < m umn m <i < j, TO 3aqaya 
cHoBa pemena. B nporuBHom caryuae uucmo pedep c BepuiMHamu Aj, 
Ao,..-,Ap—2 He Oompmie m(k — 2— m), «TO HeEBO3MO2KHO, Tak Kak 
2 
(k — 2) 
ra 


14.25. Samerum, uTo uucna {na} ormuyarotca Apyr or zApyra. Jleii- 
CTBUTeJIbHO, MycTh {ia} = {ja}, i #7; BoaTOMcmyyae ia = jat+k, 


m(k-2—m)< 


ke Z, orkyyza a= ij E€ @, 4TO HEBO3MOXKHO. 


1 . 
Ilycrb mEN uw ~~ < min(a;b—a;1— 6). SIcHo 4ro cymlecTBy1oT 
, ; ; ; 1 
Takue HaTypaJIbHble uucia 7 > j, aro |{ia}—{ja}| < a (ocTaTOUHO 


pa36uTb orpe30k [0,1] Ha m-+1 = paBHbrx yacrei uv BOCMOMb30BaTbCA 
npunuunom JIupuxse). 


CueyoparembxHo, |(i — 7) a — [ta] + [jal| < -, orkyga {(i — j)a}< 


1 . ; 1 

<— wn {(i-—j)a}> om 
Ilycrp {(i — j) a} < Mm” ((-—j)a=a2+k, K€ 4, a = {(t— 7) af. 
Paccmotpum uncna £,22,3xr,... OHO 43 9TMX 4NCeI IPMHAaAIexKUT 


o6macru (a,b), nycrb a<la<b, LEN. 
Umeem [(i-j)a=la+kl, orxyga {Il (i — 7) a} = Iz € (a, Dd). 
Lo. 1... Lo. 
Ilycrp {(¢ —j) a} > 1—_ (i-jja=at+kh, ke Z,x={(i- 7) a}. 


1 
Vimeem 1— 2 < —. 


Paccmotpum uucna 1— 2, 2(1—2), ... Ono u3 aTux 4ncen NpuHal- 
sexut oOsmactu (1 — 6,1—a). Ilycrs 


1-b<l(1l-2)<1l-a, li-jja=la+lk=—-IlI(1—2)+I14+lk, 
orkya 
l(k+1)+a-1<lti-jja<l(k+1)+6-1, 


um a<{l(i-j)}<b. 
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14.26. a) Umeem Ss" (21; —m)(M —2;) > 0; cneqoBaresbuHo, 


i=l n 


Soa} <—-nmM. 


6) Samerum, uro M >0>™m; caenqosarespHo, 


Y2 (iM (a =m) (M8 = 28) — m (28 = m8) (M = 24) > 0. 


orkyya (M — m)>— a; <—n(M*m-—m*M). Cuenosarenbuo, Korza 
M+#™m, umeem Sox} <—mMn(m*+M*+mM). Koraza m= M = 


= 0, umeem Six} =0=-—mMn(m?4+ M?74+ mM). 
i=1 
14.27. Wmeem 
(a? + y7)" — @?™ — yer 
7 Cy, _— Ay? 4 aye *) tools om (x7y?”? + ya?) 5 
~~ ~ 
> Chay + Co amy +... Om tae ™My™ = (2 —2)a™y™. 
Gy[eCb MbI BOCIOJIb30BaJINCh HepaBeHCTBaMH 
(2?)" (y?)™" + (a?) (yP)" > Byam yPm > Bay” 
AK=1,...,m-—l1. 
Takum o6pasom, (27 + y*)" — 2?" — y?™ > (2™—2)a™y™, nam 
(e+ y°)” 


14.28. Bcnyyae a,6,7 < 


; 1,. ; : ; 
sinacos(3 — y) = 5 (sin2y7+sin2G) > / sin2ysin26, 
4/ sin 27 sin 23 


sin @ 


> (a™ —y™)? $2™a™y™ 
< & 
9 MMeC€emM 


orkyya cos(G3 — y) > . CurenqoparesbHo, 


cos(@ — 3) cos(G — y) cos(y — a) > 


_ / sin2asin26 ./sin2ysin2 / sin 2a sin 2+ 
> ——erreeoaeecrerer—eeme eee 


= 8cosacos (i cos y. 
sin y sin @ sin 3 p 7 


14 H.M. Cegpaxan, A.M. AsoasH 
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Ilycrb renepb a < B < _ <y. Een y < 


+a win y> +8, 
TO 


nm] > 


cos(a@ — 8) cos(B — y) cos(y — a) > 0 > 8cosacos cos 7. 
Eom xe > +a<7< 5 +8: TO 
0 < —cos(y — a) < —cos7, 
0 < cos(a — G)cos(y — B) < cos(B — a) < 


< 4cos(G — a) + 4cos(a+ 8) = 8cosacos ZB, 
Cue JOBATEJIBHO, 


cos(a@ — 8) cos(B — y) cos(y — a) > 8cosacos {cos 7. 


14.29. Paccmorpum apa ciry4aa: 


. & 
a) Korga sin 3 9; uMeem #=2rn, n€ Zou 


=0< 3. 


. sin 27 sinnzx 
sin xz + —— 


5 +... 4+ 


. 2 
6) korga sin 3 ~ 0, cymlecrByeT Takoe HaTypaJIbHOoe 4MCIO Mm, TO 


. < sin 5 | < I 
m+1 2| ~ 
IIpun<m umeem 
; sin 2x sinna , |sin 22 lsinna| 
sing + +...+ < |sina| + —,— +---+ 


< |sing|+ |sing|+...+|sinaz| < m|sina| < 2m/|sin S| <2 (14.3) 
a, 


Tm UJICHOB 


(cm. yup. 1.13 u 7.4,a)). 


sin(m + 1)a sinna 
Tenepb ON1e€HUM BbIparKeHHe malt + | mupu n> m. 
Corsacuo yup. 14.10 umeem 
sin(m + 1)a sinnz 1 1 
mal tito = sin(m + 1)a (——— —;) + 
. . 1 1 
+ (sin(m + 1)x + sin(m + 2) a) (—. — —) +... 


... +(sin(m 4+ 1l)a+...+sin(n — 1)z) (— --)+ 


1 on 
+ (sin(m+1l)a+...+sinnz) = 


Ce0BaTeJIbHO, 
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sin(m + 1)a sinna , 1 1 
Ss < ee 
maT tot | Simm + Del (a ~ aga) t 
. . 1 1 
+ |sin(m + 1a +sin(m + 2)a|(—— - 4) +... 


..+ |sin(m + 1a +... +sin(n — 1a ( ! --)+ 


n—1 n 


+|sin(m+1)a+... +sin na|— < 


-_! ( 1 ae oe on 1) 7 
~ = mt+1lom4+2 "° n-1 nn) 
sin | 
1 
= 7 < 1, 
(m + 1)]sin =| 
3HAUHT, 
sin(m + 1)a sin nx | 
~~ + .., + —— 1. 14.4 
met tot < (14.4) 
GHECb MbI BOCIOJIb30BaJIUCb HEPaBEHCTBOM 
. . . 1 
lsinka +sin(k+1)a+...+sinpz2| < = 
sin =| 


/loxaxxem ero. JlevicTBUTeIbHO, 


asin = sin ke +... + 2sin = sin pe 


|sinka+sin(k+1)a+...+sinpx| = $8 — 
sin =| 


cos (k — 5) # — cos (k+ 5) # +008 (b+ 5) x - 
x 2 2 


2 sin = 2 
2 

1 1 1 
—cos(k+1+5)a+...+003(p— 5) «—cos(p+5)e = 

ke 1 1 
cos ( —=)-cos(p+—)a 9 1 
= —-—, dS < = 
2 sin = 2 sin = sin = 


Tenepb, ucnomb3ya HepaseucrBa (14.3) u (14.4), HerpyqHOo foKa3aTp, 


uTO 
sin 22x sin nx 


5 +... 4+ 


sina + 


<3. 


14.30. ‘Tpe6yerca q0Ka3aTb, 4TO 


(a1 + a2 + as)(a2 + as + a4) --- (dn + a1 + a2) y (2). (14.5) 


A= (a1 + a2)(az +3)... (an + a1) 


14* 


212 $14. Pa3znuxrnoe nepasencmea 


Jloxaxxem (14.5) MeToqOoM MaTemaTu4eckoit HHAYKIUMH. 
a) Ipu n=3 


a, + ag a2 + ag a3 + ay, 3/Q@1 + @2 €2 +43 43 4+ a1 
— OE SS $$ —____.. —__—_ 
ay + Q2 + 03 9 9 9 Za 3 9 9 9 , 
CIE HOBaTeJIbHO, 


(a1 + ag + a3)(a2 + ag + a1)(a3 + ai + a2) S 
(a1 + a2)(a2 + a3)(a3 + a1) ~ 
33 (ai + a2) (a2 + ag) (a3 + a1) 
> 2 2 2 _ (5) 
(a1 + a2)(a2 + a3)(a3 + a1) 2 


6) Ilycrp n > 4 wHepaseucrso (14.5) BepHo ana n—1 uncen. CHayana 
jjoka2keM HepaBeucTso (14.5) B cry4yae, Korgqa a, = a2 WIM An_1 = An. 
Korga a, = a2, WMeemM 


A= (2a2 + a3)(a2 + a3 + 4)... (Gn—-1 + Gn + G2)(An + 2a2) _ 
2a2(a2 + a3)... (@n-1 + @n)(an + a2) 
_ (2a2 + a3)(an + 2a2) (a2 + a3 + G4). -(Gn-1 + Gn F G2) (Gn + a2 +43) 
2a2(an + a2 + az) (a2 + a3)... (@n—1 + Gn) (an + a2) ~ 
2a2 + a3)(an + 2a 3\""1 3 73\""! 3\" 
> aerate) (3) 233) >(3) » 


2a2(an +a2+a3) \2 2 


2 


2 2 


MOCKOJIbKy HepaBeHcTBO (2a2 + a3)(@n + 2a2) > 3a2(an + a2 + az) 
IKBUBAJICHTHO HepaBeHCTBy (a2 — a3)(a2— an) > 0. 

Jloka3aTeJIbCTBO B CIyYdae AGyn—1 = Gn aHaJIOPM4HO. 

‘Tenepb JOKa2KeM, 4TO CCIM a, < G2 HW An_1 < Gy, WM eC NOCIeqOBa- 
TEJIbHOCTb YMCE G1,042,---,An—1,4n 3AMCHUTb 4uCIaMU a, = a, 4+ 2, 

os 

Q2,---; @An—-1, Gn ~-L=a’,, rye O< & < min(a2 — a1, an — An_1), TO 
BemmunHa A OT 9TOrO He BO3PACTET, T. €. 


1 
= ————_ aS X 
~ (a1 + @ + a2)(a2 + a3)... (Gn—-1 + Gn — £)(Gn + a1) 
x (ay + a2 + a3 + 2)(a2 + a3 + 44)...(@n—-2 + Gn-1+ Gn — 2) X 
X (Gn—1 + Gn + 41)(Gn + a1 + G2), 
WI 
(a1 + ag + a3)(Gn—2 + Qn—1 + Gn) 
(a1 + a2)(Qn-1 + Gn) 
5 (art G2 + a3 + £)(Gn—2 + Gn-1 + Gn — 2) 
~ (a1 + 2+ a2)(Qn-1 + Gn — 2) 


3aMeTuM, 4TO MOCIeTHeEe HEPpaBeCHCTBO MO?2KHO 3allMCaTb B BUC 


2 


(14.6) 


ax? + ba+c<0, 
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(a1 + a2 + a3)(@n—-2 + Gn-1 + Gn) 
(a1 + a2)(Qn—-1 + Gn) 

Aa HOka3zarempcrsa (14.6) qocTaTOuHO AOKa3aTb ero AIA 3HaueHui x = 0 
uM x£=aqg—a, upn n=4, x =ax,+a4—ag-—a, Upy n=0d, anpu 
n>6 © =a2-— a, (Tak kak min(a2g — @1,4n — An_1) < €g — ay K a4 - 
— a, < a4 — a, + a5 — ag). 

B cayuae « = 0 j”oKa3aTesbcrBo HepapeHctsa (14.6) oveBu AHO. 

B cayyae n= 4, © = a4— a, HeOoOxXOAMMO JOKa3zaTb, UTO 


(a1 + @2 + @3)(@2 + a3 + aa) . (a2 + as + a4) (a2 + a3 + a1) 
(a1 + a2)(a3 + aa) ~ (a2 + a4)(a1 + az) 


usu (a4 — a1)(a3 — a2) > 0. 

Bcryyae n=5, © = a5 +44 —G42—41 JOKa3aTeJIbCTBO HEpaBeHCTBAa 
(14.6) ovepugHo. 

IIpu n>6, x =ag— a, HeoodxoauMO fOKa3aTb, YTO ax+6<0 Te. 


rye a= —1>0, c=0, cnegopaTenbuHo, 


(@ + a2 + a3)(Q@n—2 + Gn—-1 + Gn) 


(a1 + a2)(Gn—1 + an) _ 1) (a2 — a1) + 


+ (an + Qn—1 + An—2 — A, — AQ — A3-— 


(a1 + a2 + a3)(Gn—2 + Gn-1 + Gn) 
— — OH 
a, + a2 
4 (a1 + a2 + a3)(@n-2 + Qn-1 + “»)) <0, 
AQn-1 + an 
WJIv 


(43Qn—2 + 43(An—1 + Gn) + Gn—2(@1 + G@2))(@2 — a1) 
(a1 + a2)(Qn—1 + Gn) 
— (Qn-1 + Gn — Q1 — G2)(G3Gn—2 + 43(Gn-1 + Gn) + Qn-2(a1 + a2)) 
(a1 + a2)(Qn-1 + Gn) 


+ (00-2 — a3 — 


< 0, 


(a3Qn—2 + a3(Qn_1 + Qn) + Gn—2(@1 + G2))(2a2 — an — Gn—1) + 
+ (Gn—2 — @3)(@1 + @2)(G@n_1 + Gn) <0, 


2424n—2(a1 + a2 + a3) + 
+ (Gn—1 + Gn)(A243 — G3An—2 — A3Qn—-1 — A3An — A341) <0, 
242An—2(a1 + a2 +43) < (a3Gn-1 + G34n)(Gn—-2 + Qn—-1 + An + a1 — a2); 
NOCIe€IHee HEpaBeHCTBO CpaBe JIMBO, TAK Kak 
202An—2 < A3An—2 + A3An-2 < A3An-1 + 434n, 
a1 + 2+ 43 < A@n-2+Gn-1t+ Gn + a1 — Q2. 
B3aBn x = min(a2g — @1,4n) — Gn_1), NOMy4uuM AA duce a}, do,... 


.,4n-1, @, cmryyai a, = a2 WIM ayn_, = a@,, Upuyem aj < 


214 $14. Pa3znuxrnoe nepasencmea 


< a2... KL An-1 KG, 


nn»? CACHOBATeJIbHO, 


A> (a1 + a2 + 3)(a2 + a3 + a4)... (Gn +41 +42) S (3) 
a (a, + a2)(a2 + 43)...(a, +41) a 
HU, TAKUM OOpa3om, 3aqaHHoe HEpaBeHCTBO OKa3aHo. 


14.31. a) Samerum, uro yz <1, ez <1, cy <1, cregopatenbHo, 


L ] & 2 2 2 
> > z= 1; 
1— yz l-zr  loay 7 TTY Tee ry 


z 
3HaUdHT, Yo, _* > 1. SametTum TakxKe, UTO yz < y 
l—yz l-—-zxr 1-2y 2 
2 3 2, 9 
LZ — , TY SS oe CJICETOBATeJIbHO, 
x yo, _% x y _ 
l-yz 1l-ze 1-—ay ~ yr +2 2 +2 a? + y? 
2 2 2 
22 2y 22z 


tee ity 1427) 
Kpome Toro, 3aMeTHM, 4TO 


( 22 ) ( eo CY ) = ew es DOW) <9 
l+e l+y*J\14+2* 1+y? G+27typ Ss 


CJIe}OBaTeJIbHO, CorlacHo HepaBeHcTBy (8.5’) nosyauM 


2x 2y 2z 6(a + y+ 2z) 
2 2 x < 2 2 2 
1+2 T+y 1+ z S+tze+y +2 


/3(22 + y? + 22) = 33 


2 


ho | Go 


x y z 3 J/3 
< — . .o. . 
Takum o6pa30m, [-ys +75, +75 mS (cm. Take yp. 5.17) 


6) Umeem 

x y Zz 2 y° 2 
1+ yz 1+ 22% ltay «+2yz ytuyz zt+aryz’ yz #0. 
CorsacHo Hepapeuctsy (8.4) 

x y zs (x+y+z) _ 


1+ yz 1+ 22 lt+avy”~ e+yt24 32yz 

I+ay+yz+ze)+aytyz+ zu _ 
etytz2+ 3zryz 

_ a“a+ytz24+(1—-a)l—y)-z)+aeyz+auyt yet ze S 

7 Lctyt2z+ 3sryz ~ 

C+yte+reyz+ ryt yze+ zu 
Lctyt2z+ 3sryz 


2 >I, 
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x Yy z 
lt+tyz 1l1+2z2 1+ ry 
Kom xyz = 0, Hampumep, x = 0, To 


>1 


CIC TOBaTeJIbHO, 


L Y & 2 2 
= = =]. 
1+ yz l+ex | liay yrery v2 


loxaxem, uro ecu 2,y,z2 >0 u x7+y2%+27=1, To 


x y Zz 
< 1/2. 
1 vet Tana tTaay SV? 


y°+27=1, 


+ 
1 2 
SameTuM, 4TO ecu a > 0, TO <l—a+a‘’, cneqoBaTebHO 


6 Yy z 2 9 29 
< _ _ 
l+yz l+zx i+ay <7U yzty 2 )tyl—az+a°2*)+ 


ta(l—ayte*y*)=xe2+y+2—-B82yz4+ vyz(yz+az+ ay). 
Kpome roro, zy+yzt+z22 < 27+ y?+4+ 2%, cregqoBaresbHO, 


x y Zz 
1+ yz 1+ 22% 1+ xy 


<etytz-2wyz. 


Jlokaxkem, uTO © + y+2z—-—2r%yz < /2, rye x,y,z >0, a*t+y7+ 
+27=1. 
JlelicrsuresibHo, nycrh max(x,y,z) = z. Torga 327 > x*+y2+27 = 
= 1, cnegosarenbuo, 2z7 +2 \/ 22 —1> 27742 / 22? —1> 327-150, 
MOITOMY M3 HepaBeHCTBa 
4z* — 827 4.4,/22 —1 = (4/22 — 1)?(227 +.2,/2z —1) > 0 
cileyer, 4TO 
2 4 2 
1 Az” — A,/2z—-1 
(Vite +) - 5) 4 We a8 t4yent > 0, 
z 
WJM 
z(a+y)? —(a+y)+ 22-224 2250, 
atyte2—-((at+y)?+27-1)z< v2, atytz—2Qayz < V2. 


14.32. JloKa2xkem, 4To ecu HepaBeHcTBo (14.1) BEINOMHAeTCA pH BCex 
NOJOXKUTEJIBHbIX a,b,c, TO A>8 unu A=O0. 


1 
JleticrpurenmbyHo, ecm A#O0, To gnn a=1, b=cH= 5 M8 (14.1) 
noJly 4waemM 
1 1 3 


1 
ae OS It EZ . 
Ylt+A/n2? vVitnrA v1ltnrA” VI+A 


3 
Vip’ CI€OBaTeIbHO, A > 8 


1 
(coum A <0, To BbIpaxeHve /1+nXA He OonpenemeHO Aa n > -;). 


Tenepb npu n— +oo nomyuaem 1 > 
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JlokaxkemM, uTo qin A > 8 


> u a,b,c > 0 Hepapeucrso (14.1) 
CUpaBe JIMBO. 
1 1 
JlemmMa l. keauzx >0,y >O0uzy < 9, mo — > 
. ’] YU YU ™ ’] 1 4 7 Jit+y a 
J/levicTBuTeJIbHO, HMeeM 


(Vl+a+ Tty) =-24+e+y+2 (i+e)it+y)=2+2+yH+ 
+2 (1+ Vey)’ +(Ve- yy) S2te+y+2(1+ Vay) = 


=(l+a2)(1+y)+4-(/ey-1)° > (1+ 2)(1+y), 
TaKUM OOpa30om, Vlt+a+/ltySevlt+aVl1l+y. 
JlIemma 2. Ecau x >0, y>O u xy 29, mo 
1 1 


2 
a 
Vl+ae /1+y 14 fey 
Tpedyerca JOKa3aTb, 4TO 
2 
(Vi+e+V1+y) (+ fey) 240+ 2)(1+y). 
VUmeem (Jl +a+V1+y) (1+ /ty) > (44+a+y4+2,/ry) (14+ ./ry) 


(cM. J0ka3aTeJIbcTBO JIemMp! 1). Tenepb 20Ka2keM HepaBeHCTBO 
(4+a+y+2j/cy) (1+ /ey) > 414+ 2)(14+ y), 


WIM, UTO TO »%e camoe, (,/ry — 3) (f/x — Jy) > 0, KoTopoe oveBu HO. 


Abe Aac Aab 
BBeyem CIETY IOMW Ne obo3HaueHHa: £ = =z, Yo pe” a> TR 5 
a Cc 
Torga £,y,z >0, xyz =A. Jloxaxem, uro qua A> 8 


1 1 1 3 
+ += > | 
V1l+2 /l+y V1+z V1+A 


JleiicrBurebHo, NycTh max(2,y,2) = 2; Torga z >. Econ ry < 
<9, To cormacHo jIlemMMe 1 uMeeMm 


1 1 1 1 1 3 
a St mS > + > 1s ; 
V1+2 /lt+y Vl1l+2z V1lt+2 JIi+y ~ VST 4X 
Eicnu xe xy > 9, TO cormacHo sJIemmMe 2 UMeeM 
1 1 2 1 1 2 
Jae! Ving’? fave vee nn’? > 
* Ty 1+ /xy 6 + 1+vzA 


(Trak Kak zA > A? > 64 > 9). Cknagpipasn noy4eHHbIe HepaBeHcTsa, 
nosy daem 


1 1 1 1 
+ 


] ] 
Vita Vity ist vies? (Ghee) 


Sadanu ONA CAMOCMOAMEADHOZO PCUWEHUA 


Tenepb, Tak kak ,/zy >3 u VZASA, TO ,/tyVvzA J 3A 2 24> 9, 


CIE JOBaTeJIbHO, CHOBa COrIacHo JiemMe 2 
1 1 2 2 


> + 2 = T° 
1+ Jry 14+ vzd 1+ Waxyzr 1+A 
4 


Takum pepason 


1 1 1 
+ + > | 
7st JIity vVitz VitX”~ VIFAX 
u HepaBeHcTBO (14.1) qoKa3aHo. 


S3ameuadH He. AHaIOPM4HO MO2%KHO JOKA3bIBaTb, ITO CCIM A 1,02,... 


,an > 0, n = 2, TO 


n—-1 n—1 
a1 


at + (n° _ 1)aza3 -+- An an + (n? — 1)ai1a2 -.-An—-1 


3AQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


/loxaxkuTe HepaBeHcTBa 1-17. 


1. ,/3x*+27+1+ \/3x? —42 42 > -—. 


2 
2. (24+ V2-1) <a? +y? <1 a 


(2- 2+ v2) <(2- 8) + (y-@) ra 


4.4 f/—— ee, 


2 
2 2 
2 2 
rye («+ 7) +(u+) =2+ /2, x € [0,1]. 
8. fa? + (1— ag)? + Vast (1—a3)?+... 
. + ®t a> 2 


rye n > 2 


‘ very ~2,/2+...+ 4/2n-2,/(n-1)n > Sn(n +1), rv 


nme 


(a —b)? a+b (a — b)° 
< < ++ 
8a aS 


6. 0O< /4n+ ~ J/n—J/nti<—e, roe nEN. 
16 \/n3 


5. roe a>b> 0. 
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7. a) fur tayty?t Vy? tyzt 2° > fxr t+ az t 2°: 
6) c/a? 4+ b4 —ab+a/b?4+ c* — be > b,/a*+c*+ac, roe a, 8, 


c > 0. 


8. 4/1 —cos(x3 — 42) + /1 — cos(a2 — 21) > 1/1 — cos(x3 — 2). 
3 3 
9. 9< | 4/a4 4 Ide +| 4/74 —1dx < 9,0001. 


0 0 
r: r r° 
10. ——,. + +" IH. + SS 
Li +%1%24+ Xo Lo + UQ%3 + 2X3 Ln + n%1 + Ly 
1 
= g (tit ta +... + 2n), 
rye £1,.--,% >0, nZ=3. 
7 7 
11, ——— 
ri + 2x5 x9 +20123 + 95 r5 + 2n323 +2773 +23 
7 
Ln 1) 3 3 3 
+ ye (wet eh tte 
re +2e2e,+2¢nr?t+ari,~ 6 (2) 2 n)) 
rye n> 3, £1,..-,2n > 0. 
12. 3° +4" 4+...+(n4+1)" +(n4+2)” < (n+3)", roe n>6 xu 
neEN. 
1 1983 1 
13. 


1983 ~ 1982 ~ 1982° 

14. tex > 2°, re xe (0, x). 
Tr Tr 

15. S tg a > (n—1) S$  ctg ai, re n> 3, 0< aj < 
i=1 


i=1 


nm 
2,...,n ) cos* a; = 1. 
i=1 


(a+b+c)’, rae a,b,c> 0. 


| 


16. a +62 +c? + Babe > 


x z 31/3 
pti ati p yr 3v3, rae v,y,z 20, e*ty?tz27 = 1. 


1\ 100 9 \ 100 , \ 100 , \ 100 
18. CpaBHuTp uncia (5) + (=) u (~) + (1 — 5) 
P 3 3 /2 /2 
19. Jloxaxure, uro ecnn atb+ce+d=0 un a+ b'98? 4 Hise 4 
+ (1987 4 gi987 _— 0. ro aF +52? 4+ 24+? =0. 


17. 


1-2 
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20. JloxaxuTe, 4TO ecIM HepaBeHCTBO 


2 2 
a/ 2 x +(1-a) fab < 2*° 


OM 


CUpaBe JIMBO JIA JIKOObIX NOJIOAKUTECJIbHbIX UNCel a,b, TO a < 


21. JJoxaxute, 4uTo ecnu [ay] + lag|+...+lan|<e< ., TO 
J1—-(1+a,)1+a2)...(1+an)] < 2e. 


22. DyHKyua f ompegenena Ha MHOxKecTBe Q u f(0)f(1) < 0. 
JJoka2xkuTe, UTO CyIIeCTBYIOT TAKHe pal|MOHaJIbHble 4uCIa 7; U 2, 4TO 


f (ri) — f(r2) > (m1 — 12)”. 


23. Haitgqure HanOonmpuiee 3HaueHHe BEIpaxkeHua |a — b||b — cl la — c| 
upu ycnopuun a,b,c>0 nu at+b+e<l. 


24. Jloxaxure, ro ecu a, 2, Y — yruibl HEKOTOPOrO TpeyroJIbHuka, a 
a, 6, c — ero CTOPOHHI, TO: 


3V/3. 


y) y) 

6) O< /sina+ ,/sin@G + Vsiny <3 (5) 
B) 0 <sinasinBsiny < 2¥: 

r) 2 < cos (S) + cos (5) + cos (>) < bvs. 


1 
mq) cosacosfcosy < 33 


e) 0 < cos (S) cos (5 cos @, < 3V8. 


a) O<sina+sin@G+siny < 


2 2 2 8 
1 2467407 1 
2K) Q a ma < 53 
3 ~ (a+b+4+c) 2 
3) Pig Wt bet ae <1. 
A (a+b+c) 3 
1) 1 (a+ Feats) < 8 
4 (a+ b+ c) 27 


25. JlokaxkuTe JIA yrIOB OCTPOYrOJIbHOrO TpeyrouIbHuka a, G,y cue- 
ArtOllWe HEpaBeHCTBA: 


a) 2<sina+sin@8+siny < 3Ve. 
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1/4 


; : : 3 
< “ . 
6) 2< V/sina+ ,/sinG + Vsiny <3(5) 
|< (g) ean (2) sa () <1 
B) 7 < sin (S) +sin 5) tsin’ (a) <b 
r) 1 < cosa + cos + cosy < 5 
2 (& 2 ) 2 (2) 9, 
a) 2 < cos (S$) + 0s (5 + cos" (5) S75 
3 


e) : < cos (S) cos (5) cos (>) < ave 


a) 3(™+2)/2 < tgm a+tg”™B+tg”y>1, me mel. 


26. JlokaxKuTe JIA TyYNOYrObHOrO TpeyroJIbHukKa C yrvlaMu 
cTOpoHaMu a, b,c cneayrolulue HeEpaBeHCTBA: 


a) 0<sina+sinB+siny <1+ /2; 


6) O<sinasin#siny < 


») 0< 005 ($) ca (8) ou (2) < 


} 1+ cos acos 8 cos y 
sin asin P sin 
1 a+b? +e? < 3. 
4) ab+bce+ac 1 

e) p< SRO Sd 
16 (a+b+c) 3 

9 (a+ b)(b+ c)(a+c) 8 

sa So? BB 

32 (a+b+c) 27 


z 2; 


m) 


2K) 


27. /loxaxurte, uroeciu 0 < ay Sag <...< an u0< 6b, <b 


™“™ 


. < bn, TO 


a< 


a,B,y 


“RD see 


(a1 + b1) (a2 + be)... (Qn + bn) < (a1 + 5;,) (2 + 55.) ... (Gn + bi,,) < 
< (ay + bn) (a2 + bn—1) te (Qn—1 + bz) (an + by) ’ 


rye UMCIa 11,22,--- 


, in ABJIAIOTCA HEKOTOPbIM TepepacnpeyesIeHHeM 4H- 


cen 1,2,...,n. 


28. Jina uucen a;,6; (4 =1,2,. 


n) BbITIOJIHAFOTCHA YCJIOBUA IIPeJ{bI- 


Ayiuero yopaxKHeHua u g — HeyOpiBaromlast BbIlyKaa dyHkuua (cm. § 11). 


JlokaxxkuTe, 4TO 


— — Lae —}J< 
(7) +8() + +e(2") <e(2)+ 
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bn b b bn bn 
te (cr) <e() tela) + t8Ca) tea): 


29. Ilycrh g — Bpmtyknaa dbyHkuua Ha oTpe3Ke [0,a1] u g(0) < 0. 
/loxa2kuTe HepaBeHCTBO 


Yo (-1) 8g (ai) 2 &( y (-1)"as), 


i=1 i=1 


re a, 2a9>...2a,, > 0. 

30. JlokaxkuTe, UTO CCIM @1,02,...,A, > 0, To 

Q1 nm a2 nm a 1 nm a nm Q1 a2 a 1 a 
(=) +(%) +...4+(@) +(=) >—t— Ft... $a H+. 
a2 a3 an Q1 a2 a3 an Q1 


31. Ilycrp muorouen p(x) = ax* + bx +c yaoBnerBopser ciesyr0- 
mjemy ycnosuto: 0 < p(—-1) < 1, O< p(0) <1, O< p(X) <1. Aoxaxurte, 
9 
4TO quia m1060r0 x € [0,1] umeeT mMecTo HepaBeHcTBO p(x) < 3" 
32. Vi3BecrHo, 4To Aaa Tpexunena p(x) = ax* + bxz+c¢ Ha orpe3Ke 
z € [0,1] umeer mecro Hepasencrso |p(xz)| <1. loxaxure, uro |b| < 8. 


33. V3BecrHo, 4To Aaa Tpexunena p(x) = ax* + bxz+c¢ Ha orpe3Ke 
z € [—1,1] umeer mecro nepasencrso |p(xz)| < 1. Jjoxaxure, uTo Ha TOM 
2Ke OTpe3ke CipaBesIMBO HepaBeHcTBO |p’(x)| < 4. 


SameuauHne. Jia mo6oro MHorouneHa p(x) cimpaBpesyMBoO Hepa- 


BECHCTBO 
2 
2n 


/ 
< 
P(e) <p max|p(@), 


rye « € [a,b] u n—crenenb p(2z). 


34. CreneHb MHorouseHa p(a) He mpeppnuaet 2n. Vi3pecruo, 4ro 
Aaa m1060re yenoro uucna k € [—n,n] |p(k)| < 1. Jloxaxure, ato gna 
mro6oro uucna x2 €[—n,n] cipasegsmBo Hepapencrso |p(x)| < 22”. 


35. IlycTh @% < 41 < ... < X, — enpre uncna. JloKaxuTe, 4TO 


xOTA Obl OFHO “3 UNCeN |p(xo)|, |p(z1),---,|p(an)| He MeHDITE an Tae 
p(z) =a" +a,2""!+aqgr"*74+...4+ 4p. 
36. Ilycrp na orpe3Ke |[—1,1] 3agaHbI oTMUHBIe Apyr OT Apyra aucia 
Ly, <42<...< a4, k > 3. Joxaxurte, uTo 
1 1 
ng 
|x4 —_— x2||x1 —_— x3| oe |r4 —_— Xk | |x2 —_— x1||x2 —_— x3| se |x2 —_— x k| 
1 k-2 
..++:M#H—. 2 ; 
jen — @1||@_p — L2|...|eR — Lei] ~ 
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37. Jloxaxxute, uro ecu a,b,c > 0, To 


a 


b C 
a+ (a+ b)(a+c) r b+ /(b+a)(b+c) r c+ V/(c+a)(c+ d) St 


38. Ilycrn p(x) = ax? + bx? + cx +d wu ya Bcex £ Ha oTpesKe 
[—1,1] mmeer mecro HepapeuctBo |p(x)| <1. Jloxaxure, aro |a| + |b] + 
+ |e] +|d| < 7. 


39. a) a*(x4—y)(x—z) + y*(y—a)(y— z) + 2°(z-2)(z-y) 50, 
rye £,y,2 > 0; 


6) g(a)(F(@) — Fly) (F(a) — F(z) tay Fy) — Fla) Fy) — Fle) + 
+8(z)(f(z) — fl2))(F(2) — fly) 29, rae E(g) C (0;+00) uw bynKunn 


WY § MOHOTOHHBI. 


40. IlonHpimi rpacb uMeeT n BeplliMH, Kak 0e “3 ero pebep OKpallieHo 
OJHUM W3 Tpex BeTOB. JloKaxKuTe, ITO CYLIeECTBYeT OJHOUBETHbIM CBA3HbIM 


es es es nm 
nosrpad, “Meru mo KpaiiHeli Mepe 5 BepuIMH. 


41. JloxaxxutTe HepaBeHCTBO 


Jay t...+ Van < far + C(n) Jag + C(n)... Van + C(n), 


n—1 


rye n= 2, Q1,..+,QAn = OQ, C(n) = =a=a7mci)* 
1 


42. JloxaxxuTe HepaBeHCTBO 


0 < sina + S24 4 HOME coy 


roe O<a2< = 
YKka3auHne. Ecaun x 4 0, TO cymlecrByeT HaTypasibHOe 4NCIO mM 
Takoe, 4TO 
v2 ete V2 
2(m + 1) 2 ~ 2m" 


43. Ilycrn f: R-— FR. Jloxaxute, uro f — nocrosHHas, ecm: 


a) fia JHOObIX eiCTBUTeJIbHBIX © HM Y MMeCT MECTO HEpaBeHCTBO 
lf(z) — f(y)| < Cle —y|*, rae C>0, a> 1; 


6) gaa mo6nrx uncen a,b,c,d, cocrapaatouyux apudmeTuueckyto 
mporpeccuto, uMeeT MecTo HepaBeucTBo |f(a) — f(d)| > Alf(c) — f(b) 
roe A > 3. 


y) 


§15. TEOMETPHUECKUE HEPABEHCTBA 


YIMPAMHEHUA 


15.1. Buytrpu yrua 3agana TouKa MM. Ilpopegutre uepe3 Touky M 
IIpAMy!O Tak, UTOObI MIO ab TpeyroJIbHuka, OTPaHHYeEHHOLO ITOK UpAMOL 
MW CTOPOHaMH yrvia, Oblia HAMMeHbIUeN. 


15.2. Ha croponax BC,AB u AC tTpeyronbHuka ABC  sjanpt 
cooTBeTcTBeHHO TOUKH D,F u F’. Ilpu xrom oKo0 4eTpipexyrouIbHuka 
Spar — EF* 
Sapo AD?’ 


AF DE moxuHo omnucaTb OKpy2KHOCcTDb. JloKaxKutTe, uTo 4 


15.3. Jloxaxkute, 4TO: 

a) eCJIM JJIMHbI Tpex OucceKTpuc TpeyrouIbHUKa MeHbIUe 1, TO ero M0- 
Iaib MeHbIIe ~~; 

6) ecm AJIMHbI Tpex OucceKTpuc TpeyroubHUKa Gombe 1, TO ero m0- 

3 

wadb Oompme “3 

15.4. Jloxaxkutre HepapeHcTBo ab+bc+ac > 4 /33S, rye S —nu0mjayb 
TpeyroJIbHuKa CO CTOPOHaMU a, b,c. 


15.5. Ilyctrp a, 6, c — cropoubi HekoTOporo TpeyroubHuka. JJoKaxutTe, 
yto a*b(a — b) + b?c(b— ce) + c?a(c—a) > 0. 


15.6. Ilyctp a, 6, c — cropoubi HekoTOporo TpeyroubHuka. JJoKaxutTe, 


yto a*+ 64+ c*+4abe < . 


15.7. JloxaxxuTe HepaBeHCTBO 


A, Az 4 A2A3 4 4 An-1An > Ai An 
MA,-MAz2 MAz2-MA3 °° MAy-1-MA,~ MA1-MA,’ 
roe M,Aj,..., A, — OTMMUHbIe Apyr oT Apyra TouKku un n > 3. Koraa 


MM€CT MECTO PaBeHCTBO? 


15.8. JloxaxxuTe HepaBeHCTBO 


OA?2+ OB*2 —2-OA-OB-cos2ZAOB + 
+ ,/OB2 + 0C2—2-OB-OC-cos27BOC > 


> (OA? + OC*% —2-OA-OC-cos2ZAOC, 
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rye O, A, B,C — ornmuuuple apyr oT Apyra TOuKH. 


15.9. Ha croponax AB u CD xsagzpara ABC'D 3ayaupi cooTser- 
crBeHHo TouKH U xu V. Ilycrp npamprie DU u AV _ mepecexatotca B 
touke P, anpampre C'U u BV —srouxe Q. Jlokaxute, 4TO: 


1 1 
a) PQS 5 AB; 6) Supva < {1 ABCD- 


15.10. B sBemtyKiom wecruyronpHuke ABC'DE'F' nporusonoso02Hbpie 
CTOpOHBI nNapasnenbHp (AB||DE, BC||E F, CD||F'A). Joxaxure Hepa- 
BeHcTBO Rat+tRot+tRe > P, roe Ra, Ro, Re — pagnycoi oxpyxHocten, 
ONMCaHHbIxX OKOJIO TpeyrombHUuKOB F'AB, BCD u DEF coorsetrcrsen- 
Ho, a P — nojnynepumetp wecruyrombHuka ABCDEF. 


15.11. BuyTpu kBagpata co cCTOpoHaMH paBHbIMH | 3a7aHbI KBapaTbl 
co cropoHamMu a wu Ob, He uMerouMe OOnIMx ToUeK. JlokaxKuTe, UTO a+ 
+b<1. 


15.12. I]papunbHbii n-yroibHuk Co cTopoHOi 6 HaxoyuTCHa BHYTpH n- 


yrOJIbHUKa CO CTOPOHOM G@ U He COJeEPXKUT VeEHTP OKPy2KHOCTH, OMMCAHHONM 


a 
oKo0 mocnegHero. Jlokaxute, TO b < 
2 


2 cos * 
2n 


15.13. Jlokaxutre, uTo gaa mo06prx Touek A,B,C,D,E,F wumeer 
MeCTO He€paBeHCTBO 


2(AB*+ BC? +CD?+4+ DE? 4+ EF? + FA’) > AD? + BE? + CF”. 


15.14. JlaHbr nonoxKUTeIbHbIe UNCIAa ™M1,™M2,..., My, WM TOUKH Aj, 
Tr 
Ag,..., An. Hycrb Mo — tTaxaa TouKa, 4TO ) m,é€; =0, roe €; = 
1=1 
MoAi.. 
a=1,2,...,n. JJokaxuTe HepaBeHCTBO 
MoA; 


> mi MA; > > mi Mo As, 
i=1 i=1 


roe MM — mpovu3BoibHad TOUKAa. 


15.15. JlaHbr nomoKUTeIbHbIe UNCIAa ™M1,M2,..., My, WM TOUKH Aj, 
n—Il —___5 
Ag,...,An, Upuysem ) mi€i| < Mn, Toe €j = AA? t= 1, 2, 
nm t 


1=1 
n n—-1 
.,n—1. JloxaxxutTe HepaBeHCTBO So miM A; > S- m,A,A;, rye M— 


i=l i=l 
ITIDOUSBOJIBHAaA TOUKa. 
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15.16. JlaHbl nonOKUTeIbHbIe YUCIAa ™M1,M2,..., Mp, UW BbIITYKJIbIe 
MHOPOYyroJIbHuKH A Ao...A, uw By, Bo... By, Wpw4emM MHOrOyroJIbHHK 
B,B2...B, BiucaH B MHOroyrombHuK A,Ao...An (By € Ai Ao, Bo € 
€ Ao A3,..., Bn € AnAi1) u 


> > > > > > 
Aj Ao(Mn€n — m1 €;) = A2A3(m1e1 — M2€2) =... 
> > > 
= An A1(Mn-1€n-1 —_ Mn€n) = 0, 
+ Bi Bist ; _ 
rye €; = , t=1,2,...,n, Bnsi = By. Jloxaxaxute HepaBeHcTBO 
B; Bis 
Tr Tr 
So miCiCixr > Ym Bi Bist, 
rye C71 E A, Ag, Cp E A2zAs, tee yg Ch E A, Aj VU Cn41 = C1. 


15.17. Buytpu TpeyronbHuka ABC jana touka M, a Ha cropoHax 
AB,BC u CA—vrouxu P,Q u R coorsercrseuuo. IIpu 3Tom 


ZPMA, ZPMB, ZQMB, ZQMC, ZRMA, ZRMC < = 


J/loka2xkuTe HepaBeHCTBO 


MA+MB+MC22VWMA-MB-cosZAMP-cosZBMP + 
+2,/MB-MC-cosZBMQ.-cosZCMQ + 


+2.,/MA-MC-cosZAMR-cosZCMR. 


15.18. Buyrpu Bpiityk0ro MHOrOyroubHuKa A;A2...A, Wana TouKa 
M. Ooo3Hauum paccrosHue Toukn M or npampix A;A;,1 4epes dj, 
An+1 = Ai, MA; = R;, — 1,2,...,n. 


T 
/loka2kuTe HepaBeHCTBO cos” 7, ft Ry... Ry > didg... dy. 


15.19. Buyrpu ky6a c eXHHM4UHbIM peOpomM jaHbI Tpu TOUKH. JloKaxu- 
Te, UTO paccTrOoHHve MeX*K Ty KAKMMH-HHOYb JBYMA M3 HUX He OouIbie \/2. 


15.20. Buyrpu ky6a c eqMHM4HbIM peOpom 3ayaHa nupamuga ABCD. 
JJokaxkute HepapeHcTBO AB-C'D-d < 2, roe d — paccrosHue Mexkyy 
upampimu AB u CD. 


15.21. ‘TpeyrombHaa nupamMuya HaxOJMTCA BHYTPH Napassenenuneya. 


1 
/loka2kuTe, UTO OO'beM NMpaMUbI He GoOIbUIe 3 o6bema Napawiesenune za. 


15.22. Ky6 c peOpom a HaxoyuTCaA BHYTpH Kyba C CMHUUHbIM PeOpoM. 


I]pu 9TOM OH He COsep2xKUT VeEHTp CAMHMYHO?LO Kyoa. JloKaxuTe, YTO a < 2 


15 H.M. Cegpaxan, A.M. AsoasH 
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15.23. Ha miockocTv jaHbI 1Ba TIpOW3BOJIbHbIX TpeyroubHnka. IlycTp 
P — cymma ux Tepumerpos, a @ — cyMMa paccTroxHMi BepIIMH OJHOrO 
TpeyroJIbHuka OT BepliHH Zpyroro. JlokaxutTe, uro P< Q. 


15.24. BuyTpu KBagpata c eXMHN4HOK CTOpOHOH ZaHbI 1998 B3anmMHO 
He mepecekalolujuxca KpyrosB. U3BecTHo, uTO CyMMa MX TWIoWayew He MeHb- 


1 
me 5. J/loka2xkuTe, ITO CYLIeCTBYeT Takad IIpaMasd, UTO CYMMa JJIMH XOpo, 


es es 1 
oOpa30BaBlUUXCca Ip WepeceyeHuu ITOK MpAMOM C KpyraMu, He MeHbILe 5 


15.25. Bortykspii MHoroyrosipHuk M wHaxoyuTca BHYTpu TpeyroJib- 
Huka ABC’. JJoxaxxure, 4TO KaKyIO-HHOYJb U3 CTOPOH MHOLPOYyrOJIbHHKa 
MO2KHO NOJIOXKUTb HA OJHY U3 CTOPOH TpeyroJIbHuKa TaK, UTO MHOLOYTOJIb- 
Huk M cuHopa OygzeT HaxOJUTbCA BHYTPU TpeyrombHuKka ABC. 


PELUEHUA 


15.1. Ilycrp npamaa, mpoBegqeHHad “3 TOUKH M, mepeceKaeT CTOpOHbI 
TpeyrouibHuka B ToUKaxX A xu B. I[pospegzem us troukun M_ nmpamoptie, 
lapaJieJIbHbIe CropoHaM yrvia (puc. 1): MC ||OB u MD||OA. 

VUmeem AACM ~ AAOB u AMDB ~ AAOB,; cuegosatrenpuo, 


SAMC Susp CM a“ BD 
\/ +4] —1, 
Saop SaoB 
OTKya HETPyAHO MOJY4UTH, FTO 
BaSocmp =2VWSamc%sBmMpD < Samco +SBmpD; 


wm Saop >2Socmp. CaegsoparTesbHo, Wiouwjaib TpeyroibHuka AOB 
OyoqeT HauMeHbIeH, Korma Samo =SeBmup, T.ec. AC=MD=OC. 


Puc. 1 Puc. 2 


15.2. Ha cropone AB spi6epem touxy E’ tax, uto DE"|| AC 
(puc. 2). pu pemrenuu yup. 15.1 mpr qoKa3asu, 4TO 


AD?’ sinasin B 9 SEDF 
2sin(a + B) = 44D EF? ? 


Sapo 245 4an'p =4 
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Spur — EF’ 
Sasc ~ AD? 
15.3. a) PaccmorpyM gpa cry4aa. 
ws 2 
1. Jnuua Kakoii-HuOyab CTOPOHbI TpeyroubHuka ABC' menpiuie ——. 


V3 


oTKyya 4 


B TakoM cyrydae, ecw a < Wes TO 
ah 1 2 1 
S=—< =-—-1=—~. 
2 2 J/3 J/3 


7 2 
2. JImuHa Kaxk 0% CTOpoHbI TpeyroumbHuKa ABC He meupite WES 
3 
IIpegnono2x«uM, UTO BeMUMHA yriua A 9ZTOrO TpeyroubHUKa HanOoupmad, 
torga ZA > 60°. Iposegem u3 BepmmmHpbr A nmpsamyto | tak, 4ToObI 
oHa O6pa30Baia co cropoHoi AB yron 60° (puc. 3). B Takom ciryuae 


Puc. 3 Puc. 4 


6uccextpuca yrua B wemenpmie BH (BHLI) u BH = ABsin60° > 1, 
YTO H€EBO3MO2KHO. 
6) Ilyctp AD — 6uccextpuca yrna A u A > 60°. Umeem 


SABC = 4—_ + = AD* tg = > V3 
(cm. pemeHue ynp. 15.2). 

15.4. Ilpu qoka3aTesbcTBe HepaBeHCTB, CBA3AHHbIX CO CTOPOHAaMU Tpe- 
yrOJIbHHkKa, HHOrya OprBaeT lesIecoobpa3HoO BBeECTH CeqyroulMe OOO3HAade- 
HuA:a=mt+n, b=n+k, c=m+k, roe m=p-—b, n=p-e, 
k =p-—a, upuuem m,n,k > 0 (puc. 4). 

Bocnob30BaBliMcb HepasencTBoMm (2+ y+ z)? > 3(xy + yz + 22), 
HOJLy YUM 


ab+be+ac=(mt+nt+hk)?+mn+nk+mk > 4(mn+nk+ mk) > 
> 4,/3(mn- nk +nk-mk+mn-mk) =4V3S. 


15.5. CHopa BBogaa OOo3Ha4eHHA a=mt+n, b=n+kh, c=mMme+k, 
roe m=p—b, n=p-—c, k=p-—a, m,n,k > 0, nonyuumM 


15* 
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a*b(a — b) + b*ce(b — c) + c2a(c — a) = km? + mn? + nk? — nmk? — 
—~nkm* —kmn* = km(m—n)* + mn(n — k)? + nk(k — m)? > 0. 
15.6. Bpegem oO03HayeHuaA a = p—k = : —k, c=p-—-b+k=-=- 


—b6b+k, rye k= p-a>Q0O. 
Jloka3bIBaeMoe HepaBeHCTBO 9KBUBaJICHTHO HepaBeHcTBy (k — 6b)x 


1 
x(1 — 26) < 0, koropoe oveBugHO, Tak Kak b < p = 5 Heap 
—b+k<p, te k< 6. 
1 

15.7. Ha nyue MA; Bpidepem trouxy B; tax, wro MB; = WA,” 

1=1,2,...,n. JloKkaxxem ciejyroulyro JIeMMy. , 
Aj A; 
JlemMa. Cnpasednueo pasencmeo B;B; = MA, MA," 


BprazeuM Ba cirydad. 
a) Jlyan MA; u MA; He naxogatca Ha OfHO MpaMoi. Samerum, 4TO 


BiB; MB lt 

AMA;,A; ~ AMB;B,;, cneqgosatenpuo, AA; MA; MA,-MA,’ 
Ai A; 
orkyna B,;B; = ; 


~ MA; MA; 
6) Jlyan MA; u MA, waxogatca Ha ogHon upsmoit. Umeem 


B,B; =|MB; + MB;|= uw + WA 


_|MA;4MA;| AA; 
~ | MA;-MA; | MA;- MA,’ 


‘Takum o6pa3om, 3aJaHHOC H€paBeHCTBO IKBUBAJICHTHO USBECCTHOMY Hepa- 
BeCHCTBY B, Bo + Bo Bz ie By_-1Bn = By Bn. 


PaBeHCTBO MMEeCT MECTO, Kora BCe TOUKH B,, Bo,..., By, HaxoaATcaA 
Ha OJHOM TpAMOM B 3azaHHOM NocuesoOBaTebHOCTH. Ecau M € B, By, 
TO B 3TOM ciryuae Ay, Ao,...,An € By, Bn, Mpuuem HetTpyaHO n0- 
HaATb, uTOo TOUKH M, Aj, Ao,..., An HaxOaATca Ha OAHOM MpaAMoi waM 
B mocmeqoBatrenbHocTu M, A ,, Ao,..., An, WIM B MOCHeOBaTebHOCTU 
M,A,n, An_-1,--.,A1, Wau »*e Aa HeKOTOporo k B 1ociteqOBaTeIbHO- 
ctu Az, Ap_i,-.--,A1,M,An,.-.,Ak41, WIM B TocIeqOBaTesIbHOCTU 


Agsi,---,An,M,Ai,..., Ak. 
Korgaa M ¢ B,B,, oxono yerpipexyrombHuka M A; A2A3 MorKHO 
ONMCaTb OKpy2KHOCcTpb. JlevicTBUTeJIbHO, 


ZA, A,A3 + ZA{MA3 = ZA; A2M + ZMA2A3 + ZAiM A3 = 
= ZM B, Bs + ZB,B;M + LBM Bz = 180°. 


Tak 2Ke JOKa3bIBaeTCA, UTO OKOJIO UeTbIpexyroubHuKOB WM Ao A3Azq,... 
wo. , MAn_-2An—1An MO%KHO ONMCaTb OKpy?KHOCTD. Takum 06pa30M, OKO- 
IO MHOroyrouibHHuKka MA; A2...A, MO%#*KHO ONMCaTb OKPy?KHOCTb, Mp 
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3TomM M npuvagnexutr Toi gyre A,A,, KoTOpad He COJepxKUT TOUKU 
Ag,..., An—1- 

15.8. BprgenumM Ba cory4asn. 

a) 27AOB+2/BOC <x. 

Hyctpn OA =a, OB =b, OC =c, ZAOB=y7, ZBOC = a, 
ZAOC = 8. Paccmorpum Ha miocKocru takue rouku O’, A’, B’, C’, 
yro O'A'’ =a, O'R’ =b, OCC! =c, ZA'O'B' = 24, ZB'O'C' = 2a, 
ZA'O'C" = 247 + 2a. 

Vimeem A’B’+ B’C’ > A'C’, ve. 


\/ a? + b* — 2abcos 2y + 1/b2 + c? — 2bcecos 2a > 
> Va*4+c* — 2accos(2y + 2a) > Va* + c* — 2accos 26. 


IlocneaHee HepaBeHCTBO CUpaBeAJIMBO, TaK Kak 20 < 2y4+2a< 7. 
6) 2y +2a > 7, B9TOM cIy4ae 


2y > 1m — 2a. (15.1) 
TV es 
be3 orpaHuvueHuad OOUIHOCTH MOXKEM CUUTATb, UTO A, Y < 3° Jlevictsu- 
T 
TENbHO, CCIM A, > 5, TO pacCMOTPUM TOUKH O,A,C, Bi, rage By u 


7 
B CMMMeTPHYHbI OTHOCUMTeEIbHO TOUKH O. A ecoau a > 3 > Y, TO pac- 
cmotpum Ttoukn O, A,B,C, rage Cy u C cuMMeTpH4HbI OTHOCHTEJIBHO 
Touku O. 

CrejopatesbHo, yautTpipad (15.1) u pemenue Ayia cry4as a), MOydaem 


\/ a? + b* — 2abcos 2y + 1/b2 + c? — 2bcecos 2a > 
> /a* + b? — 2abcos(m — 2a) + Vb? + c* — 2becos 2a > 
> Va*4+c* — 2accos(a — 2a+2a)=a+c> Va*4+c?% — 2accos 26. 


15.9. a) Ilycrn BU >CV. B2rom cnyaae AU < DV. Ipopenem 
B KBajipate cpegHtoro suHuIO MN (puc. 5) u PP, ||QQ,|| AB. Same- 
THM, 4uTO mpoekuuH PP, uv QQ, Ha 
AB ue morytT umMerb oOmMx TOUeK, C1ej0- 
BaTCJIbHO, 


PQ > AB— (PP, + QQ) = 
_ P, P2 QiQ2 
= AB~ (> +"5") 
MK KN 


> AB- (> +") =>. 


= 


_ 


6) Vimeem SQuv = SQBC u SBuq — 


SQuv 
_ BQ _ SBec 
QV Scev’ 


CIC TOBaTeJIbHO, 
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Suscev = 2Suqavt+SequtScev 2 2Suev +24/ SpquScev = 45uev.- 


AvaJIOTH4HO JOKa2xKeM, ITO Sauyp > 4Sypy. CauegqopatenbHo, 


S +5 S 
Supv@ = Supv + Suev < a aa = wager 


15.10. Paccmotrpum puc. 6. UMeem BF > MN uu BF > PK, no- 
MN+PK 
y) y] 
(asin + fsiny)+ (csiny + dsin 8) 


2Ra sina > a 


sTomy BF > WJM 


sin 


CuenosatesbHo, Ry, > 7(a +d + af + c) 


sin a 


Puc. 6 


Takum 2ke 00pa30mM TowyuaemM 


(ft+c)— +7(b+e)% 


sin y 1 
(0 + €) a + g(a + 4) 


CKaabipaa ITU He€paBeCHCTBa HU BOCIIOJIBZOBAaBIUNCbh HE€PaBCHCTBOM WF + 


+-> 2 (a > 0), umeem 


(a+ d)+5(b+e)+5(f+e)=p. 


OM 


RatRcot+ RE = 


SameuauHnua. 1. PapencrBo uMeerT MeCTO TOrga HW TOIbKO Tora, 
korgza ABC DEF — npapuspypiit WecTuyroubHHuK. 


2. B oOulem ciry4ae 3TO HEpaBeHCTBO HeBepHO. Hanmpumep, ZA = 90°, 
LB= ZF =135°, ZC = ZD= ZE =120° u BC=CD=DE= EF. 
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NP 
3. Paccmotpum puc. 7; Ra + Ro + Re S p unm a tS 
kP 7 
+37 2 PB+ PD+ PF, a 970 usBecTrHoe HepaBeHcTBO Jpyewa— 


Mopyesuipt. 


Puc. 7 


15.11. CHauyasa qoKaxKem Cue yrOllyio JIEMMy. 

JIemma. Ecnu xeadpam PQRS co cmoponoti a e6enucan 6 npAamo- 
yzonouux ABC'D (puc. 8), mo ABCD — mootce Keadpam u xeadpam 
co cCmoponoti a mModtcHO NomMecmumMd 6 namuyzoronuk ABQRD mak, 
umobo. cmopons. Keadpama boru naparrenoHo. AB u AD. 

JJeicTBUTeIbHO, paCCMOTpuM HOBOpOT KBagpata PQRS sBoxpyr ero 
yeHTpa O Hayronm 90°. 

IIpu stom touka AR nepeiigzer B TouKy Q, cieqOBaTeIbHO, IpsmMaa CD 
nepeliyzer B upamyto BC’ u, 3HauutT, TOUKa O paBHoyyasieHa OT CTOPOH 
CD u BC. AxanoruaHo nosyuaem, uTO TOUKa O paBHoysaseHa OT 


Puc. 8 


cropooH AB u BC, AD u AB. V3 cxa3anuoro caegyer, uro ABC D — 
KBagpaT c yeHTpom O. 


Paccmotpum KBagpar P),Q,R,S, c yextpom O, cTropoHbl KoTOporo 
napaiiemHpr AB u AD u P,Q; = PQ (co. puc. 8). 


232 §15. Teomempuueckue nepasencmea 


——> 

OcyllecTBUM apaJuiesibHbId TWepeHoc BeKTOpOM @ Qo. IIpu sTom 
KBagpar P,Q,R,S; nepetigzet sp kBpagpar P’Q’R’S’, xoroppii naxogut- 
CA BHYTPU UATHyroIbHuKa ABQRD, tak kak, kak 
HeTPyAHO WOKa3aTb, Q1Qo = PP, = SS»o. Jlemma 
WoKa3auHa. 

Bocnob30BaBIUMCb JIEMMOM, Mbl MOXKEM pacrio- 
JIOAKUTb KBAapaT CO CTOPOHOM Ga BHYTPH KBaypata 
co cropoHoi 1 tak, 4uToObl “x CTOpOHbI ObIIM Ma- 
paJLJICJIbHbI M UTOObI KBaApaT CO CTOPOHOM a CHOBAa 
He UMeJI OOWIMX TOUeK C KBaypaToM co cropoHon 6b 
(puc. 9). Bocnomp30BaBIMcb JIeMMoi elle OFUH pa3, 

Puc. 9 NOJIY4UM, UTO CTOPOHbI KBapaToB CO CTOpOoHaMH 

a wu b, He umMerlmux obmMx TOUeK, NapaJVJIeJIbHbI 

CTOpOHaM KBaypata co cropoHol 1. Tenepb HerTpyaHOo JOKa3aTb, UTO a+ 
+6< 1. 


15.12. CHayana noKa2kKeM, UTO OKPy2KHOCTb, OMMCaHHad OKOJIO Tpa- 
BUJIbHOrO N-yrOJIbHUKa CO CTOPOHOH 6b, He MMeeT TOUCK BHE OKPy2KHO- 
CTH, ONMCaHHOM OKOJIO IpaBMJIbHOrO N-yrOJIbHuKa CO CTOpOHON a. Jieii- 
CTBUTCJIbHO, IPC ANOJIOX%KUM, YTO OKPpy2KHOCTH Hepecekarotca. Ha boubumiek 
OKpy2KHOCTH BbIbepem Touky M_ tak, 4uroObr oHa He Oba BeEpLIMHO 
paBWJIbHOrO N-yrOJIbHHKa CO CTOPOHOM @ UW HaxOMIacb BHYTPH MeHbILen 
OKDPY2KHOCTH. 

Ilycrb 3agaHbl WpaBuIbHble n-yroubHuKU A;A2Q...Ap, (A1A2 = a) 
u B,Bo...B,, upusem touxa M wHaxogurca Ha Mason gyre Aj Ao. 


—] 
VUmeem 2ZA,M Ap. = min) MW MHOPOyroJIbHuUK A,A g...A, Haxo- 


WMTCA BHyYTpH yria ZAM Ag. 
CregqoBaTesIbHO, MHOroyrolbHuk 8,Bo...B, Takxe HaxOUTCA 


BHYTpM 9TOLO yruia. 
m(n — 1) 
Ilosromy 2A,M A, > max 7B;MB; = ————, To HeBo3moxKHo. 
ij n 

O6o3HaduM payMycbl JTUX OKPy2kHOcTei uepes Ra u Ry, a WeHTppI 
3ITUX OKPy2KHOcTeii — uepe3 O u O,. U3 cKa3aHHoro acHo, utro Ra > Rpt 
+OOQO,, anocxombky O He HaxOJuTCA BHYTPH MHOroyroubHuka B, Bo... 
.B,, To OO, > ro, rae ry — paguyc OKpy2KHOCTH, BIMCaHHOM B 


B, Boy... By. 
a b b 


Takum o6pa30om, Rg > Ry+ 7p, unM —— > ———_ + ——, 
2sin — 2sin — 2tg — 
a n n n 
oTKkyja Woydaem, uTo b < 5 


viv 
2cos. — 


2n 
15.13. Bpegem oOo03HaueHua AB = a, BC = b, CB = ¢, DE = 


= d, EF = é€. Torga Hy2KHO J0Ka3aTb, ITO 
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72 


(a4+0 404042 


+(@+6+é+d+2@)) > 
>(@+b+é) + 


(6+é+d) +(é+d+2é)’, 


a 9TO H€paBeHCTBO IJKBUBAJICHTHO OUCBUAHOMY He€paBeCHCTBY 


(@+é+é)?+(a@+d) 4 


15.14. Umeem 


i=1 


nm 


—_» 


= MM» mie; + Sm Mo Ae, 
i=1 i=1 


(6+é) + 


(@+b+d+é) >0. 


3 mi(MM 0+ MA, )& = 
t=1 


3 


t=1 


Sameuad He. PapeHcrBo AUMeeT MECTO B TOM MU TOJIBKO TOM CJLY 1ae, 


Kkorga M = Mo. 


15.15. Mmeem 
n n—1l 5 n—1l 
So mM A; = mi MAjé& — MA, S> més = 
t=1 t=1 t=1 
n—1 
= mi(M Mo 


n—1 n—1 
t=1 t=1 


Sameuad He. PapeHcrBo AUMeeT MECTO B TOM MU TOJIBKO TOM CJLY 1ae, 


Kxorga M = Ap. 
15.16. Mmeem 


So miCiCi41 > De miCiCires = dm (GAis1 + Aisi Ci41) e; = 
i=l i i 


-y( (mi AC; Ej (+m: Aine :) = 


nm 


= Ss" (mA, Cé; + miCi Aisi) 


i=1 
= So miei (AB; + Bi Ai41) 
i=1 


rA€ Mo = 


mC; Ci41 = 


Takum 0Opasom, 


©. 
I 
bd 


— Soma (A.C; + CiAi41) _ 
= Som.Bib 


i+1€ = y m;,B; Biri, 
t=1 


nm 
Ss" Mm; B; Bi4+1. 
i=1 
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15.17. Umeem 
cos(ZAMP+ZBMP)+1 
2 


CEIOBATeJIbHO, MpaBad 4YaCTbh WOKa3bIBaeMOrO HepaBeHCTBa He OovIbIe 
ZA 
(2\/MA- MB cos > +2/MB- MC cos" + 
+2,/MA-MC c os AC), 


Koropoe He Gombe M A+ M B+ MC, tax wax (MA, + MC, — MB,) 
> 0. Bri6epem rouxu A,, By u Cy Tax, 4roOpr 


MA,|= /MA, |MBa|= /MB, — |MC,| = MC, 
(MA, MB) — AME (MB, MC,) = <BMC 


(MA, MC) _,_ ZAMC 


cosZAMP cosZBMP < 


ZAM P 
< cos” 5 


y) 


y) 


2 
15.18. Mmeem 
ZA;MA; 
d; < V/ R;Riv1 COS — 
(cm. pemenue yup. 15.17). Ilycrn y; = cae i = 1,...,n. 


Heo6xoqH4MO JOKa3aTb H€paBeHCTBO 
nr 
Tv 
(cos “) = COS 1 COS 2... COS Yn, 
1 


rye 0<g1< 5 MYitpy2t+st+ Yn =T. 


IlocneqHee ZoKa3bIBaetca MeToyoM LiItypma. JlocrarouHoO 3amMeTUTD, 


T 
4TO, CCIM Yi < n < Yj, TO 


COS 1; COS YP; = 5 


< 
27 

cos (yi + pj) + cos (i + 95 ~~ x x 

<r = C08 (vi + 93 — ~ COS — 


15.19. Ilycrb sto rouku A;(2;,y;,2;), a BeplwuHbI kyOa — TOUKH 
(0,0,0), (0,1,0),..., (1,1,1). 
Umeem 2;,4;, 2; € [0,1], 1 =1,2,3. Cregonarenbuo, 


A, A? + Ap A} + A3A? < 2max (a; — 25)” + 
+ 2max (y; — yj)” + 2max (z; — z;) 
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oTKky a min( A, Ag, Ao As, A3A}1) < \/2. 


15.20. O6o3HauuM cepeguHbI oTpe3sKoB AB u CD uepes M u N. 

oxaxkem, uro AB? + CD? +2MN? < 6. 

JJeiicrpuresbHo, paccmotpum trouKu A’, B’,C’, D’, M', N’, cummer- 
puuHbpie Toukam A, B,C,D,M,N orvocurenbHo yextTpa Ky6a. Paccmor- 
puM napatienorpammpr D’'C' DC’, ABA’'B’ u MNM'N’. Tlocxonpxy 
CYMM@ KBapaToB JByX CM@2KHbIX CTOPOH apassienorpamMmMa He OovIb- 
me KBagpara 6oulbuel JMaroHasiM TOTO NapasieIorpamMa, To C'D? + 
+ NN” <3 un AB2+MM"” < 3, cnegonarenbuo, CD? + AB? + 
+NN”?+MM"”™ <6, umm CD2+ AB2+2MN24+2MN” <6, orkxyna 
CD*+ AB*+2MN? <6. 

‘TakuM o0pa3om, 


6 > CD* + AB? +2MN? > 32/CD?2.- AB2.2MN2, 
win 2>CD-AB-MN>AB-CD.-d. 


15.21. Ilycrb nupamuga ABCD Haxogutca BHyTpH Napasuesennie- 
na o6Obemom V. M3 rouku A mpoBeyzem npsAmMyto, NapaJiesbHy!o rpaHu 
BCD. Ira upamMas nepecekaeT OJHYy M3 rpaHeli Napasiemenuneza B TOUKe 
A,. Torga Vapcp = Va,Bcp: 

M3 trouxu A, mpopeyzeM npamyto, KoTOpad epeceyer peOpa napawute- 
jlenuneya B TOUKax Ag u Ag. B »ToOmM cay4ae 


Vasco < max(V4,BcpD,V4,BCD) = VAsBCD- 
Ecau Az lpvHagsexutr pedpy As A4 napasienenuneyza, TO 


Va,Bcp < max(V4,BcpD,V4,BCD):- 
TakuM o6pa30M, MbI JOKa3aJIM, UTO CyleCTByeT Takad BepliuHa Ao 


nNapauelenuneyza, Tia KoTOopoi Vaspcp < V4,Bcp. AHasJIOrMu4Ho, cy- 
IeCTBYIOT Takve BepmIHHbI Bo,Cpo u Do napasmenenunegza, 4TO 


Vaseopb < Va, Bcv < VAp Bo CD < VAyBoCoD < VAoBoCoDo- 
] ] 
Ocraetca 3ameTuTp, 4TO V4,B8,C,D, PaBHO 6 V wom 3 V~. 


15.22. HerpyaHo yoKa3aTb, TO KyO peOpoMm a UM UeHTp eJMHU4HOrO 
Ky0a HaXOJATCA TO Pa3HbIe CTOPOHbI MJIOCKOCTH a, COsep2Kallei OFHY H3 
rpaHeli KyOa c peOpom a. 

PaccmMoTpyM Ba Clydad: 

a) @ MapaJwiewbHa OHOMy “3 pebep eqMHUUHOrO Ky6a; 

6) @ He NapasuesbHa HU OJHOMY U3 pedep equHU4HOrO Ky6a. 

B ciryyae a) AOKa3aTesIbCTBO NOsy4aeTca, ECM CIpoeKTUpOBaTb KyO 
C peOpoM a HM CHMMeTPHUHbI eMy KyO OTHOCHTEJIbHO LeHTpa CAMHM4HOrO 
Ky0a Ha Ty rpaHb CJMHUUHOrO Kyba, KOTOpad NepleHAMKyJApHa IJIOCKO- 
cru a (cm. yup. 15.11). 

6) Ilycrb kyO c pe6pom a HaxoguTca BHyTpu Mupamugbr ABC'D, rae 
A — pepuimua equHuuHoro Kyba uv noyupsampie AB, AC, AD cogepxatr 
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TpW peOpa, BbIXOAAIMX M3 BepluIMHbI A eaqHHHMUHOrO Kyba, WpHueM IJIOC- 
Koctb (BCD) copmagaet c n0CKOCTbIO @. 

PaccmotrpumM nmiockocrn (B’C’D’), xotopaa napasmenbHa (BCD) u 
KOTOpOH NIpUHaaexKUT O1HAa M3 rpaHei Ky6a cc peOpom a, upuyem B’ € 
€ AB, C’ € AC, D’ € AD. Bocnonp30nasmmcp ynp. 15.25, nosyuuM, 
uTO KyO Cc peOpoM a MO?KHO BJIOXKUTS BUNpamugy ABCD tak, 4To ooHO 
u3 ero pebep OyzeT npuHagex*KaTb, HampuMmep, orpesKy B’C’. 

Tenepb paccmotpum nyiockoctu 8 u ’, KoTopble cosep»KaT rpanu 
Ky6a c pe6pom a u epnenyukysspHpr upamon B’C’. Bocnosmp30Bas- 
IUMCb TeEM (akKTOM, UTO KBaspat, HAaXOJAUMCA BHYTPU MpAMOYrOJIbHOrO 
TDeyrOJIbBHHKa, MO2KHO PaciiOJIOAKUTh Tak, ITO JBe CMe2KHbIe CTOPOHbI KBaJ- 
para HaxoATcaA Ha kaTeTax TpeyroJIbHuka (1OKa3aTeJIbCTBO 3TOTO MO2KHO 
NOYYMTh, MCHOIb3yA JemMbI “3 yup. 15.25 u ynp. 15.11), nomyaum, aro 
KyO c peOpom a pacnosioxKeH BHYTPH UMpamugbr ABCD, npuuem ogHa 
“13 rpaHeit kyOa IpHHagseKutT rpanu ABC. Ilopropaa stu paccy»* aeHuA 
elle OHH pa3, NOJIy4MM pelleHne 3agaun. 


15.28. Ha nsockocTH uMeem TouKH X u Y. Bo3bMem Tpon3BoOuIb- 
Hy!o upamyro lg. Ilyctrp XY coctapsset c upamon Jo yrom a. Bo3bmMem 
Ha ipamMok [9 HeKoTOpyr1o TOuKy O. Odo3HauuM 4epe3 /, oOpa3 npamoli 
lo, nNowy4aroluMica IPH NOBOpOTe MJIOCKOCTU BOKpyr TOUKH O npoTusB 
yacoBOH cTpemkH Ha yrom vy. Ilpoexuuu Touek X wu Y Ha mpsxmyto 
1, o6o03Hayum Xy, u Yy coorpercrBeHHo. OuesuyHo, utTo XyZYy = 
= XY|cos(y — a)|. 

Orciogza nosy4aem 


| Xo¥%e dp = | XY |cos (y — a)| dy = XY] cos (y — a)| dy. 
0 0 0 


CnpaBeJJIMBO paBeHCTBO 

a g(a) 
| f(e@)e' (~) dp= | F(8) a8. 
b 


g(b) 


Ilonoxus BHeM a=7, b=0, g(yv)=y-a, f (8) =|cos |, nonyaum 


XY | |cos (y —a)|\dp=xXY | lcos 3| dG. 
0 


—a 


Ilockombky uHTerpas Nepvoguyeckoi dyHKuuu |cosG| cmepuoqom 7 
Ha OTPe3Ke JWJIMHbI 7 He 3ABUCUMT OT MOJIO*KECHUA ITOFO OTPe3ka, TO 


7 —O wT wm /2 
XY | | cos B| dB = XY | |cos BI dB =2XY | cos 3 dB =2XY. 
—a 0 0 
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Honyunsim 
us 


| Xo¥%e dp =2XY. (15.2) 
0 


Tenepb JOKa2KeM, 4UTO DJIA MPOM3BOJIbHbIX TpeyrombHuKOoB ABC u 
A,B,C, ‘meet mMecTo HepaBeHCTBO 


AB+ BC+CA+A,B, + BiCO1 + CA < 

< AA; +AB,+AC,+ BA, + BB, + BCO,4+CA,4+ CB, 4+ CC. 
JJoka3aTeJIbCTBO NocIesqHero CHadaJia NOJIyYaHM B TOM Culydae, Kora TOUKK 
A, B,C, A,, Bi,C, ntexar Ha ogHot upamoi. IlockonbKy HepaBeHCTBO 
CUMME€TPH4YHO OTHOCHTeEJIbHO Tpoek TOUeK A, B, Cu A;, By, Cy, TO Mo»xKHO 
C4UMTaTb, uTO TOUKa B HaxogzuTca Mexyy TouKaMu Au C, a Touka By — 
MexKy TOUKaMU A; u C,. B sTom cayuae p = 2AC + 2A)Cj, u cormacHo 
HepaBeHCTBy TpeyrolbHuka AC’ < AB, + ByC, AiCy < Ay B+ BC, 
CJICEHOBATeJIbHO, 


AC + A,C, < AB, + B}C+ A,B + BC. 
Aunasioru4Ho umeem AC + AC; < (AA, + AC)) + (CA + CC}). 


‘TakuM o0pa3om, 


p = (AC + Ai C,) + (AC + Ai Cy) < (AB, + BC + A,yB+ BC,) + 
+ (AA, + CA, + ACY + CC1) < Q, 
Tepcq. 

Tenepb BO3bMeM Kakyl0-HHOyab Upsimyto lg wu TouKy O Ha Hei. 
O6o3HauuM yepe3 Ay, By, Cy, Aiy, Biv, Ci1y upoexuuu Touex A, B, 
C, Ay, By, Cy waupamy1o [,, nosmydaroujMeca pv MOBOpOTe TJIOCKOCTH 
BOKpyr TOUKH QO npoTus uacoBoi crpemKu Ha yrom vy. B 9TOM ciry4ae, 
COrlacHO HepaBeHCTBY HOJIy4eCHHOMY BbIIle, HMeeM 


Pp (y) — AgBy + By, + CyoAg + Aig Big + BigCig + CipAly < 
< ApgAig + AyBig + AgCig + ByAig + By Big + BeCig + 
+ CypAig + CyBig + CyCig = Q (~). 
Eom p(y) < Q(y), To 


bho] 


[ p(y) de <5 | Ayv)ay. (15.3) 


Ws (15.2) u (15.3) umeem 


AB+ BC+ AC+4+ A,B, 4+ ByC1, + AiCi < 
< AA, + AB, +AC, + BA, 4+ BB, +BC,4+C0A,+CB,4+CC,. 
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15.24. [Ilpopegem koopsMHaTHble OCH Tak, YTOObI OHV NPOXOAMJIM Yepe3s 
CTOPOHbI JaHHoro KBay{pata. ObosHauum uepe3 f(x) AIMHy oTpesKa, 
Oy 4arolleroca pH mepeceyeHuu nepneHAMKyApa K OcH Ox B TOUKe £ 
u i-ro Kpyra (ecm mepeceyeHua Het, TO f;(x) = 0). Bsrom cayyae S; = 

1 
= | fi (a) dz, rae S; —nnomagb i-ro kpyra. CreqopaTesbHo, 
0 


1 
Si + S2+...+ Sigss = | (file) +... + f(a) de > . 
0 


1 

*cHo, 4TO CylecTByeT Takoe uNCHIO Lo, 4YTO fi(%o) +... + fn(Lo) = 5 
1 

(cam Takad TOuKa He cylecTByeT, TO f;(z)+...+ fi(xz) < 5 i 


[ft (2) bee fi (@)) de < 5): 


2 
0 
Umenno uid 9TOKM TOUKH Lo CYMMa JVJIMH OTPe3KOB, NOJIyUAaIOWMXcA 


lIpuW mepecedeHuu nepneHyANKysApa K ocu Ox B TOUKe Xo HU 3a7aHHbIxX 


1 
KPyTOB, H€ MCHbIIe 5. 


Puc. 10 


15.25. JlocrarouHoO peliuTb 3aga4uy Jia TpeyroibHuka A,B,C. Bor- 
WesIMM Ba ciryuaa (puc. 10 u puc. 11). 

Paccmotpum puc. 10. Ilpouspegem noBopoT BOoKpyr BepuIHHbI C2 Ha 
TakKOM yroOJl, Ip KOTOPOM OfHa M3 CTOPOH C BepluMHaMu Cp, By, Ag MHO- 
royroibHuka MM siepspple craHeT MapaJuienmbHa upsamMbim A, B,, By Cy 
u A,C, coorsercrsenuo. Ilyctb u € [u1,uU2], Opw4em uz, Hw U2 — 
3HadeHHA U [JIA ABYX OMMCAHHDIX BbIIIe MOBOPOTOB (B NOOK UTeIbHOM HU 
OTPHUaTesIbHOM HallpaBsieHuax). O6o3Hauum uepe3 M, o6pa3, KoTopplii 
loulyuaerTca Ip WoBOpoTe MHOroyrombHuka M soxpyr C2 xu noclenyto- 
Mx MpeobOpa30BaHuax nos0bOua Cc WeHTpamu A, u By KoTOpbIi CHOBAa 
BUMCaH B TpeyrouIbHuK A,B,C}. 
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[lonaTHO, 4TO Kakue-HHOyAb CTOPOHbI MHOTOyrouIbHUuKOB M,, u My, 
OyHyT HaxXOJUTbCA Ha OJHOM U3 CTOPOH TpeyroubHHKa A,B,C. Ilycrp 
Cn Bo = mf (u), Ao Bo = nf (u). 

Jloxaxkem, uTo dbyHKuua f(u) Ha orpesKe [u1, U2] MmpvHuMaeT Hax- 
Oombuiee 3HAaYeHHe B TOKAX Uy, HIM Uo. 


JlevicTBUTeJIbHO, HMeeM 


A.C, = A, Bo + BoC, = mf (u) sin u 4 IY) sin(y —u), 


sin a sin 
oTKyja 
flu) _ Ai Ci sin asin y _ AiCisin asin y 
 msinusiny+nsin(y—u)sina ~~ asin(ut+ 1) ’ 


rye a, M y; — nocroaHuple. Tak kak npu u € [u1, U2] f(u) > 0, Te. 
sin(u+ yi) > 0, To sin(u+ y1) UpvHumaerT cBoe HanMeHbilee 3HadeHHe 
Ha oTpeske [u1, U2] B TOUKaX Uy HIM Uo. 

Cuayuait Ha puc. 11 foKa3pipaeTca aHasIOru4Ho. 


3SAQAUU ANA CAMOCTOATEJIBHOTO PELUEHUA 


1. Paguyc okpy2KHOCTH, BUMCaHHOM B TpeyroJIbHuK, paBeH 1. JIoKa- 
2KUTe, UTO M€PUMeTP ITOTO TPeyrosIbHuKa He MeHbIIe 6 /3. 


2. JlokaxkutTe, YTO CpeqHee apHCDMeTHYCCKOEe JJIMH CTOPOH BbIITYKJIOrO 
nN-YTOJIbBHUKa MeHbIle CpesqHero apudbMerTuyeCcKOrO AJIMH ero AMaroHasei, 
rye n> 4. 


3. Saja BbINYyKJIbIM GeTbIPeXyrOJIbBHHK C CHHMUHON nIOWanbI0. JIo- 
Ka2XKUTe, ITO BHYTPH ZITOrO YeTbIPEXyOJIbHUKA MO2KHO BbIOpaTb YeTbIpe 
TaKHe TOUKH, ATO MIOWab TpeyroJIbHuka, OOpa30BaHHOro JIKOOOK TpoKon 


1 
ITUX TOUECK, oynerT He MeCHbINe A" 
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4. JlokaxkuTe, 4TO Ha pa3HbIxX CTOPOHAX TPeyroJIbHuKa C WIOWaybIo S 
CYIeECTBYIOT TAaKHe TP TOUKH, KOTOPbIe ABJIAIOTCA BEPWIMHAMU WpaBMJIb- 


HOrO TpeyroOJIbHuka C MIOWaAbO He OoubIe re 


5. Ilnomagb TpeyrombHuka ABC’ pasya 1, npuuem touku D, FE Ha- 
XOZATCA Ha cropoHax AB u AC’ coorsercrsenHo. Ilycrb orpesku BE 
u C'D nepecexarorca B TouKe P. Jlokaxaute, urTo Sppr < 5 /2 — 7, ecm 
SBpceD = 25pBc.: 


6. Uepes rouky nepeceyeHua MequaH TpeyrolmbHuka ABC' npopeyena 
Ipamad, KoTOpad mepecekaeT cropoHpr BC’ u AC’ BTrouxax P u Q, 


2 
COOTBETCTBEHHO. JJoKaxute, 4TO Sypg > 9° ABc, True M — cepeguna 
cropoupr AB. 


7. Ilyctp A,, By, Cy) — Trouku, cummerpuuuHpie BepummHam A, Bu C 
TpeyroibHuka ABC orHocuTesbHo upamprix BC’, AC’ u AB coorser- 
crBeHHO. J/JoKaxute, YTO S4,B,C, < 45 ABC. 


8. J|uaroHasu BbITTyKJIOrO YeTHIDexyrombHuka ABC'D tepecexarorca 
B TouKke O. /Jlokaxute, 4TO SapotW/Scpo < VW SABcD: 


9. BuccexTpucbl BHyTpeHHMXx yruioB A, B u C' TpeyrombHuka ABC 
BTOPOM pa3 MepecekaloT OKPy2KHOCTb, omMcaHHyt0 OKOIO ABC’ B ToUKax 
A,, By, u Cy coorsercrseunuo. Jloxaxute, uro AA, + BB, + CC, > 
> AB+ BC+ AC. 


10. Ilycrp h — HaumMeupias BbIcoTa TpeyrombHuka ABC’. Jloxaxurte, 
UTO BHYTpH TpeyrombHuka ABC mMoxKHO paciosOxKUTb 10 KpaiiHeii Mepe 


h 
29 KBajlpaTOB CO CTOpOHOM g TK, ITO HMKAKMEe 1Ba W3 HUX He OyAyT 


UMCTb ooOujux BHYTPCHHUX TOUCK. 


11. Hacropoue AB tpeyrombuuxa ABC’ Bue ero nocTpoeH KBagpatT 
Cc WeHTpom B TOUKe QO. Ilyctrh M u N —cepeguupi cropon BC u AC. 


Jloxaxute, 170 OM +O0ON < ve+l (BC+ AC). 


12. Ilycth mg, my HUM, — MeAMAaHbI OCTPOYrOJIbHOrO TpeyroJIbHuka 

CO CTOpOHaMH a, b, c, a pacCTOAHUA OPTOLeCHTpa OT BEPLIMH TpeyroJIbHuka 
2 2 2 
ai +b’ +e 

3 ; 


13. Ilycrb M — suyrpeHuaa Touka TpeyrombHuka ABC, npuuem 
upsampie AM, BM, CM nepecexatot cropoupr BC, AB u AC B 


AM BM CM 
toukax P,@ u R coorsercrseuHo. JloKaxute, TO MP MO MR > 8. 


paBHbl d,, dy, d.. Jjokaxute, ITO Mgdg+mpydy+m-d, = 


14. Paguyc okpy2kHOocTH, BUMCaHHOM B paBHOOOUHbIM TpeyrouIbHuk 
ABC (AB= BC), paspen r. Jloxaxute, uto, AB > 3r. 
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15. J|uvaronanu AC u BD soimykaoro veTpipexyrombHuka ABC D 
llepecekarotca B TouKe O. O6o3HayHM LeHTpbI OKPy2KHOCTei, OIMCAaHHbIX 
OkKOJIO TpeyrombHuKOB AOB u COD, uepe3 P u Q coorsercrTBeHHo. 
AB+CD 
—{_ 

16. Ilycrb okpy2KHOCTb, BIMCaHHasd B TpeyrombHuK ABC, kacaerca 


ero cropoo BC, AC u AB B tTouKxax Ay, By, Cy coorpercTrBeHHo. 
Ilycrb gauuHbr Masprx gyr ByC,, Ai;C, wu A,B, papup 11, lo u Iz 


JJoxaxxute, uro PQ > 


B 
COOTBeETCTBeEHHO. JlokaxaxuTe, UTO —— + —— 4+ —— 29——_. 
T 


17. Ussecruo, 4TO IpsxMOoyroubHbIM TpeyroibHuK ABC’ moxkHOo m10- 


3 4/3 
KPbITb JBYMA CMHMYHbIMM Kpyramnu. JloKaxkutTe, uTO Saapc < a 


18. Ha maockoctu 3agaHp1 111 eguHH4HbIx BEKTOPOB, CyYMMa KOTO- 
pbIx — HyleBow BekTop. Jloka2xkutTe, uTO “13 9TUX 111 MoxKHO BHIOpaTD 55 
TaKUX BEKTOPOB, MOJlyJIb CYMMbI KOTOpbIx 6yeT He Gombe 1. 


19. /lnaronamu Tpaneluu B3aMMHO MepleHANKyJIApHbI. JlokaxKuTe, UTO 
IIPOM3BeeHHe OOKOBbIX CTOPOH TpalelMH HE MeHbINe MPpOW3BeEACHHA OCHO- 
BaHUhK. 


20. B rpeyrombHouke ABC ZMAC = 15°, roe M — cepeguna 
cropoubr BC’. Jloxaxutre, aro ZABC < 105°. 


21. B Kpyre quamMetpom 95 3aj{aHbI pecaTb ToUeK. JloKaxKUTe, 4TO 
paccTrosHve MexkK]y KAKMMH-HHMOyb JBYMA TOUKAaMHM M3 9TMX ecsaTH He 
bobbie 2. 


22. Ilpsampie, cogep»kaijve OoKOBbIe cropoHphr AB u CD trpaneunu 
ABCD, omncaHHoit OKONO OKpy2KHOCTH, MepecekaioTrca B TOUKe M, a 
quaroHamun AC’ u BD —bsrouxe N. Jloxamxute, uro 90° < ZAND < 


< 90° + ; ZAM D. 


23. Vi3pecrHo, 4To B YeTbIpexyrombHUuke ABCD, omucaHHOM OKOJIO 
OKPy2KHOCTH, HaHOobilad cropoHa papHa AD. I[Ipampie, cozep»Kamue 
cropoHbhr AB u C'D, nepecexatotca B Touke M, a auaronanu AC u 


BD—srouxe N. Jloxaxute, uro 90° < ZAND < 90° + ; ZAMD 


24. V3pecruo, uro TpeyrombHuk ABC’ pa36ur Ha 1995 takxux Tpe- 
yrOJIbHUKa, UTO HUKAKHE Ba 13 HUX He MMeIOT OOWMX BHYTPCHHUX TOUeK UH 
B Ka2K JOM 43 HMX OJMH yrou Oonbute 120°. JloKaxaxutTe, 4ro TpeyroubHUK 
ABC mMoxkHO Tak>ke pa30uTb Ha 1994 Takux TpeyroJIbHuka. 


25. B BpityKs0mM ulectuyrombHuke ABC DEF yano, uro AB = BC, 
CD=DE,HF=FAu4u ZABC+ZCDE+2ZEFA = 360°. Joxaxute, 
uro Ra+Ro+Re > p (cm. o603Hauenua yup. 15.10). 


16 H.M. Cegpaxan, A.M. AsoasH 
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26. JlokaxkutTe, UTO M3 BCeX BbIIMYKJIbIX UCTbIPEXyrOJIbHHKOB CO CTO- 
poHamu a, b,c, d HaMOobUly!o MIOWaib UMeeT TOT 4ETHIPCXYPOJIbHHK, 
OKOJIO KOTOPOrO MO2KHO OMMCaTb OKPy2KHOCTD. 


27. Vispecruo, uro npamMoyrombHuk ABC'D mookKHO BIOKUTH B Ips- 
MOYIOJIbHbIM TpeyrOJIbHUK Tak, UTOObI cropoHa AB Haxogusacb Ha rH- 
HOTeHYy3e, a Tak2Ke Tak, UTOObI cropoHa AD Haxogzunacb Ha PunoTeHy3e. 
Jloka2xkuTe, UTO JTOT IIPHMOYFOJIbHUK MO2KHO BIOXKUTh B IPAMOYIOJIbHbIM 
TpeyrOJIbHUK TaK, UTOObI OHA M3 BePUIMH MpAMOYrOJIbHMKAa COBMaaa C 
BePUIMHOK MpxAMOrO yrula TpeyroJIbHuka. 


28. Jloka2xKuTe, YTO U3 TpeyrOJIbHMKOB, BIIMCAHHbIX B OKPy2KHOCTb pa- 
yuycom R, paBHocropoHHnii TpeyroubHUK UMeeT HanOoOJIbUIMe: 

a) MI1OWasb; 

6) mepumetp; 


B) OTHOWeHHe TMIomaqu K Wowynepumerpy (T.e. paguyc BIMcaHHO! 
OKpy2KHOCTH); 


r) OTHOWMeHHe NOMA K KBaypaTy WosymepuMerpa. 


29. UspecrHo, 4TO NpaAMOYrOJIbHHK CO CTOpoHaMu a, b HaxoyuTCA 
BHYTpW IpaxMOyroJIbHuKa CO CTOopoHamu c wu d wu uro max(a,b) > 
> max(c,d). JJokaxure, uto 2ab < cd. 


30. B spmtyKsom wuecruyrombpHuke ABC DEF mnporusononoxKHbie 
CTOPOHDbI NapaJieJIbHbI. OOo3HauuM CepegzuHbI cropoH AB, BC,CD, DE, 
EF,FA uepe3 Ay, By, Ci, Di, Ey u FF, coorsercrsBenuo. 


Jloka>kuTe, 4TO: 


a) “3 oTpesKoB A,D,, By, E,, C, Fy, mMoxkHo nocTpouTp TpeyroubHUk; 


1 
6) 5 SABDF < SS; < Sappr, rae S) — ni0madb TpeyroubHnKa CO 
CTOPOHaMuU Ay Dy, B, Fy u C7) Fy}. 


$1. /loxaxutTe HepaBeHCTBO 


Sa? + 0} + kay; > 
i=1 


rye |k| < 2. 


32. Jlokaxute, uro ecu a,B,y,d >O un a+B+y+60=7, TO 
sin2a + sin2G + sin2y7 +sin26 > 16sinasin @ sinysin 0. 


33. /loxaxuTe HepaBeHCTBO 


sin 2a + sin2@G + sin 27 < cos (7+) + cos (= +4) + COs (7 +7), 
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rye a, 3, y — yruibl HeKOTOpOrO TpeyrouIbHuKa. 


34. JlokaxutTe, uro ecm 0 < a; < = i= 1,2,...,n, ucos?a, + 
TT 
+...+cos?a, >1, To a1 + Ag+... +An < 5 (n—1). 


35. KoopyMHaTbI BCeX BeEPIIMH OCTPOYyrOJIbHOrO TpeyroJIbHHuKa — Le- 


JIbIe UUCIIa, A CTOPOHbI He MeHbIUIe 1/69. Kakylo HaMMeHbIIYyIO MWIOWAayb 
MO2KET HMC€Tb TaKOM TpeyroJIbHHK? 


36. Buyrpu TtpeyronpHuka ABC s3ata rouKa M. Jloxaxute, uTo 
cyMMa yriop MAB, MBC u MCA Oonbute meHbutero yria TpeyroJb- 
HHkKa HW Me€HbIUe CyMMbI ABYX JPpyrux yrJioB. 


37. a) TpeyrompHuk A,B,C; nogobex TpeyrombHuky ABC, u ero 
BeDUIMHbI JIexKaT Ha pa3HbIX CTOpOHax HocuegHero. JloKkaxkuTe, UTO 
2 
r 
SA, BiC; 2 2 SABC; 
R 
roe r u R — pagnychl OKpy2kHOCTeli, COOTBETCTBeCHHO BIIMCaHHbIX B 
TpeyroibHuk ABC wu ommcaHHbIxX BOKpyr TpeyroibHHka ABC. 


6) Jloxaxute, uro R > 2r, roe R u r — paguycpl okpykHocte;, 
COOTBETCTBCHHO OMMCaHHbIX BOKpyr TpeyroibHuka ABC' wu BmivcaHHbIx B 
TpeyrombHuk ABC. 


38. /JlokasxKuTe, UTO He CYIIECTBYIOT IIATb TAaKUX BEKTOPOB, UTO yrodl, 
o6pa30BaHHbili JIOObIMM JIByYMA M3 HX, TyTIOn. 


39. JlokaakuTe, 4UTO eCJIM BDbIMYKJIbIM N-yrOJIbHHK, BIMCaHHbIM B 
OKPy2KHOCTh, COJe€p2KUT IeEHTp OKPy2KHOCTH UU AJIMHbI ErO CTOPOH MeHbIIe 
AJIMHbI BIIMCAHHOrTO B ITY OKPy2KHOCTh [paBMJIbHOrO MATUYFOJIbHUKa, TO 
MIOMmayb IWATHYPOJIbHUKA MeHbIe NIOWaqw nN-yroJIbHuka. 


40. /loxaxute, 4TO Wiomadqb TpeyrouibHuka, BIIMCaHHOrO B OKDPy?2K- 
HOCTb, Me€HbIle MOJIOBMHbI WJIOWa IW JTOTO Kpyra. 


41. /loxaxute, YTO CYMMa paccTOAHUM WeHTpa TAXKECTU TpeyroJIbHHKa 
OT CTOPOH TpeyroJIbHUKa HE MeHbIle Tpex pasMyCOB BIMCAHHOM OKPy2KHO- 
CTH. 


42. JlokaxkutTe, UTO Ne€pUMeTP OCTPOYFOJIbHOrO TpeyroJIbHuKa OouIbIe 
4R, roe R— pagnuyc oKpy2«kHOCTH, OMMCaHHOM OKOJIO JTOFO TpeyrOJIbHukKa. 


43. Jloxaxute, 4TO AIA IOOOrO OCTPOYrOJIbHOTO TpeyroJIbHUKa, C TWJIO- 
wadtbio | MO2*KHO HalTH MpAMOYIrOJIbHbIM TPpeyrOJIbHHK C TVJIOWIaAbIO He 


OOJIbILIe /3, B KOTOPbIM MO?KHO BJIOAKUTH TAHHbIM TPeyroJIbHHK. 


44. B xpagpate co cropoHoi 950 3ayaHa JOMaHad Takax, 4TO [JIA 
gio0o0oH TOUKH A BHYTDPM KBapata CylecTByeT Kkakad HHOyab ToOuKa B 


16* 
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Ha jomaHoi, uro AB < 1. Jloxaxute, 4To DiMHa JOMaHOM He MeHDIIIe 
1248. 


45. BrpeyrompHoli nupamuge ABCD AD?+ BC? = BD?+ AC? = 
= AB*+CD?. Jloxaxure, uro kakasd-Hu6y 1b Ppahb IMpaMUbI ABIIAeTCA 
OCTPOYIFOJIbHbIM TpPeyrOJIbHUKOM. 


46. Jlokasxkute, 4TO MIOWa db 1:Ob0ro CeueHHA Kyba MJIOCKOCTbIO, Ipo- 
xouAeH “epe3 LCHTp Kyba, He MCHbUIe WIOWAIN rpaHu KyOa. 


47. B uerpipexyronpyuxe ABC'D nano AB =3, BC =2, CD=4 
u AD=7. Touxu M,N, K, E apastorca cepequuamu cropou AB, 
BC,CD u AD coorsetcrseuuo. Hatiyzutre HanOoupiutee 3Ha4eHHe CyYMMbI 
MK+NE. 


48. Peumte mpeyzbiqyulyro 3agauy upu ycnopuun AB=a, BC = b, 
CD=c, AD=d. 


=> 


49. Jlna BexTopos a,b,C umeer MecTro HepaBeHCTBO 


xX x xX 
a . 


41) + cos(b,j) +.cos(é,k) > 


ho | Ot 


cos( 


=> 


JJokaxkuTe, uTo @,b,C He MapaJebHbI OJHOM MIOCKOCTH. 


50. Sagaup 101 mpamoyrombHuk, CTOPOHbI KOTOPbIxX — LeJIble UUCIA, 
He upeBbiuaroujve 100. Jloxaxute, TO 13 YTUX IIPAMOYIOJIBHHKOB MO2KHO 
BbIOpaTb UpsAMoyrombHuKH A, B,C Takue, UTO MX MO?KHO BIOXRKUTH APyr 
B apyra, Te. AC BCC. 


51. /lokaxuTe, UTO NIOMWaab IpaBMJIbHOrO TpeyrouIbHuka, BIMCAaHHOrO 
B pyro 1paBMJIbHbIM TpeyroJIbHUK WIoWaabio S He MeHbie 0,258. 


52. Oxon0 OKpy2KHOCTH onuMcaH 4eTbIpexyrombHuK ABCD 
(AD||BC). Jloxaxure, wo AB+CD > 2,/S, rae S — naomanp 
yeTbIpexyrombHuka ABCD. 


53. Ilycrn S=a+b+c u t=ab+bc+ca, roe a,b u c— auMHbI 
CTOpOH HeKOTOporo TpeyroubHUKa. JloKaxKute, aro 3t < $2 < At. 


54. /lokaxxuTe HepaBeHCTBO 


6 Y 
Yo _\> 
5 tetgl) > 


2 
cos + 1) cos? + 4) cost 
> ( cos 5 + cos 5 + cos 7) ; 


rye a, 0, yY — yruibl HeKOTOpOrO TpeyrouIbHukKa. 


in +sin2 + sin ( a 
(sin $ +sin 5 +sin 2] ctg 5 + ctg 
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55. /lokaxxuTe HepaBeHCTBO 
il sin A 4 sin B 4 sin C' 
2 ~(a—b)(a—c) (b-—a)(b—-c) (c—a)(c—)b) 


rye a, b, c — QJIMHbI CTOpOH TpeyrombHHKa ABC’. 


< 0, 


56. JlokaakutTe cileqyIollve HepaBeHCTBA: 


a) ( 24 62 — p2)1/2 4 (6? 4 ce? — h2)1/2 4 (ce? + a? — h2)1/2 < 6R; 

6) = (ab+ be + ca) < Mam, + MeMe +MeMe < ° (ab + be + ca); 
a 5 

B) Ibtle  latle i, 2 V3 


6) la lo 7 we 
b+e a+e a+b A 


Snecb 1, — OuccekTpuca yriua A TpeyroubHuKa CO CTOpOHaMNH a, b,c, a 
ha “ Mg — BbICOTAa MW MeMaHa, OMyWIeHHbIe Ha CTOPOHY G@ COOTBeETCTBEHHO. 


57. Ha BepxHeiit cropoHe napasiieibHOM ocn Ox sro00ro 43 nN IpAMo- 
YFOJIbBHUKOB, CTOPOHbI KOTOPbIX HWapaJJICJIbHbIX KOOPAMHATHbIM OCHM, I0- 
CTPOeCHbI PaBHble HM IpAMOYTOJbHUKH. JJoKaxkUTe, YTO WOWAadb cburypsl, 
nosyuaiomeica 1p oObeqMHeEHUM 9ITHX 2N MPAMOYFOJIbHUKOB, He OOJIb- 
me 25, rae S — niomagb cburypbl, nouyuaromeica pu oObesMHeEHUU Nn 
IIPAMOYLOJIbHUKOB. 


58. Ha mmockocTu 3agaHbl 2n TOUeK, HAKAKHe TPH U3 KOTOPbIxX He 
IpHHagwiexKaT ofHOM mpsamon. JlokaxkuTe, UTO CYIIeCTBYIOT 10 KpaiiHeli 
Mepe mn ITIIpxAMbIX TaKMX, 4UTO KarKad U3 HUX IpOxOJUMT 4epe3 Be U3 
3aJ,aHHbIX TOUeK HM UTO 110 KaxKyIO CTOPOHY OT Hee UMeeTCA n— 1 TOUeK. 


59. Ha mmockocru 3agaHbI TOUKH Ay, Ao,...,A,. JloKaxutTe, 4To: 
Tr 
a) cylecTByeT ipamMaa | Takasd, YTO CyMMa Ss" m,h,(l) mMuHumasipHa, 
i=1 
rye uepe3 h;(l) o603Ha4eHo paccroaHue TouKU A; oT Mpamoit 1, a mM; — 
MOCTOAHHbIe MOMOXKUTEIbHbIe HCA; 


6) upamaa | copnagaer c ofHOM “3 Mpamprx A; A;. 


60. B Bpmtykom wiecruyrombHuke ABC DEF wssectruo, uro AB = 
= BC, CD=DE, EF=FA. 


JI ac + DE + FA 3 
OKaxKUTe HepaBeHCTBO DAT FG 22° 

61. Ilycrb BHyTpu TpeyrombHuka ABC' 3agaHa touka M. Jloxaxurte, 
4TO 


min(MA,MB,MC)+MA+MB+MC < AA, + BB, +CC, 
roe A,, By,C; — cepeguupi cropon BC, AC’, AB coorspercTBeHHo. 
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62. Ilycrb O, u Og — WeHTpbI Okpy2KHOCTeli, BIMCAaHHbIX B TpeyroJlb- 
HuKM A,B,C; u AgBoC2 cooTBeTcTBeHHO, a py HM Pg — UX MepMMeTppI. 
Jloka2xkuTe, UTO 

O102 pi + p2 
A, A2+ By, B2+ CiC2 2max(p1,p2)’ 


roe O, u Os He coBmasator. 


§16. CTO H3BPAHHbIX HEPABEHCTB 


Jloka>kutTe cileyzyrollve HepaBeHCTBA. 
loajt...¢a*>apt+...t+23, me 1...2%, > 1. 


2. ay t+...+@n <n, roe aycosx+agcos2r+...+a,cosnz > —-l 
Jia JOOOrO 3HaY4eHHA 2. 


3.27 +a° +...42 > 27 4387 4 4 ne", rye xen, n> 2, 
nmeN. 
4. 0,785n*2 —n < \/n2? —14 4/n?— 224... 
J. + 4/n?2 — (n — 1)? < 0,79n?, 
roe n EN. 


. 4 
5. max(xz,y,z) — min(z,y,z) < 3 Va — 3b, ree x«+yt+2z=a, 
cytyz+zx=b, z,y,z> 0. 


6. (a, +...t+an)(4/2—-1) < 4/2ak +...4 20%, roe ay,...,An > 


> 0 
k-1 k-1 _ i i oe 
7. 2;  +...+ a8 > (n-1) +...+ , rae z+ 
4 ol Ln 14+ 2; 
1 
7,1, k22, KEN, X,...,% > 0. 
1+ 2, 


8. c¥+y"* >1, roe z,y > 0. 


Tr Tr 
| ~ a;| < 108” —a;|. 
9 pmax, Ul jc —a;| < 108 pmax, ll jz — a;| 


10. (1-—p")”"+(1-—q™”)" >1, roe p+q=1, p,q20, m,reEN. 
k I 


11. (?) (4) <1, roe p,k,g,LEN, k+lopcg. 
12 (__™ __)" +(——_)" > —"— me 
" Vag +...+@n —_ ajy+...+@n-1 ~ (n—1)"’ n 
n>2;0<k<1u4u aqy,...,a,>0. 
1 1 1 
13. (ab+ bc+ ac) |1 — — < [ab — =| -+|be — | + ac——|, rue a, 
abe Cc a b 


b,c> 0. 
14. n(1+a*") >a*™ +a?" 7*4+...+a*7 +a, me neEN. 


15. l2uvw + u*+v27+w* <1, roe uyv,w>0, utvtwe=l. 
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1 11 
16. 2(2+ 2+") >atb+et—+Ft—, rye abe = 1, a,b,c > 0. 
5 c 6hOUa a 6 ¢é 
1 1 1 1 1 1 
SO ft S— — F< GH GY Or 
a lta+b 1t+6+ce. I+tate ~ 24a) 2461 2@4e rae 


abc=1, a,b,c > 0. 


18. a+b+c+d> = (ab + ae + ad + be + bd + ed), rye a,b,c,d >0 
u2(ab+ac+ad+bc+ bd+cd)+abc+ abd + acd + bcd = 16. 


7 >. ., rae a;,6; > 0, t= 1,2,...,n, pS 2. 


20. ,fa-14+ /b-14+/c-1< /abc+c, roe a,b,c 1. 
1 1 
21. Sy + Sq — Spq <1, rye Sn=lt+ot...t-. 


22. a; > OGG =1,...,n), roe ay = an = 0, ag_1 + Og41 < 2a4 
(k = 2,...n—1). 


23. a* + b4 + c* — 2(a7b* 4 b%c? +. a*c?) + abc(a+b+c) > 0, rage 
a,b,c > 0. 


24. a* + b4 + ct — 2 (a7b? + 62? +. a*c?) +3 (abc)*/* >0, rue a, b, 
c > 0. 


m 1 m 
25. V7-— > —_. rye V7—-— >0, meZ, neN. 


26. /attastagt+ J/as+azt+az+...+¢ /a2+azi+az> 
> /3(ait+...+an). 
27. (5a, + 4a2 + 2a3) /3 < 


< Va} + 202 +3/as + 203 + 7./2af + ad. 


Tr 
28. S| aj arctg a; > 5 ind, rye @1...€, =1, %1,...,2n > 0. 
i=1 


roe n>, neEN. 


J/2 1 1-3-...:(2n-1) . V3 1 
29. ST Ra an SD an’ 
30. (a1 — a2) (a1 — a3) (a, — a4) (a1 — a5) + 

+ (a2 — a1) (a2 — a3) (a2 — a4) (a2 — 5) +... 
. + (a5 — a1) (a5 — a2) (a5 — ag) (a5 — ag) > O. 
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—] 1 1 
31, 7D) ( + -_ + 
2 aj a2 aj az a1an a2a3 a2an 
1 )>4 1 4 1 4 4 1 4 1 
An—1An Qita2 ait+a3  a1+@n = a2+az 
1 1 2 
kat tacipa)> 
Te A1,...,An > 0. 
32. [Vv2-2|>. Bq?” roe pE 4, GEN. 
m+1 n+1 
33. a” +a" >m”"+n", rage qm Fn m,neéeN. 
m +n 


GQo+...+@nait+...+@n_-1 GQo+...+@n-1@1+...+4n 
ee > ees a Ua aa SGé$dil! 
m+] n—1 n n 
n>1, a; >0(@=0,1,...,n), aj;_1aiy1 < a? (§=1,...,n—1). 


o4. , rae 


85. 4|1+4/2+ 4/84 4/...+ Jn <2. 


36. \/3 (ab + bc +.ac) (9(a+b+c)’ +ab+4+ be+ac) < 
<9((a+b+c)* + abc), 


rye a,b,c > 0. 


37. sin?7a, +... +sin*a, < 4 rye Q1,.--,A@n > 0, art... 

+ An =T. 

38. (a+b+ 3c) (a+3b+c) (8a+6+4+c)+8(ab+ bc +ac+abc) > 
> 2 abe 
A 3 y] 


rye a,b,c > 0, Ja + Jb + Je=l. 


n k 
1 > 
39. ) a; > = (1435 +. +=), PAE Ai,---,an > 0 M Qj 2 


> Jk (k=1,...,n). 
40. sin (a1 + %2) + sin (72 +23)+... 
+ sin (@n-1+ 2p) +8in (tn + 21) > 2, 
re n>3, nEN, 2,...,%n > 0, Bp... + an = 5. 
41. a? +b° +c? > a? (2c — b) +b? (2a — c) +c? (2b— a), rue a,b,c > 
> 0. 


A2. (—a, + a2 + a3 + a4) (a1 — a2 + a3 + a4) (a, + a2 — a3 + a4) X 
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xX (ay + a2 + a3 — a4) < 8 (afaz + azaz), 
rHe A1,A2,a3,a4 > 0. 
11 11 


a—b 1 b—e c—a 
. < . 
43 (<=) +(5<) + (—*) <1, roe a,b,c >0 


Tr 
44. |S agbe| < B(lai|+2lan|), rae |b t+... +be| < B (k = 
k=1 
=1,...,n),a@, <ag<...< ay ws ay > ag>...> an (HepaBeHcTBO 
A6em=) 
Tr 
45. |S agbe| < Bay, rae |bit+...+be| < B, (K=1,...,n) u 
k=1 
a, >a,> > Gn >0 (Hepasenctso Abems) 
k k k 
a,b T 1/p 1/q 
nmyvm Pp qd 
s6. > othe _(Sat)"(So 0m) mae p> 0 
m=1 n=1 sin — n=1 m=1 
1 1 ° 
‘ + 77 1, aj,6; > 0, 7=1,...,n (HepapencrBo ['unp6epra) 
a1 Ak Pp p 
AT. (4 * ) < (574) Si al, rye p>, ay,aa,... 
k=1 k=1 
.,An > 0 “aepanenenoo Xapgn). 
Tr 4 Tr Tr 
48. (S- ax) < 1? (S- ai.) (S- kai) (HepaBeHcTBO Kapsecona). 
49. a) by > / ba; 6) b? = by —10k41, vite k= 2,. 2251 — 1, by = 
= (ka 4203. - -Ak—1Ak + A1Q2...Ap—-1Ak41 +... + 4102...A~-1An +... 
-+ Gn—k410n—kh42---Gn (K=1,...,n) uw ay,...,a, > 0 (HepaBex- 


crBo Hproroua). 


50. */b, > *th/bpyy (k = 2,...,n—1), rae by onpegenennt B 


npesbl aye 3aqaue (HepaBenctBo Mepceuua). 


Tr 
Bl. 1 < aaa roe n €N, 
J Vitaeot...+ei-1Vtit...t+an  ? 
Tr 


ro =0, 4 >0, i=1,....nu So a=l. 


1 1 1 9 
52. 4 bi + z+ 2z —————, + ——, + — > =-—, rae 2, 5 
z> 0. 
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53. 2124/4 (am)? <4 re n€N. 
n—2 “ain? 
B4. 2 wins < ~— + la,’ rye n> 2, aj,...,Qn, %1,...- 
i<j i=l 
.,@n >O uw ayt...+a,=24,4+...+ 2%, = 1. 


N 
55. S| 4243 .2.Qn <1, roe N 2S 2— HaTypambHoe 4NCIO, An = 
n=2 


—1 —1 
=P, +T.---TDP, , &® P1,P2,---,Pk — BCE pa3IM4Hble Mpocrple AeJIUMTeIU 
HaTypaJIbHOrO 4nCIa Nn. 


Tr Tr 
56. YS V/xi(an41—2i) < So tngi(@n4i— i), rae weit 


+@2+...+ fn =Un41 WU %1,%2,-.--,%n > O 
2 2 2 2 11,41 
57. aox+ b’y+cz > d*, rae z,y,z > 0, etytz<! ui 
a,b,c, d — CTopOHbI HeKOTOpOro YeTbIPeXxyrOJIbHHKa. 
Tr 
l1—h 1+hA 
58. a < So rai (@oi41 — Lai-1) < a rue O= 2, <%<... 
i=l 
-<Zoan4i=l u Cin, — Xi <Ah, a=1,2,...,2n. 
59. arent < (MEM! < (m2 +m)", rmen<mum,neNn. 
(m —n)! 


60. /atb—ct+ Wb+c—at Veta—b< Vat VWb+ We, rae 


a, 6, Cc — CTOpOHbI HEKOTOPOrO TpeyroJIbHukKa. 


61. log, (log, b) +log, (log, c)+log, (log. a) > 0, rne l<a<b<e. 


62. (p(xy))* < p(x?) p(y”), rae p(x) = apr" +a,a""-!+...+ an, 
Q0,@1,+--,An =O. 


63. ——. + — +, Eg roe a, b 
a? +b? + abe b° +c? + abe eta? +abe ~ abe’ ok 7 
c> 0. 
bo? 
64. 7 >1, rye a,beE 4, aX b. 


65. (y> +a)(z° +y) (a? +2) > 125xyz, roe x,y,z > 2. 


1 
66. 
EN u ne 2. 


(1+5+ +— )>= (545+ +5-) E 
g tee: 5 tate: ta), tae n 


2n—1 n 
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A A 


4 
1 
67. ) x? > max ( Lj, ) x) rye 21,%2,%3,%4 > O 4u 
i=1 i=1 , 


i=l 
1 L2U3h4 = 1. 


68. ectyt2z2e VYx-lt+vVJy-14+Vz-1, me z,y,z>1 u 
2 


1 1 
—4+—4-= 


LY 2 


1 1 
69. «> — x? — - +—{y 20, rage x — ornu4noe or 0 aAelicTBuTesbHOe 
YUCJO. * 
n+1 TW 
70. tgagtga,...tgan Sn", roe ap, Q1,.-.-,An € (0, =) ui 


71, Vit *n 5 1998, rae n> 


n—1 2, L1,-+--,k&n >O U 
a ee 
x1 + 1998 go +1998 Zn +1998 19987 
1 1 
72. to + +...+ +... + ——_ 2 &, + 2n, rue 
LQ — #1 “1 — &2 Ln-1— In 
Lo > tt >... > In. 
b 
73. —— + —-__ + —“__ 51, rue a,b,c>0. 


b+ 2c c+ 2a a + 2b 


a a An 
74. at ytat..- + 2 an, re Qi4; <a; +a; upu sr0bpix 
1,j) =1,2,... 


75. Unt2 + Un 22+ Mn, me n€N uw uy=l1, u=2, Unig = 
= 3Un4t1 — Un, N=1,2,. 
76. max (01s. +5 Qn) > 2 rye n>3, aat...tan2n u at+... 
+a? >n?*. 


77. T(pqtaqr+rp) <2+9pqr, rae p,qsr > 0 u p+qtr=l. 


3 3 
Ly U2 


a in 
etostagtartaets5 ee tostagtaetaets5 

3 

L 6 


+ ——_;—_4-_.—_ ;=—_ < 
ai testaztay+as+5 ~ 


78. 


“se 


Or] vw 


rye O< 21,%9,...,%6 <1. 
79. (a+ 3b) (b+ 4c) (c+ 2a) > 60abc, rne OS a<bK<e. 
80. 2° +y? <2, roe tyy>O uw e2t+ysarsty?t. 
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81 tet e ot tyh tt, roe k>2, KEN uw zy,y,z> J, 
cyz =1, testy i satytz 
CY 2 
80. ei test...tei > Ceti t mst) re 21 < 
<%2<...< Um WM X,...,%n EN. 
gg, —— + — 2 gg te, PHe @1,09,..-.- 
nm—-1+21 n—-1+ 22 n—-1+2n 
.,2n >O0  @1%2...e%, = 1. 
g4 ty 4. gt co ty 44.044, Me £1,---,2n,Y1,--- 
Li 8X2 Ln YY. Yn 


-,5YUn > 0, Tiyt < Bayo <... <M BnYn HW M1 + Hot... +2, Sy t 
+yot+...+ yp, K=1,2,...,n. 


85. a? +b°> +c? >at+b+c, re a,b,c>0 u ab+be+ac < 3abe. 
86. SY (la;—a;|+|bi-;)|)< S> lai— djl. 

l<i<jan 1<i,jgn 
87. a1a5 +aga3+...+ana; = aga; +agay+...+aya‘, roe ay < 


< a2 <...< Gn. 


4 
88. xy + yz + 27a < 


a7? rae v,y,z20 un e+y4+2z2= 1. 


1 1 1 3 
, >° 246242 = 3. 
89 ltab + 1labetlaca 2 2? a,b,ec>O0u a*+b*+e 5) 
a” b? C 3 
99. ——* 4 ___ 2 dg 6, 
(a+b)(ate) | (6+e)(b+a) (e+a)(e+b) 7 4° 4 
c> 0. 
91. p(a* + y*) > p(2ry), rue p(t) =t? —4t uw x,y > 1. 
92. n< (7t*) , rae nEN. 
16 
t—-a@"** 1-2” 
93. ——_— > —— yz, rye O<a<l. 


3 
94. 4/24/34/4... %/n <2, me n>2, nEN. 


95. \/a2+ab+ 624+ /b? + be+c24+ VWc2+ca+a? > 
> 3./ab+ bc+ ac, 
rye a,b,c > 0. 


96. snna < 0, roe n EN, sina+sin2da+...+sinna < 0 4u 
O<a<nT. 


254 616. Cmo usb6pannox nepasencme 


97. sin(n+1l)a>0, rae nEN, sina+sin2a+...+sinna < 0 
uQ<a<7. 


98. sin? sin > sin (a+ 4) > sin?asin 5 sin (3+), roe OQ < 
<a<BPuatPp<n. 


yo oes (n—k)a _ yi (n+k)a 
k & k 


1 


<6, rye n>2, neEN. 


i i < 44/2, re n>2, ne 


(n—k)e Sa cos (n+ k) 
cos (7 — a _ S- COS (7 a 
k=1 


CIIMCOK JIMTEPATYPB5I 


1. Bacuneecrxutt A.B. Merogpi peutenua 3agayu. — Munck: Boicuiaa wikovia, 
1974. 


2. Tanonepun I.A., Toannizo A.K. Mocxopckve MaTeMaTu4eckue OJIMMIIMa- 
apt. — M.: Ilpocpenrenue, 1986. 


3. Kropwax 1. u op. Besrepcxue MaTemaruyeckue onumiuagpl. — M.: Mup, 
1976. 


4. Mapwann A., Onnxun HW. Hepapencrsa, Teopua Ma2kopu3aljuu uw ee 
mpusoxenua / ep. c anra. — M.: Mup, 1983. 


5. COopHuK 3a7ad KHeBCKHX MaTeMaTHYecKHx OMMMMag. — Kues: Buna 
wkosIa, 1984. 


6. Tonoan I.A. U30panHpie TeopemMb! 4 3ayauu 10 MaTemaTuke. — Epesau: 
Jlyic, 1970 (Ha apm. 23.). 


7. Ou3znuko-MaTematTuyeckHe OMMIMaybI. — M.: 3Hanue, 1977. 


8. Xapdu I, JIummaveyd J]. Toaua I. Hepaseuctsa / ep. c anra. — M.: 
1948. 


9. Gazeta matematika, Bucuresti, 1978-1986. 

10. Kspant, M., 1970-1997. 

11. Korepiskolai matimatikai lapok, Budapest, 1972-1984. 

12. Maremartuxa u cdbu3uKa B wiKose, Epepan, 1972-1984 (Ha apm. a3.). 
13. Matrematuxka B wikose, M., 1970-1996. 

14. Marematuxa, Codua, 1975-1986. 

15. Matematyka, Warszawa, 1974-1985. 

16. Mathematik in der Schule, Berlin, 1967-1986. 

17. Crux with Mathematical Mayhem, Ottawa (Ontario), 1998-2000. 


YuebHoe 137aHVe 


CEJPAKAH Haupu Moauxoesur, 
ABOAH Améapuym Mamuronoeux 


HEPABEHCTBA. METOAbI JOKASATEJIBCTBA 


Pengaxtop FE. FO. Xodan 
Opurunas-maket fF. FO. Moposoea 
Ocdopmuseuuve o610xKKU A. FO. Anexunoti 


JIP Ne 071930 or 06.07.99. [lognucano B neyatp 11.07.02. 
@Mopmat 6090/16. Bymara runorpadcxaa. Ileuarp odbcetuaa. 
Yer. neu. a. 16. Vu.-n3a. 1. 16. Tupa2x 3000 9x3. 

Saka3 Tun. Ne 


UsjatrenbcKaa cbupMa «@®u3nko-MaTeMaTu4eckKad JIMTepaTrypa» 
MAUK «Hayxa/WUnrepnepuoguka» 
117864 Mocxsa, [Ipodcoro3Haa, 90 


OrneuataHo C POTOBbIX TMano3uTHBOB 
B OLYII «UAsanosckan o6nacTHaa Tunorpadua» 
153008, r. Usanoso, ya. Tunorpadcxaas, 6 


Iii) 7 


9°789922°102735 


